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Poincaré Conjecture 


and the Geometrization Conjecture* 


Huai-Dong Cao and Xi-Ping Zhu 


ABSTRACT. In this paper, we provide an essentially self-contained and 
detailed account of the fundamental works of Hamilton and the recent 
breakthrough of Perelman on the Ricci flow and their application to the 
geometrization of three-manifolds. In particular, we give a detailed ex- 
position of a complete proof of the Poincaré conjecture due to Hamilton 
and Perelman. 


*This is a revised version of the article by the same authors that originally appeared 
in Asian J. Math., 10(2) (2006), 165-492. 
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Introduction 


This is a revised version of the article that originally appeared in Asian J. 
Math., 10(2) (2006), 165-492. In July, we received complaint from Kleiner 
and Lott for the lack of attribution of their work caused by our oversight in 
the prior version; we have apologized and acknowledged their contribution 
in an erratum to appear in December 2006 issue of the Asian Journal of 
Mathematics. In this revision, we have also tried to amend other possible 
oversights by updating the references and attributions. In the meantime, we 
have changed the title and modified the abstract in order to better reflect 
our view that the full credit of proving the Poincare’s conjecture goes to 
Hamilton and Perelman. We regret all the oversights occurred in the prior 
version and hope that this revision will right these inattentions. Other than 
these modifications mentioned, the paper remains unchanged. 

In this paper, we shall present the Hamilton-Perelman theory of Ricci 
flow. Based on it, we shall give a detailed account of complete proofs of the 
Poincaré conjecture and the geometrization conjecture of Thurston. While 
the results presented here are based on the accumulated works of many 
geometric analysts, the complete proof of the Poincaré conjecture is due to 
Hamilton and Perelman. 

An important problem in differential geometry is to find a canonical 
metric on a given manifold. In turn, the existence of a canonical metric 
often has profound topological implications. A good example is the classical 
uniformization theorem in two dimensions which, on one hand, provides a 
complete topological classification for compact surfaces, and on the other 
hand shows that every compact surface has a canonical geometric structure: 
a metric of constant curvature. 

How to formulate and generalize this two-dimensional result to three and 
higher dimensional manifolds has been one of the most important and chal- 
lenging topics in modern mathematics. In 1977, W. Thurston [126], based 
on ideas about Riemann surfaces, Haken’s work and Mostow’s rigidity theo- 
rem, etc, formulated a geometrization conjecture for three-manifolds which, 
roughly speaking, states that every compact orientable three-manifold has a 
canonical decomposition into pieces, each of which admits a canonical geo- 
metric structure. In particular, Thurston’s conjecture contains, as a special 
case, the Poincaré conjecture: A closed three-manifold with trivial funda- 
mental group is necessarily homeomorphic to the 3-sphere S*. In the past 
thirty years, many mathematicians have contributed to the understanding 
of this conjecture of Thurston. While Thurston’s theory is based on beauti- 
ful combination of techniques from geometry and topology, there has been 
a powerful development of geometric analysis in the past thirty years, lead 
by S.-T. Yau, R. Schoen, C. Taubes, K. Uhlenbeck, and S$. Donaldson, on 
the construction of canonical geometric structures based on nonlinear PDEs 
(see, e.g., Yau’s survey papers [134]). Such canonical geometric struc- 
tures include Kahler-Einstein metrics, constant scalar curvature metrics, and 
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self-dual metrics, among others. However, the most important contribution 
for geometric analysis on three-manifolds is due to Hamilton. 
In 1982, Hamilton introduced the Ricci flow 


Ot 
to study compact three-manifolds with positive Ricci curvature. The Ricci 
flow, which evolves a Riemannian metric by its Ricci curvature, is a natural 
analogue of the heat equation for metrics. As a consequence, the curvature 
tensors evolve by a system of diffusion equations which tends to distribute 
the curvature uniformly over the manifold. Hence, one expects that the 
initial metric should be improved and evolve into a canonical metric, thereby 
leading to a better understanding of the topology of the underlying manifold. 
In the celebrated paper [60], Hamilton showed that on a compact three- 
manifold with an initial metric having positive Ricci curvature, the Ricci flow 
converges, after rescaling to keep constant volume, to a metric of positive 
constant sectional curvature, proving the manifold is diffeomorphic to the 
three-sphere S? or a quotient of the three-sphere S* by a linear group of 
isometries. Shortly after, Yau suggested that the Ricci flow should be the 
best way to prove the structure theorem for general three-manifolds. In 
the past two decades, Hamilton proved many important and remarkable 
theorems for the Ricci flow, and laid the foundation for the program to 
approach the Poincaré conjecture and Thurston’s geometrization conjecture 
via the Ricci flow. 

The basic idea of Hamilton’s program can be briefly described as follows. 
For any given compact three-manifold, one endows it with an arbitrary (but 
can be suitably normalized by scaling) initial Riemannian metric on the 
manifold and then studies the behavior of the solution to the Ricci flow. If 
the Ricci flow develops singularities, then one tries to find out the structures 
of singularities so that one can perform (geometric) surgery by cutting off 
the singularities, and then continue the Ricci flow after the surgery. If the 
Ricci flow develops singularities again, one repeats the process of performing 
surgery and continuing the Ricci flow. If one can prove there are only a 
finite number of surgeries during any finite time interval and if the long- 
time behavior of solutions of the Ricci flow with surgery is well understood, 
then one would recognize the topological structure of the initial manifold. 

Thus Hamilton’s program, when carried out successfully, will give a proof 
of the Poincaré conjecture and Thurston’s geometrization conjecture. How- 
ever, there were obstacles, most notably the verification of the so called 
“Little Loop Lemma” conjectured by Hamilton (see also [18]) which 
is a certain local injectivity radius estimate, and the verification of the dis- 
creteness of surgery times. In the fall of 2002 and the spring of 2003, Perel- 
man brought in fresh new ideas to figure out important steps 
to overcome the main obstacles that remained in the program of Hamil- 
ton. (Indeed, in page 3 of [107], Perelman said “the implementation of 


= —2Rij 


6 H.-D. CAO AND X.-P. ZHU 


Hamilton program would imply the geometrization conjecture for closed 
three-manifolds” and “In this paper we carry out some details of Hamilton 
program”.) Perelman’s breakthrough on the Ricci flow excited the entire 
mathematics community. His work has since been examined to see whether 
the proof of the Poincaré conjecture and geometrization program, based on 
the combination of Hamilton’s fundamental ideas and Perelman’s new ideas, 
holds together. The present paper grew out of such an effort. 

Now we describe the three main parts of Hamilton’s program in more 
detail. 


(i) Determine the structures of singularities 

Given any compact three-manifold M with an arbitrary Riemannian 
metric, one evolves the metric by the Ricci flow. Then, as Hamilton showed 
in [60], the solution g(t) to the Ricci flow exists for a short time and is unique 
(also see Theorem 1.2.1). In fact, Hamilton showed that the solution 
g(t) will exist on a maximal time interval [0,7), where either T’ = oo, or 
0<T < oo and the curvature becomes unbounded as t tends to 7’. We call 
such a solution g(t) a maximal solution of the Ricci flow. If T < oo and the 
curvature becomes unbounded as ¢ tends to 7’, we say the maximal solution 
develops singularities as t tends to T and T' is the singular time. 

In the early 1990s, Hamilton systematically developed methods to un- 
derstand the structure of singularities. In [63], based on suggestion by Yau, 
he proved the fundamental Li- Yau type differential Harnack estimate 
(the Li-Yau-Hamilton estimate) for the Ricci flow with nonnegative curva- 
ture operator in all dimensions. With the help of Shi’s interior derivative 
estimate [118], he established a compactness theorem for smooth so- 
lutions to the Ricci flow with uniformly bounded curvatures and uniformly 
bounded injectivity radii at the marked points. By imposing an injectivity 
radius condition, he rescaled the solution to show that each singularity is 
asymptotic to one of the three types of singularity models [65]. In he 
discovered (also independently by Ivey [75]) an amazing curvature pinching 
estimate for the Ricci flow on three-manifolds. This pinching estimate im- 
plies that any three-dimensional singularity model must have nonnegative 
curvature. Thus in dimension three, one only needs to obtain a complete 
classification for nonnegatively curved singularity models. 

For Type I singularities in dimension three, Hamilton established 
an isoperimetric ratio estimate to verify the injectivity radius condition and 
obtained spherical or necklike structures for any Type I singularity model. 
Based on the Li-Yau-Hamilton estimate, he showed that any Type II sin- 
gularity model with nonnegative curvature is either a steady Ricci soliton 
with positive sectional curvature or the product of the so called cigar soliton 
with the real line [68]. (Characterization for nonnegatively curved Type 
III models was obtained in [31].) Furthermore, he developed a dimension 
reduction argument to understand the geometry of steady Ricci solitons 
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[65]. In the three-dimensional case, he showed that each steady Ricci soli- 
ton with positive curvature has some necklike structure. Hence Hamilton 
had basically obtained a canonical neighborhood structure at points where 
the curvature is comparable to the maximal curvature for solutions to the 
three-dimensional Ricci flow. 

However two obstacles remained: (a) the verification of the imposed 
injectivity radius condition in general; and (b) the possibility of forming 
a singularity modelled on the product of the cigar soliton with a real line 
which could not be removed by surgery. The recent spectacular work of 
Perelman removed these obstacles by establishing a local injectivity 
radius estimate, which is valid for the Ricci flow on compact manifolds 
in all dimensions. More precisely, Perelman proved two versions of “no 
local collapsing” property (Theorem 3.3.3 and Theorem 3.3.2), one with 
an entropy functional he introduced in [107], which is monotone under the 
Ricci flow, and the other with a space-time distance function obtained by 
path integral, analogous to what Li-Yau did in [85], which gives rise to a 
monotone volume-type (called reduced volume by Perelman) estimate. By 
combining Perelman’s no local collapsing theorem I’ (Theorem 3.3.3) with 
the injectivity radius estimate in Theorem 4.2.2, one immediately obtains 
the desired injectivity radius estimate, or the Little Loop Lemma (Theorem 
4.2.4) conjectured by Hamilton. 

Furthermore, Perelman developed a refined rescaling argument (by 
considering local limits and weak limits in Alexandrov spaces) for singular- 
ities of the Ricci flow on three-manifolds to obtain a uniform and global 
version of the canonical neighborhood structure theorem. We would like 
to point out that our proof of the singularity structure theorem (Theorem 
7.1.1) is different from that of Perelman in two aspects: (1) in Step 2 of 
the proof, we only prove a weaker version of Perelman’s Claim 2 in section 
12.1 of [107], namely finite distance implies finite curvature. Our treatment, 
with some modifications, follows the notes of Kleiner-Lott in June 2003 
on Perelman’s first paper [107]; (2) in Step 4 of the proof, we give a new 
approach to extend the limit backward in time to an ancient solution. 


(ii) Geometric surgeries and the discreteness of surgery times 

After obtaining the canonical neighborhoods (consisting of spherical, 
necklike and caplike regions) for the singularities, one would like to perform 
geometric surgery and then continue the Ricci flow. In [66], Hamilton ini- 
tiated such a surgery procedure for the Ricci flow on four-manifolds with 
positive isotropic curvature and presented a concrete method for perform- 
ing the geometric surgery. His surgery procedures can be roughly described 
as follows: cutting the neck-like regions, gluing back caps, and removing 
the spherical regions. As will be seen in Section 7.3 of this paper, Hamil- 
ton’s geometric surgery method also works for the Ricci flow on compact 
orientable three-manifolds. 


8 H.-D. CAO AND X.-P. ZHU 


Now an important challenge is to prevent surgery times from accumu- 
lating and make sure one performs only a finite number of surgeries on each 
finite time interval. The problem is that, when one performs the surgeries 
with a given accuracy at each surgery time, it is possible that the errors 
may add up to a certain amount which could cause the surgery times to 
accumulate. To prevent this from happening, as time goes on, successive 
surgeries must be performed with increasing accuracy. In |108], Perelman 
introduced some brilliant ideas which allow one to find “fine” necks, glue 
“fine” caps, and use rescaling to prove that the surgery times are discrete. 

When using the rescaling argument for surgically modified solutions of 
the Ricci flow, one encounters the difficulty of how to apply Hamilton’s com- 
pactness theorem (Theorem 4.1.5), which works only for smooth solutions. 
The idea to overcome this difficulty consists of two parts. The first part, due 
to Perelman [108], is to choose the cutoff radius in neck-like regions small 
enough to push the surgical regions far away in space. The second part, due 
to the authors and Chen-Zhu [35], is to show that the surgically modified 
solutions are smooth on some uniform (small) time intervals (on compact 
subsets) so that Hamilton’s compactness theorem can still be applied. To 
do so, we establish three time-extension results (see Assertions 1-3 of the 
Step 2 in the proof of Proposition 7.4.1). Perhaps, this second part is more 
crucial. Without it, Shi’s interior derivative estimate (Theorem 1.4.2) may 
not applicable, and hence one cannot be certain that Hamilton’s compact- 
ness theorem holds when only having the uniform C° bound on curvatures. 
We remark that in our proof of this second part, as can be seen in the proof 
of Proposition 7.4.1, we require a deep comprehension of the prolongation of 
the gluing “fine” caps for which we will use the recent uniqueness theorem 
of Bing-Long Chen and the second author for solutions of the Ricci flow 
on noncompact manifolds. 

Once surgeries are known to be discrete in time, one can complete the 
classification, started by Schoen-Yau [114], for compact orientable 
three-manifolds with positive scalar curvature. More importantly, for sim- 
ply connected three-manifolds, if one can show that solutions to the Ricci 
flow with surgery become extinct in finite time, then the Poincaré conjecture 
would follow. Such a finite extinction time result was proposed by Perelman 
[109], and a proof also appears in Colding-Minicozzi [44]. Thus, the com- 
bination of Theorem 7.4.3 (i) and the finite extinction time result provides 
a complete proof to the Poincaré conjecture. 


(iii) The long-time behavior of surgically modified solutions. 

To approach the structure theorem for general three-manifolds, one still 
needs to analyze the long-time behavior of surgically modified solutions to 
the Ricci flow. In [67], Hamilton studied the long time behavior of the 
Ricci flow on compact three-manifolds for a special class of (smooth) so- 
lutions, the so called nonsingular solutions. These are the solutions that, 
after rescaling to keep constant volume, have (uniformly) bounded curvature 
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for all time. Hamilton [67] proved that any three-dimensional nonsingular 
solution either collapses or subsequently converges to a metric of constant 
curvature on the compact manifold or, at large time, admits a thick-thin 
decomposition where the thick part consists of a finite number of hyperbolic 
pieces and the thin part collapses. Moreover, by adapting Schoen-Yau’s 
minimal surface arguments in and using a result of Meeks-Yau [89], 
Hamilton showed that the boundary of hyperbolic pieces are incompressible 
tori. Consequently, when combined with the collapsing results of Cheeger- 
Gromov [26], this shows that any nonsingular solution to the Ricci flow 
is geometrizable in the sense of Thurston [126]. Even though the nonsingu- 
lar assumption seems very restrictive and there are few conditions known so 
far which can guarantee a solution to be nonsingular, nevertheless the ideas 
and arguments of Hamilton’s work [67] are extremely important. 

In [108], Perelman modified Hamilton’s arguments to analyze the long- 
time behavior of arbitrary smooth solutions to the Ricci flow and solutions 
with surgery to the Ricci flow in dimension three. Perelman also argued 
that the proof of Thurston’s geometrization conjecture could be based on 
a thick-thin decomposition, but he could only show the thin part will only 
have a (local) lower bound on the sectional curvature. For the thick part, 
Perelman established a crucial elliptic type estimate, which allowed 
him to conclude that the thick part consists of hyperbolic pieces. For the 
thin part, he announced in [108] a new collapsing result which states that 
if a three-manifold collapses with (local) lower bound on the sectional cur- 
vature, then it is a graph manifold. Assuming this new collapsing result, 
Perelman claimed that the solutions to the Ricci flow with surgery 
have the same long-time behavior as nonsingular solutions in Hamilton’s 
work, a conclusion which would imply a proof of Thurston’s geometriza- 
tion conjecture. Although the proof of this new collapsing result promised 
by Perelman in is still not available in literature, Shioya~-Yamaguchi 
has published a proof of the collapsing result in the special case when 
the manifold is closed. In the last section of this paper (see Theorem 7.7.1), 
we will provide a proof of Thurston’s geometrization conjecture by only us- 
ing Shioya-Yamaguchi’s collapsing result. In particular, this gives another 
proof of the Poincaré conjecture. 

We would like to point out that Perelman did not quite give an 
explicit statement of the thick-thin decomposition for surgical solutions. 
When we were trying to write down an explicit statement, we needed to 
add a restriction on the relation between the accuracy parameter ¢ and the 
collapsing parameter w. Nevertheless, we are still able to obtain a weaker 
version of the thick-thin decomposition (Theorem 7.6.3) that is sufficient to 
deduce the geometrization result. 

In this paper, we shall give detailed exposition of what we outlined above, 
especially of Perelman’s work in his second paper in which many key 
ideas of the proofs are sketched or outlined but complete details of the proofs 
are often missing. Since our paper is aimed at both graduate students and 


10 H.-D. CAO AND X.-P. ZHU 


researchers who intend to learn Hamilton’s Ricci flow and to understand 
the Hamilton-Perelman theory and its application to the geometrization of 
three-manifolds, we have made the paper essentially self-contained so that 
the proof of the geometrization is readily accessible to those who are famil- 
iar with basics of Riemannian geometry and elliptic and parabolic partial 
differential equations. In particular, our presentation of Hamilton’s works in 
general follows very closely his original papers, which are beautifully writ- 
ten. We hope the readers will find this helpful and convenient and we thank 
Professor Hamilton for his generosity. 

The reader may find many original papers appeared before Perelman’s 
preprints, particularly those of Hamilton’s on the Ricci flow, in the book 
“Collected Papers on Ricci Flow” in which the editors provided numer- 
ous helpful footnotes. For introductory materials to the Hamilton-Perelman 
theory of Ricci flow, we also refer the reader to the recent book by B. Chow 
and D. Knopf and the forthcoming book by B. Chow, P. Lu and L. 
Ni [43]. We remark that there have also appeared several sets of notes on 
Perelman’s work which cover part of the materials that are needed for the 
geometrization program, especially the notes by Kleiner and Lott from 
which we have benefited for the Step 2 of the proof of Theorem 7.1.1. (After 
the original version of our paper went to press, Kleiner and Lott had put up 
their latest notes on Perelman’s papers on the arXiv on May 25, 2006. 
Also Morgan and Tian posted their manuscript on the arXiv on July 25, 
2006.) There also have appeared several survey articles, such as Cao-Chow 
[17], Milnor [94], Anderson |4] and Morgan [98], on the geometrization of 
three-manifolds via the Ricci flow. 

We are very grateful to Professor $.-T. Yau, who suggested us to write 
this paper based on our notes, for introducing us to the wonderland of the 
Ricci flow. His vision and strong belief in the Ricci flow encouraged us to 
persevere. We also thank him for his many suggestions and constant encour- 
agement. Without him, it would be impossible for us to finish this paper. 
We are enormously indebted to Professor Richard Hamilton for creating the 
Ricci flow and developing the entire program to approach the geometrization 
of three-manifolds. His work on the Ricci flow and other geometric flows 
has influenced on virtually everyone in the field. The first author especially 
would like to thank Professor Hamilton for teaching him so much about the 
subject over the past twenty years, and for his constant encouragement and 
friendship. 

We are indebted to Dr. Bing-Long Chen, who contributed a great deal 
in the process of writing this paper. We benefited a lot from constant dis- 
cussions with him on the subjects of geometric flows and geometric analysis. 
He also contributed many ideas in various proofs in the paper. We would 
like to thank Ms. Huiling Gu, a Ph.D student of the second author, for 
spending many months of going through the entire paper and checking the 
proofs. Without both of them, it would take much longer time for us to 
finish this paper. 
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We also would like to thank Ben Andrews, Simon Brendle, Shu-Cheng 
Chang, Ben Chow, Sun-Chin Chu, Panagiota Daskalopoulos, Klaus Ecker, 
Gerhard Huisken, Tom Ilmanen, Dan Knopf, Peter Li, Peng Lu, Lei Ni, 
Natasa Sesum, Carlo Sinestrari, Luen-fai Tam, Jiaping Wang, Mu-Tao Wang, 
and Brian White from whom the authors have benefited a lot on the subject 
of geometric flows through discussions or collaborations. 

The first author would like to express his gratitude to the John Simon 
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and support over all these years. The second author is also indebted to 
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the enlightening comments and encouragement during the lectures. Also he 
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Chapter 1. Evolution Equations 


In this chapter, we collect some basic material on Hamilton’s Ricci flow. 
In Section 1.1, we introduce the Ricci flow equation of Hamilton and 
examine some special solutions. The short time existence and uniqueness 
theorem of the Ricci flow on a compact manifold (also cf. [45]}) is 
presented in Section 1.2. Evolution equations of curvatures under the Ricci 
flow are described in Section 1.3. In Section 1.4, we recall Shi’s 
local derivative estimate [118], which plays an important role in the Ricci 
flow. Perelman’s two functionals in and their monotonicity properties 
are discussed in Section 1.5. 


1.1. The Ricci Flow 


In this section, we introduce Hamilton’s Ricci flow and examine some 
special solutions. The presentation follows closely [65]. 

Let M be an n-dimensional complete Riemannian manifold with the Rie- 
mannian metric g;;. The Levi-Civita connection is given by the Christoffel 


symbols 
I ‘ =-g l (44 + al — +) 








Ox* Oxi Or! 
where gt is the inverse of g;;. The summation convention of summing over 
repeated indices is used here and throughout the book. The Riemannian 
curvature tensor is given by 
k k 
a ov jl OV 


k pp k pp 
ijl At Agi as Di — DSP 


We lower the index to the third position, so that 








Rijkt = Gep RF 
The curvature tensor R;;,; is anti-symmetric in the pairs 7, j and k, | and 
symmetric in their interchange: 

Rijn = —Ryjin = —Rijtk = Retij- 

Also the first Bianchi identity holds 
(1.1.1) Rizzi + Ryze + Reigt = 0. 
The Ricci tensor is the contraction 

Rix = 9 Biju, 
and the scalar curvature is 

i= g" Tis 
We denote the covariant derivative of a vector field v = v! a by 


Ov! 


Viv =<; 
7 or 





i ok 
+ gn) 
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and of a 1-form by 

Ov; k 
These definitions extend uniquely to tensors so as to preserve the product 
rule and contractions. For the exchange of two covariant derivatives, we 


have 
(119) ViVjv' — VjViv' = Riyv", 
(L13) ViVjURK — Vi Vive = Rig om; 
and similar formulas for more complicated tensors. The second Bianchi 
identity is given by 
(1.1.4) Vmijgt + Vikjme + Vi Rmikt = 9. 
For any tensor T = Ti, we define its length by 
[Teel = gag? gh? T;,.Th 


mp? 
and we define its Laplacian by 
AT}, = PV pV Lins 

the trace of the second iterated covariant derivatives. Similar definitions 
hold for more general tensors. 

The Ricci flow of Hamilton is the evolution equation 

ot 

for a family of Riemannian metrics g;;(t) on M. It is a nonlinear system of 
second order partial differential equations on metrics. 

In order to get a feel for the Ricci flow (1.1.5) we first present some 
examples of specific solutions (cf. Section 2 of [65]). 


(1.1.5) = -2Ri; 


(1) Einstein metrics 


A Riemannian metric gj; is called Einstein if 
Riz = AGij 
for some constant 4. A smooth manifold M with an Einstein metric is called 
an Einstein manifold. 

If the initial metric is Ricci flat, so that Rj; = 0, then clearly the metric 
does not change under (1.1.5). Hence any Ricci flat metric is a stationary 
solution of the Ricci flow. This happens, for example, on a flat torus or on 
any K3-surface with a Calabi-Yau metric. 

If the initial metric is Einstein with positive scalar curvature, then the 
metric will shrink under the Ricci flow by a time-dependent factor. Indeed, 
since the initial metric is Einstein, we have 


Fyg(x, 0) — Agij (x, 0), Vcae M 
and some A > 0. Let 
g(a.t) =p Ogg (@; 0). 
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From the definition of the Ricci tensor, one sees that 
Fail, t) = Hg, 0) = Aggy e)0): 
Thus the equation (1.1.5) corresponds to 
(7 (t)gij (v,0)) 


Ot = —2Agi; (x, 0). 
This gives the ODE 
d aN 
(1.1.6) ea 
dt p 
whose solution is given by 
PHSsSi=oe. 


Thus the evolving metric gj;(z,t) shrinks homothetically to a point as t > 
T = 1/2A. Note that as t — T, the scalar curvature becomes infinite like 
1/(T — t). 

By contrast, if the initial metric is an Einstein metric of negative scalar 
curvature, the metric will expand homothetically for all times. Indeed if 


Rij (x, 0) = —Agi;(x, 0) 
with A > 0 and 

9:5 (@,t) = p(t) gig (a, 0). 
Then p(t) satisfies the ODE 


dp _ 


(1.1.7) a 


’ 


A 
p 


with the solution 
p°(t) = 14+ 2d. 


Hence the evolving metric gj;(x,t) = p?(t)gij(x,0) exists and expands ho- 
mothetically for all times, and the curvature will fall back to zero like —1/t. 
Note that now the evolving metric g;;(x,t) only goes back in time to —1/2A, 
when the metric explodes out of a single point in a “big bang”. 

(2) Ricci Solitons 

The concept of a Ricci soliton is introduced by Hamilton [62]. We will 
call a solution to an evolution equation which moves under a one-parameter 
subgroup of the symmetry group of the equation a steady soliton. The 
symmetry group of the Ricci flow contains the full diffeomorphism group. 
Thus a solution to the Ricci flow (1.1.5) which moves by a one-parameter 
group of diffeomorphisms y; is called a steady Ricci soliton. 

If ye is a one-parameter group of diffeomorphisms generated by a vector 
field V on M, then the Ricci soliton is given by 


(1.1.8) 93 (x,t) = Pt Gig (Z, 0) 
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which implies that the Ricci term —2Ric on the RHS of (1.1.5) is equal to 
the Lie derivative Lyg of the evolving metric g. In particular, the initial 
metric 9j;(x,0) satisfies the following steady Ricci soliton equation 


(1.1.9) 2Rij + iV 3" + GjkViV™ = 0. 


If the vector field V is the gradient of a function f then the soliton is called 
a steady gradient Ricci soliton. Thus 


(1.1.10) Ryz+ViVjf =0, or Ric+V?f =0, 


is the steady gradient Ricci soliton equation. 

Conversely, it is clear that a metric gj; satisfying (1.1.10) generates a 
steady gradient Ricci soliton g;;(t) given by (1.1.8). For this reason we 
also often call such a metric g;; a steady gradient Ricci soliton and do not 
necessarily distinguish it with the solution g;;(t) it generates. 

More generally, we can consider a solution to the Ricci flow (1.1.5) 
which moves by diffeomorphisms and also shrinks or expands by a (time- 
dependent) factor at the same time. Such a solution is called a homotheti- 
cally shrinking or homothetically expanding Ricci soliton. The equation 
for a homothetic Ricci soliton is 


(1.1.11) 2Rig + ginV iV" + gjxViV* — 2dgiz = 0, 
or for a homothetic gradient Ricci soliton, 
(1.1.12) Ri + ViVi f — Agiy = 9, 


where A is the homothetic constant. For A > 0 the soliton is shrinking, for 
A <0 it is expanding. The case \ = 0 is a steady Ricci soliton, the case 
V = 0 (or f being a constant function) is an Einstein metric. Thus Ricci 
solitons can be considered as natural extensions of Einstein metrics. In fact, 
the following result states that there are no nontrivial gradient steady or 
expanding Ricci solitons on any compact manifold. 

We remark that if the underlying manifold M is a complex manifold and 
the initial metric is Kahler, then it is well known (see, e.g., [12]) that the 
solution metric to the Ricci flow (1.1.5) remains Kahler. For this reason, the 
Ricci flow on a Kahler manifold is called the Kahler-Ricci flow. A (steady, 
or shrinking, or expanding) Ricci soliton to the Kahler-Ricci flow is called a 
(steady, or shrinking, or expanding repectively) Kahler-Ricci soliton. 

The following result, essentially due to Hamilton (cf. Theorem 20.1 of [65], 
or Proposition 5.20 of [41]), says there are no nontrivial compact steady and 
expanding Ricci solitons. 


Proposition 1.1.1. On a compact n-dimensional manifold M, a gradi- 


ent steady or expanding Ricci soliton is necessarily an Einstein metric. 


Proof. We shall only prove the steady case and leave the expanding 
case as an exercise. Our argument here follows that of Hamilton {65}. 
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Let gj; be a complete steady gradient Ricci soliton on a manifold M so 

that 
Rij + ViVif =0. 

Taking the trace, we get 
(1.1.13) R+Af =0. 
Also, taking the covariant derivatives of the Ricci soliton equation, we have 

ViVi Vif — ViViVef = Vi Rin — ViFbje- 
On the other hand, by using the commutating formula (1.1.3), we otain 
ViVi Vef — ViViVef = RigaVif. 
Thus 
Vikjn — Vi Rin + Rijn Vif = 9. 

Taking the trace on j and k, and using the contracted second Bianchi identity 


1 
(1.1.14) Viiy = 5 Vik, 
we get 
Vil = 2h Vas =0. 
Then 
Val lVE)? + R) = 2V5f(ViV yf + Riz) = 0. 
Therefore 
(1.1.15) R+|vf/?=C 


for some constant C’. 
Taking the difference of (1.1.13) and (1.1.15), we get 


(1.1.16) Af -—|Vfl? =-C. 
We claim C = 0 when M is compact. Indeed, this follows either from 


(1.1.17) (2.7) ACW =) (Af —|VfP)e-Lav, 
M M 


or from considering (1.1.16) at both the maximum point and minimum point 
of f. Then, by integrating (1.1.16) we obtain 


| |V f|?dV =0. 
M 


Therefore f is a constant and gj; is Ricci flat. 














Remark 1.1.2. By contrast, there do exist nontrivial compact gradient 
shrinking Ricci solitons (see Koiso [83], Cao and Wang-Zhu ). 
Also, there exist complete noncompact steady gradient Ricci solitons that 
are not Ricci flat. In two dimensions Hamilton wrote down the first 
such example on R?, called the cigar soliton, where the metric is given by 


dx? + dy? 
Laide a2. 
( ) 6 1 + 2 + y? 
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and the vector field is radial, given by V = —0/0r = —(x0/0x + yO/Oy). 
This metric has positive curvature and is asymptotic to a cylinder of finite 
circumference 27 at oo. Higher dimensional examples were found by Robert 
Bryant on R” in the Riemannian case, and by the first author on C” 
in the Kahler case. These examples are complete, rotationally symmetric, 
of positive curvature and found by solving certain nonlinear ODE (system). 
Noncompact expanding solitons were also constructed by the first author 
[14]. More recently, Feldman, Ilmanen and Knopf constructed new 
examples of noncompact shrinking and expanding Kahler-Ricci solitons. 


1.2. Short-time Existence and Uniqueness 


In this section we establish the short-time existence and uniqueness re- 
sult for the Ricci flow (1.1.5) on a compact n-dimensional manifold 
M. Our presentation follows closely Hamilton and DeTurck [45]. 

We will see that the Ricci flow is a system of second order nonlinear 
weakly parabolic partial differential equations. In fact, as observed by 
Hamilton [60], the degeneracy of the system is caused by the diffeomor- 
phism group of M which acts as the gauge group of the Ricci flow. For any 
diffeomorphism y of M, we have Ric (y*(g)) = y* (Ric (g)). Thus, if g(t) is 
a solution to the Ricci flow (1.1.5), so is y*(g(t)). Because the Ricci flow 
(1.1.5) is only weakly parabolic, even the existence and uniqueness result on 
a compact manifold does not follow from standard PDE theory. The short- 
time existence and uniqueness result in the compact case is first proved by 
Hamilton using the Nash-Moser implicit function theorem. Shortly af- 
ter Denis De Turck gave a much simpler proof using the gauge fixing 
idea which we will present here. In the noncompact case, the short-time ex- 
istence was established by Shi in 1989, but the uniqueness result has 
been proved only very recently by Bing-Long Chen and the second author. 
These results will be presented at the end of this section. 

First, let us follow Hamilton to examine the equation of the Ricci 
flow and see it is weakly parabolic. Let M be a compact n-dimensional 
Riemannian manifold. The Ricci flow equation is a second order nonlinear 
partial differential system 


0 
(1.2.1) ap sis = El aii), 
for a family of Riemannian metrics gj;(-,t) on M, where 
E(gij) = —2Rij 


0 k 0 k k pp k pp 


2S \ fmf, a) a7 
~~ Oxi g Ani JR! Oxk g Axi i! Axi Jil Axl Ii 


+ rere, — Wkply,- 
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The linearization of this system is 

OGi; . 

Rp PEGs) G5 
where gj; is the variation in g;; and DE is the derivative of E given by 

DE(o:;)5 = 9" Pom FP Gn OG O° Gi 
KiNG I) Oral ~ Oxtdak  Oaidak * OxkOal 
+ (lower order terms). 

We now compute the symbol of DE. This is to take the highest order 
derivatives and replace sa by the Fourier transform variable ¢;. The symbol 
of the linear differential operator DE(g;;) in the direction ¢ = ((1,.--,¢n) 
is 





oDE (gi; )(O)Gij = 9 (GOj Gea + HOGG — GCKGGt — GCRGit)- 
To see what the symbol does, we can always assume ¢€ has length 1 and 
choose coordinates at a point such that 


Gj = 9ig, 
C2, 52.50), 
Then 
(oDE(9i3)(C)) (Gig) = Gig + 511651911 + +++ + Inn) 
— 641915 — 971914; 
i.e., 


[oDE(gi3)(S) (Gig 11 = Ga2 ++°* + Inns 
[CDE (955) (C)(Giz az =0, if kA, 
[CDE (945) (6) (Gig kt = Ger, = if KAILUA. 


In particular 


7 0 0 
(Gi) = 


are zero eigenvectors of the symbol. The presence of the zero eigenvalue 
shows that the system cannot be strictly parabolic. 

Next, instead of considering the system (1.2.1) (or the Ricci flow equation 
(1.1.5)), we follow a trick of DeTurck to consider a modified evolution 
equation, which is equivalent to the Ricci flow up to diffeomorphisms and 
turns out to be strictly parabolic so that the standard theory of parabolic 
equations applies. 

Suppose 9;; (a, ¢) is a solution of the Ricci flow (1.1.5), and y, : M — M 
is a family of diffeomorphisms of M. Let 


gig (@,t) = Ye Gig (2, t) 
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be the pull-back metrics. We now want to find the evolution equation for 


the metrics gj;(x,t). 
Denote by 
y" (ax, t)} 


y(x,t) = yr(x) = {y" (x,t), y°(a, t), a) 


in local coordinates. Then 
B 





_ Oy® Oy". 
(199) 9ij(@,t) = FFG Gaa(y,t), 
and 
0 dO [dy® dy? . 
| yt oy wt) 


a) = BE | BaF Bat 98 
_ Oy* Oy? 0 a (ay®\ dy? . 
Ogi Oxi Ot” Gaa(y, t) a Oat (= Baga Goa (yt) 


Oy* O dy? 
Bat Oat \ ae ) 800% 4): 











Let us choose a normal coordinate {x’} around a fixed point p € M such 


that =4 S944 = 0 at p. Since 


Ay O9a8 Oy” 
= —2Ragly,t ey 
and) + ar oe 





O. 
pp saaly, t) 
we have in the normal coordinate, 


O 
Bisse 4) 
dy® Oy? » Oy Oy? OGag Oy 
= Rap.) + or aa ayy OF 




















Ox? Ox 
AO (dy®\ dy?. dO (dy? dy* 
+ Dat (¥) Baa Foyt) + aul (= Axi 7 Gop (ys t) 
_ x Oy Oy? OGag Oy™ Od (dy*\ dak 
= Ril + Sr aa7 yr ot + Oat ae) dyad* 
8 dy?’ Aak 
Oxi \ ot) Oye F* 


. Oy® Oy? OGag Oy? dO (Ody* dak . 
= —2Riy(@.) + oa aar ayy of t Dat OE aye 


8 (dy? dak \  dy* A (dak dy? A (Ax*\ 
axi \ at ayer at dat \ Ayo } 9" ~ “at Gat \ By } FH 
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The second term on the RHS gives, in the normal coordinate, 











Oxi Oxi At Dy Oat Ox) Ot 7 ayy Oy® Oy? 
Oy® Oy? O (dak Oy? Oy? O (dak 

~ Ox" Ot Oy? (se) * Aad Ot Oy? (sa) - 
dy® A?x2* dy? Oy? Oak dy 

~ At Oy* Oy? Ont eT OE Oy*dy? Oxi Hi 


_ dy* 9 (dak eu oe 2. ax*\ 
~ Ot dat \ Oya) 9" at aati \ Bye ) F* 


Oy® Oy® Oy? OGag Oy Oy? Oy? 0 (= =) 











So we get 


0 
(1.2.3) Bisse 4) 


Oy Ox Oy® Aax* 
= -0Rie de Vale gg | | oe | 
gals (4 sensi Ns ( at aye 
If we define y(x,t) = y:(a) by the equations 


. 
Oy® _ Oy® jlppnk 2 
(1.2.4) Se = HEP T- Ty)s 


ya, 0) =e, 


. ok 
and V; = ging (Te — Tj,), we get the following evolution equation for the 
pull-back metric 


2 9ij(x,t) = -2Rij(a,t) + ViVi + ViVi, 
(1.2.5) i 
9ij (2,0) =9:j (x), 


k 
oO oO 
where 9;; (x) is the initial metric and [,; is the connection of the initial 


metric. 


Lemma 1.2.1 (DeTurck [45]). The modified evolution equation (1.2.5) 
is a strictly parabolic system. 
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Proof. The RHS of the equation (1.2.5) is given by 
— 2Rij(z,t) + ViVj + ViVi 


= Oo KL OGnL - Oo wi ( 9951 4 Ogi _ Ogi; 
~ Oat 19 Gas Ok \F \ Oat * Bai Oa! 
gg {5 a (Su 4 29at _ 29a 


Ox’ |2 Ort OxP — Oa! ) \ 
0 {1 Og  OGqi OG; 
st od eg fe she ree 
+ (lower order terms) 


2 Oxzt— OxP Or! 
=f Pon Fon Og O gi } 




















Oxr'OxiI =Ox'tOxk = =Oxi Oak — Oxk Ox! 
gPt { O dpi + O Gai F 9pq } 








Ox'Oxt = Ox" OxP Ox Ox) 
+ 1 og Ogi O? Gai _ Png 

2 OxIOxt = =OxIOxP = Ox Ox 
+ (lower order terms) 














wt_O 95 

Ox* Ox! 
Thus its symbol is (g*¢,¢,)9;;.. Hence the equation in (1.2.5) is strictly 
parabolic. 





=% + (lower order terms). 














Now since the equation (1.2.5) is strictly parabolic and the manifold 
M is compact, it follows from the standard theory of parabolic equations 
(see for example [84]) that (1.2.5) has a solution for a short time. From the 
solution of (1.2.5) we can obtain a solution of the Ricci flow from (1.2.4) and 
(1.2.2). This shows existence. Now we argue the uniqueness of the solution. 
Since 

BP Axi Ax! ByY °8 © Ay“ AxIdz"’ 
the initial value problem (1.2.4) can be written as 
a : 2a ok a % 

(1.2.6) 
ye, 0) =a", 


This is clearly a strictly parabolic system. For any two solutions ae (-,¢) and 


ae (-,t) of the Ricci flow (1.1.5) with the same initial data, we can solve the 


initial value problem (1.2.6) (or equivalently, (1.2.4)) to get two families yh) 
and yo?) of diffeomorphisms of MM. Thus we get two solutions, g(t) = 
Cee wie es and a Od) = (vy (-, 8), to the modified evolution 
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equation (1.2.5) with the same initial metric. The uniqueness result for 


the strictly parabolic equation (1.2.5) implies that ae = a Then by 
equation (1.2.4) and the standard uniqueness result of ODE systems, the 


corresponding solutions gl) and yp?) of (1.2.4) (or equivalently (1.2.6)) must 


(1) (2) 


agree. Consequently the metrics 5; and g;; must agree also. Thus we have 


proved the following result. 


Theorem 1.2.2 (Hamilton [60], De Turck [45]). Let (M, gij(a)) be a 
compact Riemannian manifold. Then there exists a constant T > 0 such 
that the initial value problem 


2 gi (a6) = = 2g (x, t) 


9ij(@,0) = gig(2) 
has a unique smooth solution gij(x,t) on M x [0,T). 


The case of a noncompact manifold is much more complicated and in- 
volves a huge amount of techniques from the theory of partial differential 
equations. Here we will only state the existence and uniqueness results and 
refer the reader to the cited references for the proofs. 

The following existence result was obtained by Shi in published in 
1989. 


Theorem 1.2.3 (Shi [118]). Let (M, gi;(x)) be a complete noncompact 
Riemannian manifold of dimension n with bounded curvature. Then there 
exists a constant T > 0 such that the initial value problem 


2 gi;(a,t) = =2iig (a0) 


gig (@,0) = giz (x) 
has a smooth solution gij(a,t) on M x [0,T] with uniformly bounded curva- 
ture. 


The Ricci flow is a heat type equation. It is well-known that the unique- 
ness of a heat equation on a complete noncompact manifold is not always 
held if there are no further restrictions on the growth of the solutions. For 
example, the heat equation on Euclidean space with zero initial data has a 
nontrivial solution which grows faster than exp(a|x|*) for any a > 0 when- 
ever t > 0. This implies that even for the standard linear heat equation on 
Euclidean space, in order to ensure the uniqueness one can only allow the so- 
lution to grow at most as exp(C|z|?) for some constant C > 0. Note that ona 
Kahler manifold, the Ricci curvature is given by Ryg = —sfasp log det(g,,5). 
So the reasonable growth rate for the uniqueness of the Ricci flow to hold 
is that the solution has bounded curvature. Thus the following uniqueness 
result of Bing-Long Chen and the second author is essentially the best 
one can hope for. 
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Theorem 1.2.4 (Chen-Zhu [34]). Let (M, 4;;) be a complete noncom- 
pact Riemannian manifold of dimension n with bounded curvature. Let 
gij(x,t) and Gi;(x,t) be two solutions, defined on M x [0,T], to the Ricci 
flow (1.1.5) with gi; as initial data and with bounded curvatures. Then 
gj(2,t) = 95(2,t) on M x [0,7]. 


1.3. Evolution of Curvatures 


The Ricci flow is an evolution equation on the metric. The evolution for 
the metric implies a nonlinear heat equation for the Riemannian curvature 
tensor Rjj;~; which we now derive. Our presentation in this section follows 
closely the original papers of Hamilton [61]. 


Proposition 1.3.1 (Hamilton [60]). Under the Ricci flow (1.1.5), the 
curvature tensor satisfies the evolution equation 


O 
By ttiskl = AR + 2( Bizet — Bijtk — Baje + Binjt) 
= 9" Roglat + Ripe ley + Pajgpigr + Rigep Ra) 
where Bijri = gg? RpiqgiRrrsi and A is the Laplacian with respect to the 
evolving metric. 


Proof. Choose {x',...,x’} to be a normal coordinate system at a fixed 
point. At this point, we compute 


Ot 8 ae OO a Ole og Vas Of OF 
a OF | bat \oeF™ ) T Oat ae} Bam \arF?! 


1 
= 59°" (Vil 2Rim) + Vi(-2Rjm) — Vm(-2Ry1)), 


Oa.  OfO8\. 8 POs 
Rl ei | ae 
Oil = Bae (3 ) Oxi (3 oe 
a) 0 O9nk 

By tisk = anna Ri a a Rig 


Combining these identities we get 





S Rise - in| (Sits (5(-2Rm) + Vi(-2Rjm) — Vin(—2R))]) 





2 
— 2RrpRh, 
= ViVeRj — ViVi Rye — Vi VER + ViVi Rix 
= Tig hye Ryd Ra — 2g? hap 
= ViVe Rj — ViVi Rig — ViVERi + ViVi Rik 
— 94 (RijkpRqa + RijpiRq). 


Here we have used the exchanging formula (1.1.3). 
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Now it remains to check the following identity, which is analogous to the 
Simon’s identity in extrinsic geometry, 


(1.3.1) AR + 2(Bijet — Bijik — Buje + Binjt) 
= ViVeRj — ViVi Ryn — ViVeRa + ViVi Rix 
+ 9? "(Ry jrilgi + RipriRa;)- 





Indeed, from the second Bianchi identity (1.1.4), we have 
AR ge OV pV ough 
= 9 IV pViRajnt — 94 V pV 5 Reika- 


Let us examine the first term on the RHS. By using the exchanging formula 
(1.1.3) and the first Bianchi identity (1.1.1), we have 


PIV pVihajkt — 94 ViV pRajri 
= gig Rely + Ring ignki > Dako epi aden) 
= Fim Rages hy 9” Hpieay igen + gin) 
gg Rete Og Taal tain 
= Rimg”” Raj — Bijei + Bijik — Birgit + Bayes 
while using the contracted second Bianchi identity 
(1:32) GV gltashi = VER — ViRjx, 
we have 
PIViN pRajnt = ViVe Rj — ViViRje. 
Thus 
SV pViRgjkl 
=ViVie= VeVi Cau = Bak Bast Ba) to es 





Therefore we obtain 
AR ijri 
= GV pViltah — 9 VV jhaikl 
=ViVilii ViVi Gan Bik = Base > Bi) $9 Ree 
—VjVeRa + ViViRin t+ (Byiet — Bak — Bjrik + Byrit) — 9?! Rpini Rg; 
= ViVeRj — ViVi Ryn — ViV eR + ViVi Rix 








ght Ragailtes + pki lias) = 2 Bra = Bak Buse + Baa) 
as desired, where in the last step we used the symmetries 


(1.3.3) Bizet = Brug = Byitr- 
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Corollary 1.3.2 (Hamilton [60]). The Ricci curvature satisfies the evo- 
lution equation 


0 rT s 
ay ftik = A Bin + 29°" 9g? RyigkRrs — 2g°4 RpiRgk- 


Proof. 
0 


_@ A. 
ap ttik = go — Rijn + (52) Rizr 


Ot Ot 
= 9" [ARijn + 2(Bijxt — Bik — Baye + Birjt) 
= 94 Regi ltgs + Rage igs Rajpitigk + Rage lai) 
a» { O 
=e (Fam) 9! RijKi 
= ARix + 26! (Bijxi — 2Bijiz) + 29?" 9% RpighRrs 
= 2g Rpplig- 


We claim that @! (Bizki — 2Bij1x) = 0. Indeed by using the first Bianchi 
identity, we have 





9 Biju = 9G?" 9% Rigi Rrkst 
= 9" GP" 9g? Rgij Rrskt 
= gg?" 9? (Rigg = Rojqi)(Renst — eter) 
= 29" (Bijxi — Bijix) 
as desired. 


Thus we obtain 


0 
ay ttik = AR + 29" 9?" Rigk Rrs — 20" 9 Rpiltgh: 














Corollary 1.3.3 (Hamilton [60]). The scalar curvature satisfies the 
evolution equation 


OR 


Proof. 
OR ik ORix ip 29pq qk 
EE. Aik avin. _ ip 29Pd R; 
a7 et ( WBE? 
— g'* (ARix =F 20 Gg Hpggdins — 29°49 RpiRgk) a Rog Ring’? 9 
— AR +2|Ric|?. 


oO 


To simplify the evolution equations of curvatures, we will follow Hamil- 
ton and represent the curvature tensors in an orthonormal frame and 
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evolve the frame so that it remains orthonormal. More precisely, let us 
pick an abstract vector bundle V over M isomorphic to the tangent bun- 
dle TM. Locally, the frame F = {F\,...,Fa,...,Fn} of V is given by 
—— Fe with the isomorphism {F%}. Choose {F"} at t = 0 such that 
F=({F},...,Fa,..., Fn} is an orthonormal frame at t = 0, and evolve {F"} 
by the equation 

Bhi. - 66 

le GIR. 
Then the frame F = {F},...,Fa,..., Fy} will remain orthonormal for all 
times since the pull back metric on V 


hy = gyi! 


remains constant in time. In the following we will use indices a,b,... on a 
tensor to denote its components in the evolving orthonormal frame. In this 
frame we have the following: 


Rated = FLEE FEF Riga, 
OF? Boe 
= Fa tl, (FP) = (Fi)~*) 
a 
Vi = at ev 
VeV* = FBViV*, 





where liek is the metric connection of the vector bundle V with the metric 
hap. Indeed, by direct computations, 
. OF ; 
b k 
ViFy = oor + Folin — Fels 
J 
OF; 
Ox* 
= 0, 


Vinab = Vi(gij FF?) = 0. 


OF 
Ox? 








+ rir), — Fl (ASE + haere) 


So 
Vas = FFIVV), 
and 
ARabea = ViVi Rabed 
= gIViVj Rated 
= go FRFLF™ FOV Reimn- 
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In an orthonormal frame F' = {F},..., Fu,..., Fn}, the evolution equa- 
tions of curvature tensors become 
(1.3.4) © Rated = ARobed + 2(Babed — Babde — Badde + Bacba) 
(13:5) o Rat = ARgy + 2Racba Rea 
(1.3.6) a AR + 2|Ric |? 


ot 
where Bate = Reeds Reeaf - 

Equation (1.3.4) is a reaction-diffusion equation. We can understand the 
quadratic terms of this equation better if we think of the curvature tensor 
Rabed AS & Symmetric bilinear form on the two-forms A?(V) given by the 
formula 


Rm(y,~) = RavcaPabWeds for y,w € A?(V). 


A two-form y € A?(V) can be regarded as an element of the Lie algebra 
so(n) (ie. the skew-symmetric matrix ((ap)nxn), Where the metric on A?(V) 
is given by 


(2,0) = Pabar 
and the Lie bracket is given by 
y, Wad = YacWbe — WacPbe- 


Choose an orthonormal basis of A?(V) 


n(n—1) 


DS tthe cca 7 } 
where y* = {p@,}. The Lie bracket is given by 
[e%, p9] = Cl%Q”, 
where C%#7 = C29577 = ([y%, y*], y7) are the Lie structure constants. 


Write Rated = Mop er, 0e4- We now claim that the first part of the qua- 
dratic terms in (1.3.4) is given by 


(1327) 2(Babed — Babae) = May Mayen eey- 
Indeed, by the first Bianchi identity, 





Babea — Babdc = Raebf Reeat — Raevf Raecf 
= Raevt(—Reefa — Refde) 
= Raevs Redes. 

On the other hand, 
Raevt Redet = (—Radbfe — Rafed) Rede f 
= Ravet Redet — RafedRedef 
= Raves Reaet — RafreRedfe 
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which implies Raesf Rede f = 5 Rave f¢Redef. Thus we obtain 


2( Babed — Babdc) = Rabef Redef = MoyM py pe- 
We next consider the last part of the quadratic terms: 
2( Bacta — Baabe) 
= 2( Rese? Rocat = Raeat nec?) 
= 2(My502.¢2¢Mno eh. vey — Myo viyMns vt ¢%) 
= M5 (Gee Pp. + CL"VEh) Pop Mino Poy — Mino Phe Piy M5 ¥hePes] 
= 2M 5 po ¢ Myo pip Co" ph, 
But 
Mysip2 ¢ Myo pip Co" 0% 
= MysMyoCo es leey oy + OF oe 
== ae + MysM,eC2"CH yy 
= —Myp My5C2" p92 pop + (C2"CH Ms Myo) 28,004 


which implies 


My5p op Myo pig C2" 9% = = sonar M15M,9) 0% Poa" 
Then we have 


(1.3.8) 2(Bactd — Badbe) = (crc? M,5M,0) 9% 0. 


Therefore, combining (1.3.7) and (1.3.8), we can reformulate the curva- 
ture evolution equation (1.3.4) as follows. 


Proposition 1.3.4 (Hamilton [61]). Let Ratea = Mapes yey: Then 
under the Ricci flow (1.1.5), Mag satisfies the evolution equation 


OMag 


(1.3.9) a 





= AMag + M2, + Mi, 


where Mig = MayMgz, is the operator square and Me, = (CX"C8) M. 76 Mr) 
is the Lie algebra square. 


Let us now consider the operator Mz, in dimensions 3 and 4 in more 
detail. 

In dimension 3, let w1,w2,w3 be a positively oriented orthonormal basis 
for one-forms. Then 


yi = /2w1 A wo, y = Qu A W3, yp = /2w3 Aw 
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form an orthonormal basis for two-forms A?. Write y® = {y%,},a = 1, 2,3, 
as 


0 20 0 0 0 
(A =e 0 O|]> (ves) = 0 0 2 : 
0 0 0 0-3 0 
Oo rae 
(vas) = ee oes 
2 
22 QO 
then 
0 ¥20\ (00 0 0 0 - 0 -2o0 
le wl=|-2oo]{oo-y]-[oo Sl) we o o 
OOO, Lox 0 0-3 0 ee 
00-3 
=|000 
1 
50:0 
_ v2 3 
pr 
So C123 = ({y1, y" |, yp?) = wes in particular 





ea ‘ia if a¢B#%, 


0, otherwise. 
Hence the matrix M#* = (Mz;) is just the adjoint matrix of M = (Mag): 
(1.3.10) M* = det M-*M7}. 

In dimension 4, we can use the Hodge star operator to decompose the 

space of two-forms A? as 

A? = A? mA? 
where AG. (resp. A?) is the eigenspace of the star operator with eigenvalue 
+1 (resp. —1). Let w1,w2,w3,w4 be a positively oriented orthonormal basis 
for one-forms. A basis for Ns is then given by 
yg = wi Aw. + w3 Awa, y = wi Aw3+u04 Awe, yp? =wiAws,+u2 hws, 
while a basis for A? is given by 
wo = w1 Awe — w3 Awa, wy = w1 Aw3 — ws Awa, wy = wy Aw, — wo Aw. 


In particular, {y!, y?, y?, w!, ¥?, >} forms an orthonormal basis for the 
space of two-forms A’. By using this basis we obtain a block decomposition 
of the curvature operator matrix M as 


M = (Mao) = ( i -) 
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Here A, B and C are 3 x 3 matrices with A and C being symmetric. Then 
we can write each element of the basis as a skew-symmetric 4 x 4 matrix 
and compute as above to get 
# BF 
# _ (yt) — A 
(1.3.11) M# = (M%,) = 2( tpt CH ) 
where A#, B¥, C# are the adjoint of 3 x 3 submatrices as before. 
For later applications in Chapter 5, we now give some computations for 
the entries of the matrices A, C and B as follows. First for the matrices A 
and C’,, we have 


Au = Rm(y", v') = Rioig + Rga3a + 2Ri234 
Ago = Rm(y?, y*) = Risi3 + Raza2 + 2Riga2 
A33 = Rm(y", y*) = Riga + Rogo3 + 2Ri423 














and 
Cr = Rm(q",") = Riore + R3aza — 2R1234 
Coq = Rm(?,W”) = Rizi3 + Razag — 2Ri3a2 
C33 = Rm(W?, vb") = Riara + Roz03 — 2Ria23. 
By the Bianchi identity 


Ry234 + Riga2 + Ri423 = 0, 





so we have ; 
trA = trC = a 
Next for the entries of the matrix B, we have 
By = Rm(¢", v') = Riaie — Raasa 
Boy = Rm(p", W”) = Risig — Razae 
B33 = Rm(¢%, W*) = Russa — Ro303 
and 
By = Rm(y', d”) = Riaz + R313 — Rissa — Raa. ete. 


Thus the entries of B can be written as 


1 
By = 5 (Ru + Rog — R33 — Ras) 





Bog = ~=(Rii + R33 — Raa — Ro2) 


1 

2 
1 

B33 = 5 (Ru + R44 — Rog — R33) 





and 

By = Rog = Ri etc. 
If we choose the frame {w 1, w2,w3,w4} so that the Ricci tensor is diagonal, 
then the matrix B is also diagonal. In particular, the matrix B is identically 
zero when the four-manifold is Einstein. 
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1.4. Derivative Estimates 


In the previous section we have seen that the curvatures satisfy nonlinear 
heat equations with quadratic growth terms. The parabolic nature will give 
us a bound on the derivatives of the curvatures at any time ¢ > O in terms 
of a bound of the curvatures. In this section, we derive Shi’s local derivative 
estimate [118]. Our presentation follows Hamilton {65}. 

We begin with the global version of the derivative estimate of Shi [118]. 


Theorem 1.4.1 (Shi [118]). There exist constants C,;,, m = 1,2,..., 
such that if the curvature of a complete solution to Ricci flow is bounded by 


|Rijxi| < M 


up to time t withO<t< 2 then the covariant derivative of the curvature 
is bounded by 


|V Rijn] < CiM/vt 
and the m*” covariant derivative of the curvature is bounded by 
|[V" Rijn] < CmM/t?. 


Here the norms are taken with respect to the evolving metric. 


Proof. We shall only give the proof for the compact case. The noncom- 
pact case can be deduced from the next local derivative estimate theorem. 
Let us denote the curvature tensor by Rm and denote by A* B any tensor 
product of two tensors A and B when we do not need the precise expression. 
We have from Proposition 1.3.1 that 


(1.4.1) 2 Rm = ARm+ Rmx Rm. 
Since 
= VRm, 
it follows that 
(1.4.2) Oa) = A(VRm) + Rm « (VRm). 


ot 
Thus 


S \RmP? < A|Rm|? — 2|V Rm? + C|Rm|’, 


2 IV Rm)? < A|VRm|? — 2/V?Rm|? + C|Rm| - |VRm|?, 


for some constant C' depending only on the dimension n. 
Let A >0 be a constant (to be determined) and set 


F =t\VRm|? + A|Rm|?. 
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We compute 

OF Re a0 5 0 ° 

Dee ak Ae 

Ft |\VRm| + ta |VRm| + ihm 

< A(t|VRm|? + A|Rm|?) + |VRm|?(1 +tC|Rm| — 2A) + CA|Rm|?. 
Taking A > C +1, we get 
OF we de 

Ss 
aS AF+CM 


for some constant C' depending only on the dimension n. We then obtain 
F< F(0)+CM?t < (A+ C)M?, 
and then 
|VRm|? < (A+ C)M?/t. 
The general case follows in the same way. If we have bounds 
|V'Rm| < C.M/t?, 
we know from (1.4.1) and (1.4.2) that 








O CM3 
lV ml? < A|V* Rm)? — 2|V**1Rm|? + i 
and 
0 k+1 2 k+1 2 k+2 2 k+1 2 CM? 
—|V"TRm|* < AV" Rml* — 2/V""" Rm|* + CMV" Rm|* + : 
ot tk+1 


Let A, > 0 be a constant (to be determined) and set 
Fy = EP VET Rm)? + Apt tt |V* Rm). 
Then 


0 
a = (k te Qe WT Rime a oe Ss lVert Rm)? 


a 
+ Ay(k + 1)t*|V¥ Rm]? + Agth*! = |V" Rm? 
< (k a 2) VF Rm)? 


CM3 
nie pet [aiv' Rm = 2\V*t2 Rm|? : CM|V**1Rm|? a ear 


+ A(k + 1)t*| Vi Rm? 


Cie 
tk 








Ape [aivtm)? — 2|\V**1 Rm)? + 


< AF, + C41 M? 


for some positive constant C41, by choosing A; large enough. This implies 


that 
Ce41M 


k+1 
{3 





|VF* Rm| $e 
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The above derivative estimate is a somewhat standard Bernstein esti- 
mate in PDEs. By using a cutoff argument, we will derive the following local 
version in [118], which is called Shi’s derivative estimate. The proof is 
adapted from Hamilton [65]. 


Theorem 1.4.2 (Shi {[118]). There exist positive constants 0,Cy,k = 
1,2,..., depending only on the dimension with the following property. Sup- 
pose that the curvature of a solution to the Ricci flow is bounded 


0 
<M — 
|Rm| < M, on U x [o a 


where U is an open set of the manifold. Assume that the closed ball Bo(p,r), 
centered at p of radius r with respect to the metric at t = 0, is contained in 
U and the time t < 0/M. Then we can estimate the covariant derivatives 
of the curvature at (p,t) by 


1 1 
|VRm(p, t)|? < C,M? (= Poor ut) 
r 
and the k*” covariant derivative of the curvature at (p,t) by 


1 1 
k 2 2 k 
IV" Rm(p,t)|" < Ch.M (= + iF +M ) : 


Proof. Without loss of generality, we may assume r < 0//M and the 
exponential map at p at time ¢t = 0 is injective on the ball of radius r (by 
passing to a local cover if necessary, and pulling back the local solution of 
the Ricci flow to the ball of radius r in the tangent space at p at time t = 0). 

Recall 


a 
lm” < A|Rm/? — 2|\VRm|? + C|Rm|)°, 


a 
lV aml? < A|VRm|? — 2|V?Rm|? + C|Rm| -|VRm|?. 


Define 
S = (BM? + |Rm|’)|VRm/|? 
where B is a positive constant to be determined. By choosing B > C?/4 
and using the Cauchy inequality, we have 
os < AS — 2BM?|V?Rm/? — 2|VRm|* 
+CM|VRm|? -|V?Rm| + CBM3|VRm|? 
< AS —|VRm|* + CB?M® 
S2 


acne eee OH I" 
(B+ 1eMt 


< AS — 


If we take 
F = }(BM? + |Rm|?)|VRm|?/M* = bS/M*, 
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and b < min{1/(B + 1)?,1/CB?}, we get 


F 
(1.4.3) “ SAPS FeaeM", 


We now want to choose a cutoff function y with the support in the ball 
Bo(p,r) such that at t = 0, 
o(p)=r, OS <Ar, 
and 
2 A 
Vel Say IY PS 


for some positive constant A depending only on the dimension. Indeed, let 
g: (—co, +00) — [0, +00) be a smooth, nonnegative function satisfying 


sshd 
soy afb UeCHD. 
0, outside (—1,1). 


p= g r2 ’ 


where s is the geodesic distance function from p with respect to the metric 
at t = 0. Then 
ire 
Ve=-9 |=): 28Vs 
r r 


[Ve] < 2C\. 


Set 


and hence 

Also, 
1 Py ook 1 : 1 ; 

V9 = -g" (=) <48°Vs-Vs+—9 (= )ovs-Vs+-—g' (5 | -28V?s. 
r r2 } 2 r re r re 

Thus, by using the standard Hessian comparison, 


vig Says 
r r 
<i (140(S+vm)) 


eee 
r 
Here C, Cy and C3 are positive constants depending only on the dimension. 
Now extend y to U x (0, al by letting y to be zero outside Bo(p,1r) and 
independent of time. Introduce the barrier function 


2 
(1.4.4) pe ES te 
yp t 
which is defined and smooth on the set {y > 0} x (0,7). 
As the metric evolves, we will still have 0 < y < Ar (since » is indepen- 
dent of time t); but |Vy|? and y|/V2y| may increase. By continuity it will 
be a while before they double. 
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Claim 1. As long as 
Vel? < 247, ylV%y| < 24°, 
we have 
a > AH — H?4+M?. 
Indeed, by the definition of H, we have 
(12+4/n)?A* 1 





2 2 
H’> of “ Pp +M’, 
OH 1 
OB 
and 
AH = (12+ 4/n)A?A (4) 
Y 
2 
Y 
2 2 
< (12 + 4A) A (= ev nA ) 
(12+ 4/n)? At 
yt 
Therefore, 
H? > AH — a BY koe 


Claim 2. If the constant 9 > 0 is small enough compared to b, B and 
A, then we have the following property: as long as r < 6/VM, t < 6/M 
and F < H, we will have 
|Vol?<2A? and y|V7y| < 2A”. 


Indeed, by considering the evolution of Vy, we have 
O 


Oo 
ave’ = a fa Viv) 


AB 
= Fiv, () + VipRiFt 
= RaVoe 

which implies 

0 

RlVel < CMIVel, 
and then 

Vel? < A2eM@ < 242, 

provided t < 6/M with @ < log 2/C. 
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By considering the evolution of V7, we have 


a me 
—(VaVoy) = (FoF ViV59) 


Ot ae: 
_ 0 ip yp x OP 
= BE (Fir (5 Pa agk 
=VaVo () - RacVoV ce? + RoeVaV cP 


a (V-Rap = Veltie— Vikas) Vee 


which implies 


0 
(1.4.5) alV¥l S ClRm| -|V79| + C|VRm| -|V¢l. 
By assumption F’ < H, we have 
2M? ((12+4/n)A? 1 
1.4. S| ae f < 6/M. 
(1.4.6) |VRm|* < oB ( 2 os , tor -t<0/ 


Thus by noting y independent of t and y < Ar, we get from (1.4.5) and 
(1.4.6) that 


O 2 2 r 
ris < [eel 
Hy vl¥ y|)< CM (vv pl +1it+ -) 


which implies 


: r 
y|V2y| pet [iV eDlo + cn | (1 + =) | 
0 vt 


< eM | 4? + CM(t + 2rv2)| 
< 2A? 
provided r < 6/VM, and t < 6/M with @ small enough. Therefore we have 


obtained Claim 2. 
The combination of Claim 1 and Claim 2 gives us 


OFS AH — H?+M? 
Ot 
as longasr <60/VM, t<06/M and F< H. And (1.4.3) tells us 


F 
oS AFF +M?, 


Then the standard maximum principle immediately gives the estimate 


1 1 0 
Bae 2 Zz 
IVRm|* < CM (S+7+™) on {p > 0} x (0, =], 


which implies the first order derivative estimate. 
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The higher order derivative estimates can be obtained in the same way 
by induction. Suppose we have the bounds 


1 1 
k 2 2 k 
As before, by (1.4.1) and (1.4.2), we have 
1 1 
219k Rm? < A|V*¥ Rm)? — 2/V¥*!Rm|? + CM3 | —+—4+M*), 
Ot ror aR 


and 
SVE Rm? z A\V*t!Rm|? = 2|VF+2 Rm|? 
1 1 
k+1 2 3 k4+1 
+CM|V Rm| +CM (sent get i 
Here and in the following we denote by C various positive constants depend- 
ing only on C, and the dimension. 
Define 


L .. f 
ines [Ba (= bag a) + IVER | [VF Rm)? 


where B, is a positive constant to be determined. By choosing By, large 
enough and Cauchy inequality, we have 

0 k 
Bk S | ~ Get 


es + A|VFRm|? — 2/V*t! Rm|? 


+ CM? (<r + - + ut) | (Vel Rm|? 

He [Bae (= + - + ut) + IVeRm| 
; [aiv' Rp — 2|VF? Rm|? + CM|V"Rm|? 
+CMB (sent get) 


k 
< AS, + 8|V¥ Rm - |VF*1 Rm)? - |V*t?2Rm| — 


k+1 2 


Lal 
— 2|\V¥1 Rm|* + CM3|V"" Rm? (sa ++ ut") 
r t 





ee 
— 2|\V**? Rm? [Ba (= Get ut) + IVeRmP| 
fi: wl 
+ CM|V**!Rm|? [BM (= era ut) - Vem? | 


1 1 
3 k+1 
+ CM a + pet +M ) 
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2 1 1 k k 2 
-|ByM wor tap + M + |V"Rm| 
1 1 
< AS, —|V**!Rm|* + CB2M® (1 hee ur) 
2(2k+1) | 42k+1 


1 1 
+ CB,M° (san ee ch ue) 
r 


1 1 
< AS, — |V**1Rm|* + CB2M® i += + wr) 
r 


2(2k+1) ' 42k+1 
ee 
(B+ 1)?M4 (ae + x + M*) 
+ CB?M® eo ahs — +e) 
Let u=1/r?+1/t+ M and set Fy, = bS;/u*. Then 
a ReAR = aE + DC B2MPu*t! + kF,u 
< AF, — Fe + 0(C + 2k?)(B, +1)? MtuFt?, 


2b( By + 1)?M4uk 
By choosing b < 1/(2(C + 2k?)(B, + 1)?M*), we get 
OF, 


< AF - FF k+2 
DE k +U 


Introduce 
Hy = 5(K +1)(2(k +1) 414 Vn) Ary 20D 4 Le FD 4 tl, 
where L > k + 2. Then by using Claim 1 and Claim 2, we have 





ams = —(k + 1)Lt- +9), 
AH; < 20(k + 1)?(2(k +1) +1+ Vn)Aty 26+) 
and 
H? > 25(k +1)2(2(k +1) +14 Vn) Ato At) 4 124-2) 4 greed), 
These imply 
on AH, — aa ae ae 
Then the maximum principle Giniiisdietely gives the estimate 


Fy < Arg. 


In particular, 
bp M2 eo A. ME : IVit Re [2 
ae k pak + tk + Mm 


< 5(k +1) (26k +1) +14 Jn) A2p 2) 4 re) Fgh, 
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So by the definition of u and the choosing of b, we obtain the desired estimate 


1 1 
k+1 2 2 k+1 





Therefore we have completed the proof of the theorem. O 


1.5. Variational Structure and Dynamic Property 


In this section, we introduce two functionals of Perelman [107], F and 
W, and discuss their relations with the Ricci flow. Our presentation here 
follows sections 1.1-1.3 of Perelman [107]. 

It was not known whether the Ricci flow is a gradient flow until Perelman 
showed that the Ricci flow is, in a certain sense, the gradient flow of 
the functional ¥. If we consider the Ricci flow as a dynamical system on the 
space of Riemannian metrics, then these two functionals are of Lyapunov 
type for this dynamical system. Obviously, Ricci flat metrics are fixed points 
of the dynamical system. When we consider the space of Riemannian metrics 
modulo diffeomorphism and scaling, fixed points of the Ricci flow dynamical 
system correspond to steady, or shrinking, or expanding Ricci solitons. The 
following concept corresponds to a periodic orbit. 


Definition 1.5.1. A metric g;;(t) evolving by the Ricci flow is called 
a breather if for some t; < tz and a > 0 the metrics agj;(t1) and gi; (t2) 
differ only by a diffeomorphism; the case a = 1, a < 1, a > 1 correspond 
to steady, shrinking and expanding breathers, respectively. 


Clearly, (steady, shrinking or expanding) Ricci solitons are trivial 
breathers for which the metrics g;;(t,) and gij(t2) differ only by diffeomor- 
phism and scaling for every pair t; and to. 

We always assume M is a compact n-dimensional manifold in this sec- 
tion. Let us first consider the functional 


(1.5.1) Flo f) = f (RIV sP ye fav 


of Perelman defined on the space of Riemannian metrics, and smooth 
functions on M. Here R is the scalar curvature of gj;. 


Lemma 1.5.2 (Perelman ). If dg; = viz and df = h are variations 
of gi; and f respectively, then the first variation of F is given by 


6F(uj,h) =f [vg (Ra + ViVsF) + (G-A) GAs - WFP +R] Fav 


where v = guj. 
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Proof. In any normal coordinates at a fixed point, we have 











O O 
bRiy = Ox = (sr = Ox) 7 = (srs L) 
oO {1 
=a c g'™(V 500m + Vivim — Yes) 
Oo [1 
~ Oat c =g" Oa Ole + Vivim — Vint) ; 
OR51 = Oxi 54 (V5Uim + Vivjm — Vmvjl) 
oO [1 
Bae a mW Um + Vivim — Vines) 
10 ; 10 
ae awlV; ui + Vivi - V'vji] — Saat —|Vi}, 
bR = (9 Ry) 
= —vg Ry + g"6Rg 
1 0 i il i 10 
= -ua Ry + 55 -[Vivy + Viv" — V'v] — Sal 
= —v7 fy +V; iV Vil — Av. 
Thus 
(5.2) bR(vi;) =—Av+ ViV5vi3 — vig Rij. 
The first variation of the functional F(g;;, f) is 
(1.5.3) 5 ( (R+ IVsP)e-Fav ) 
M 


= [ (ers) + 5.0" VLPV)NleTav 
M 
+(R+|VfI) |-hefav 4 et Sav] ) 
= i | = Av + Viv 5jvig = Rij vi; = vig Vil Vif 
2) f¥ —f 
+2XVf,Vh) +(R+ (VFI) (5 = h) Je dV. 
On the other hand, 
, (ViV 50a — vijVif Vj fe tdV = i (Vif V 5055 = vizVif Vj fe dV 
M M 
= -{ (ViV sf ize FdV, 
M 


| 278, iyefav =-2 ndfetav +2 f IV f (Phe Sav, 
M M M 
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and 
| (anertav =— f (Vf, Voye tdV 
M M 
=| vse tay - f IV f PveF dv. 
M M 


Plugging these identities into (1.5.3) the first variation formula follows. O 





Now let us study the functional F when the metric evolves under the 
Ricci flow and the function evolves by a backward heat equation. 
Proposition 1.5.3 (Perelman [107]). Let g;;(t) and f(t) evolve accord- 
ing to the coupled flow 
agi4 
3 = —2Ri;, 
of =—-Aft+|VfP-R. 








Then F 
FreACLACD f(t)) = 2 |Rij + ViVi fPe Fav 


and Jy, e-/dV is constant. In particular F(gi;(t), f(t)) is nondecreasing 
in time and the monotonicity is strict unless we are on a steady gradient 
soliton. 


Proof. Under the coupled flow and using the first variation formula in 
Lemma 1.5.2, we have 


F(as(t) f(t)) 
= | | - (—2Ri;) (Ray + ViVi f) 
M 


1 of _f 
+ (Sam) - 22) as-is? +R) etav 


= A (aR (Rij + VAVsf) + (AF IVFP)QAS — [VAP + B)lefav. 
Now 
pes _ |VFP)2Af — |VFP2)eSav 
2 / _Vif VilQAf —|VFP)efav 
M 


=| —-Vif QVj(ViVsf) — 2RiVjf —2VP,ViV fe Fav 
M 


= -2f [UViFVsF-ViVINVV if Ry Vf Vid (VA, ViVf)Vifle fav 


= 2 | [[ViV 5 f|? + Rig Vif Vi fle av, 
M 
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and 
[ (r-isP)Retav 
M 
- : ~V; fViRe fdV 
M 
= 2 | ViVjfRye fav —2 f Vif Vif Rige 1 dv. 
M M 


Here we have used the contracted second Bianchi identity. Therefore we 
obtain 


£Flailt), £6) 


= f erg Ry + Vif) + ATT NTT + Ryle av 
M 
= 2 | | Rij + ViV fle fadV. 
M 
It remains to show Ni M e /dV is a constant. Note that the volume element 


dV = ,/detg;; dx evolves under the Ricci flow by 
(1.5.4) Se ETRE 
Ot ot 
1/0 


1, ..0 
Sepa San 
5 (9 Rss 
= —RdvV. 


Hence 


(1.5.5) 2 (<fav) =el (-2 = R) dV 


= (Af —|Vf))e Fav 
= —A(e/)dV. 


It then follows that 


=| clay =- f A(e-‘)dV = 0. 
dt} ag ie 


This finishes the proof of the proposition. O 





Next we define the associated energy 


(1.5.6) A(gij) = inf {Flas f) | fe c=(M), | etdV = i} : 
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If we set u = e~f/?, then the functional F can be expressed in terms of 
u as 


oa, (Ru? + 4|Vul?)dV, 
M 


and the constraint [,, e ‘dV =1 becomes [ uu’dV = 1. Therefore A(g;;) 
is just the first eigenvalue of the operator —4A +4 R. Let up > 0 be a first 
eigenfunction of the operator —4A + R satisfying 


—4Aug + Rup = A (giz )Uo- 
The fo = —2log up is a minimizer: 
(9:5) = F(9;; fo)- 
Note that fo satisfies the equation 





(Laer) — 2Afo + \V fol? —-R= —X(gij)- 
Observe that the evolution equation 
of 2 
—=-Af+|V R 
ot = AS + IVF 
can be rewritten as the following linear equation 
0 
He”) = —A(eS) + R(e7/). 


Thus we can always solve the evolution equation for f backwards in time. 
Suppose at t = to, the infimum A(g;;) is achieved by some function fo with 
f M e fodV =1. We solve the backward heat equation 
fs =-Af+|VfP-R 
ii, = fo 
to obtain a solution f(t) for t < to which satisfies f,,efdV = 1. It then 
follows from Proposition 1.5.3 that 
N gig (t)) < F( giz (4), F(t) < F (gig (to), F(to)) = A gig (to)). 
Also note A(gj;) is invariant under diffeomorphism. Thus we have proved 


Corollary 1.5.4 (Perelman [107]). 


(i) A(gij(t)) ts nondecreasing along the Ricci flow and the monotonicity 
is strict unless we are on a steady gradient soliton; 
(ii) A steady breather is necessarily a steady gradient soliton. 


To deal with the expanding case we consider a scale invariant version 


2 
Agi) = A(Gig)V ™ (Gig). 
Here V = Vol(g;;) denotes the volume of M with respect to the metric g;;. 
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Corollary 1.5.5 (Perelman [107]). 


(i) A(gij) ts nondecreasing along the Ricci flow whenever it is non- 
positive; moreover, the monotonicity is strict unless we are on a 
gradient expanding soliton; 

(ii) An expanding breather is necessarily an expanding gradient soliton. 


Proof. Let fo be a minimizer of A(gij(t)) at t = tp and solve the 
backward heat equation 


Of 2 
ae Afi a= 





to obtain f(t), t < to, with le e-f®dV = 1. We compute the derivative 
(understood in the barrier sense) at t = to, 


a aia (t)) 

> FF ois(0),S0) -V* Gul) 

= ve f \Ri; + ViV jf? Tdv 
M 


2 =n 
savin f (-rav. [ (R+|Vfl?)e-fav 
n M M 


-w'[f 
+4 foesartetarh( {ymsertee) (Bf a)] 


where we have used the formula (1.5.4) in the computation of dV/dt. 
Suppose A(gi;(to)) <0, then the last term on the RHS is given by, 


= (- [ @+iver) e dV) (+ I nav ) 
>= (- [ine IVsP)e-tav ) ([ e+ IWsP)e-Fav ) 
=-+ (f @ranetav) . 


Thus at t = to, 


2 
e fdv 





1 
Rg + ViVi = 7 (k + Af) 9:5 





(15.8) SX(Gi9(6) 


2 1 20-f 
>2Vn |Rij + ViVi f - (kt Af) 9ij|"e 7 dV 
M 


(fost ([ynesnea)) 
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by the Cauchy-Schwarz inequality. Thus we have proved statement (i). 

We note that on an expanding breather on [t1,t2] with agj;(t1) and 
gij(tz) differ only by a diffeomorphism for some a > 1, it would necessary 
have 


dV 
ae 0, for some t € [ty, tg]. 


On the other hand, for every f, 


d 


1 
-—log VY = — RdV > g(t 
di 0g V [, dV > A(gij(t)) 


by the definition of A(gi;(t)). It follows that on an expanding breather on 
[t1, ta], 


= 2 
A(gig(t)) = A( gi (t))V* (GigE) < 0 
for some t € [t,, tg]. Then by using statement (i), it implies 
(gig (t1)) < A(gij (t2)) 


unless we are on an expanding gradient soliton. We also note that A(gi;(t)) 
is invariant under diffeomorphism and scaling which implies 


(gig (t1)) = A( gig (t2)). 


Therefore the breather must be an expanding gradient soliton. O 





In particular part (ii) of Corollaries 1.5.4 and 1.5.5 imply that all com- 
pact steady or expanding Ricci solitons are gradient ones. Combining this 
fact with Proposition (1.1.1), we immediately get 


Proposition 1.5.6 (Perelman [107]). On a compact manifold, a steady 
or expanding breather is necessarily an Einstein metric. 


In order to handle the shrinking case, we introduce the following impor- 
tant functional, also due to Perelman |107], 


(15.9) Wy. f.7) =f [rUR+ |VFP) +f - n]dnr)Beav 
M 

where g;; is a Riemannian metric, f is a smooth function on M, and Tr 

is a positive scale parameter. Clearly the functional W is invariant under 

simultaneous scaling of 7 and gj; (or equivalently the parabolic scaling), and 

invariant under diffeomorphism. Namely, for any positive number a and any 

diffeomorphism 


(1.5.10) Way" 9:3, 9" f, aT) = W(gij, f, 7): 


Similar to Lemma 1.5.2, we have the following first variation formula for 
W. 
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Lemma 1.5.7 (Perelman [107]). [f uj; = d9i;, h = df, and n = 67, 


then 
dbW(vig,h, 7) 
1 i 
=| ~TUij (Fy + wif — 45) (4nr)~2e Fav 
M 


+ | (5 —h- sn) [r(R+ 2A -|VFP) + f—n—Mdnr)FeSav 
M 2 2T 
—_—)|(4 dV. 
+f n(R+IveAP x) nr Fe 
Here v = g vi; as before. 


Proof. Arguing as in the proof of Lemma 1.5.2, the first variation of 
the functional W can be computed as follows, 


OW (Vij, h,n) 

= | In(R + |VF ) + 7(—Av + Viv jvig — Rijvig — vigVif Vif 
M 

+ 2(Vf, Vh)) + h](4ar)7 2e-Fadv 


+ a [a+ IVEP) + fn) (-52 45 —a)] er) Fetav 








= [ine PAV FRY taney ae Fav 


7 i [—reig( Ry + ViVi F) + 7(v— 2AY(AS — |VFP)| (nr) 2e7dV 
M 





7 - [rR + |VAP) +f —n) (R242 —a)] rr) Fe av 


1 n 
= -{f TVij (x + VaVis = x8) (4nr)~2e-SdV 
M T 


+f G-a- En) retiver) 
+ f—n+2r(Af —|VFP?)|(4n7) ze-Fav 
is i In (R+IVEP— =) 4 (h- 5+ Sn)] (Amr) Fe tav 
= | rg (zy + ViVi f — x8) (4nr)~2e- Fav 
M 2T 


ie [, (5 -h- Sn) [r(R+24f - |VFP) + f—n- (dar) Fetav 





| n(R+|VEP- =) (4nr)~ eS dV. 
M 2T 
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The following result is analogous to Proposition 1.5.3. 


Proposition 1.5.8 (Perelman [107]). If g:;(t), f(t) and T(t) evolve ac- 
cording to the system 
Ogi; 
Ot 
Of 2 nr 
—=-Af+|V —, 
ot SRW EP les oF 
OT 
Ot 
then we have the identity 








==, 


2 


d 1 ; 
“ (g(t), f(),7(6) =| oF hs BU ae ee av 
dt M QT 





and Sus (4a7)~ 2e-SdV is constant. In particular W(gi;(t), f(t), T(£)) is non- 
decreasing in time and the monotonicity is strict unless we are on a shrinking 
gradient soliton. 
Proof. Using Lemma 1.5.7, we have 
d 
(1.5.11) GW(gis (t), F(t), 7(6)) 
1 n 
= | 27 Rij (x +ViV3f— 59) (4nr)~2e FdV 
M 2T 
- I (Af —|Vf)P)[r(R+ 2Af — VF?) + f\(4rr) teFav 
M 
= Smeal ax: 
[, (R +|Vfl =) (4nr)~ te aV. 


Here we have used the fact that [,,(Af —|Vf|?)e-fdV =0. 
The second term on the RHS of (1.5.11) is 


/ (Af —|Vf|?)[r(R+ 2Af —|Vf?) + fl(4rr) 2eFav 
M 
= f (ar-ivsPyeras - riVsP\(aery Be fav 
M 
-f IVsP(4nr)Befav +7 f (—Vif)(VeR)(4er)-Fe-fav 
M M 
=r f (-vin(wieas - Vs?) aan) Befav 
M 
= A f(anr)BefaV — 21 f Vif VjRij(4a7) Ze FdV 
M 


M 


== 27 f (VAWIAS — (VF, VAV A) (dr) BelaV 
M 
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ae 2r f [(ViV 5 f) Riz — Vif Vif Rij|(4n7) 2e-Fdv 
M 





1 


+ 27 ie (- $0) (ViV;f)(4nr)~2e-Fdv 


=—2r [ levrvut —ViV5f)ViV5f — Rg Vif Vif 
— ViV fVif Vj fl(4n7) 26 Sdv 
Te ar f (ViVi f) Ry — Vif Vif Rij|(4nr)7 2e-fdv 
M 





+ 2r e (-=0:) (ViV 3 f)(4n7) 2efaV 


1 n 
= 2r f (ViVjf) (vivit + Riz - =a) (4nr)~2e Sav. 
M 
Also the third term on the RHS of (1.5.11) is 
| - (R+ IVir= _ (4nr)~ 2e-SdV 
M 2T 
=| -(R+Af- =) (amr) FeFav 
ah 5) (4a) 2 


me 1 mR 
= 27 [, ($0) (x + ViVjf—- x8) (4nr)~ 2e-fdVv. 


Therefore, by combining the above identities, we obtain 


FWaslt). £0,710) =27 fe 


Finally, by using the computations in (1.5.5) and the evolution equations 
of f and 7, we have 


2 


‘l n 
Ri + ViVyf - re (4nr)~ 2e-FdVv. 








a ((4n7)-Fefav) = (4nr)~2 | S(eav) + peta | 





Ot ot 
= —(4nr)~ 2 A(e dV. 
Hence d ; ; 
en [ Gary tetav = —(4nT)~2 ip A(e~f)dV = 0. 
O 

Now we set 
(1.5.12) 

(gig 7) = int { Wy. 07) | fec™(M), ar. efdv= i} 
and 


v(gij) = inf pw. 7) | i € C™(M),r > 0 Gown | lav = i} : 
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Note that if we let u=e~!/ ? then the functional W can be expressed as 
Wiis) = i [r(Ru? + 4|Vul”) — u? log u? — nu?|(4ar)7 2dV 
M 


and the constraint Su (4a7)~ 2e-FdV = 1 becomes fy, u(4nr)~2dV = 1. 
Thus p4(gi;,7) corresponds to the best constant of a logarithmic Sobolev 
inequality. Since the nonquadratic term is subcritical (in view of Sobolev 
exponent), it is rather straightforward to show that 


int] f [rUlul?+ Re?) —wPlogu2—na2|(4nr)-Bav| f wary av =) 
M M 


is achieved by some nonnegative function u € H!(M) which satisfies the 
Euler-Lagrange equation 
T(—4Au + Ru) — 2ulogu— nu = p(gij,7)u. 


One can further show that wu is positive (see [112]). Then the standard 
regularity theory of elliptic PDEs shows that u is smooth. We refer the 
reader to Rothaus for more details. It follows that (g;;,7) is achieved 
by a minimizer f satisfying the nonlinear equation 


(1.5.13) r(2Af -—|Vf|? +R) +f —n= ulgi,7)- 


Corollary 1.5.9 (Perelman [107]). 
(i) w(gij(t), 7 —t) is nondecreasing along the Ricci flow; moveover, the 
monotonicity is strict unless we are on a shrinking gradient soliton; 
(ii) A shrinking breather is necessarily a shrinking gradient soliton. 


Proof. Fix any time to, let fo be a minimizer of ju(gi;(to), 7 — to). Note 
that the backward heat equation 


Of n 

+ ==Af+|(VfP-R+— 

ot f+|vii : Pi 
is equivalent to the linear equation 


& (der) Be ) = —A((4rr)~ 2e7F) + R((4nr)~ eA). 


Thus we can solve the backward heat equation of f with fl:oi, = fo 
to obtain f(t), t < to, with Su (Arr) Ze FOdv = 1. It then follows from 
Proposition 1.5.8 that 


(gig (t), 7 — t) < W(gig (t), F(t), 7 — t) 
< W(gij (to), f (to), 7 — to) 
= (gig (to), 7 — to) 
for t < to and the second inequality is strict unless we are on a shrinking 
gradient soliton. This proves statement (i). 


Consider a shrinking breather on [t;,t2] with agij(t,) and gi;(t2) differ 
only by a diffeomorphism for some a < 1. Recall that the functional W 
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is invariant under simultaneous scaling of t and g;; and invariant under 
diffeomorphism. Then for 7 > 0 to be determined, 
M(gig(t1), 7 — ti) = wlagiz (ta), (7 — t1)) = w( giz (t2), a(7 — t1)) 
and by the monotonicity of pu(gi;(t),7 — t), 
(gig (t1), 7 — t1) < w(gig (ta), 7 — te). 
Now take 7 > 0 such that 


a(t —t1) =T — ta, 





Le., 

_ fe aly 

— l-a’ 
This shows the equality holds in the monotonicity of u(gi;(t),7 — t). So the 
shrinking breather must be a shrinking gradient soliton. O 


Finally, we remark that Hamilton, Ilmanen and the first author have 
obtained the second variation formulas for both A-energy and v-energy. We 
refer the reader to their paper [19] for more details and related stability 
questions. 
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Chapter 2. Maximum Principle and 
Li- Yau-Hamilton Inequalities 


The maximum principle is a fundamental tool in the study of para- 
bolic equations in general. In this chapter, we present various maximum 
principles for tensors developed by Hamilton in the Ricci flow. As an im- 
mediate consequence, the Ricci flow preserves the nonnegativity of the cur- 
vature operator. We also present two crucial estimates in the Ricci flow: 
the Hamilton-Ivey curvature pinching estimate when dimension 
n = 3, and the Li-Yau-Hamilton estimate from which one obtains 
the Harnack inequality for the evolved scalar curvature via a Li-Yau 
path integral. Most of the presentation in Sections 2.1-2.5 follows closely 
Hamilton [65], and some parts of Section 2.3 also follows 
Chow-Lu [42]. Finally, in Section 2.6 we describe Perelman’s Li-Yau type 
estimate for solutions to the conjugate heat equation and show how Li-Yau 
type path integral leads to a space-time distance function (i.e., what Perel- 
man called the reduced distance). 


2.1. Preserving Positive Curvature 


Let M be an n-dimensional complete manifold. Consider a family of 
smooth metrics gj;(t) evolving by the Ricci flow with uniformly bounded 
curvature for t € [0,7] with T < +00. Denote by d;(z,y) the distance 
between two points x,y € M with respect to the metric g;;(t). First we 
need the following useful fact (cf. [116]) 


Lemma 2.1.1. There exists a smooth function f on M such that f >1 
everywhere, f(x) — +00 as do(x, x9) — +00 (for some fixed x9 € M), 


IV floss (t) <C and [V7 Floss (t) aU 


on M x |0,T] for some positive constant C. 


Proof. Let y(v) be a smooth function on R” which is nonnegative, 
rotationally symmetric and has compact support in a small ball centered at 
the origin with Jpn p(v)dv = 1. 

For each x € M, set 


Fle) =f elv)(do(ao,exps(v)) + La 


where the integral is taken over the tangent space T;,M at x which we have 
identified with R”. If the size of the support of y(v) is small compared to 
the maximum curvature, then it is well known that this defines a smooth 
function f on M with f(x) — +00 as do(xz, 20) — +00, while the bounds 
on the first and second covariant derivatives of f with respect to the metric 
gij(-,0) follow from the Hessian comparison theorem. Thus it remains to 
show these bounds hold with respect to the evolving metric gj; (t). 
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We compute, = the frame a f} introduced in Section 1.3, 


Vef= SRY, f) = RaVof. 
Hence 
IVfl< Ci: 2! 


where C1, Cg are some positive constants depending only on the dimension. 
Also 


3) cn a o f n OF 
ae Veoh) = 5 (RF (sas -r§.7%)) 


= Pgs + HieVaVicd + (V clap = Valtbc = Vilac) Vel: 





Then by Shi’s derivative estimate (Theorem 1.4.1), we have 
C3 


SWF SOV" i +— Ji 


which implies 


tC. 
2 C3t 2 3 -C3r 
VFlouio Se (IVF + f/ Berar] 


for some positive constants C3 depending only on the dimension and the 
curvature bound. Oo 





We now use the weak maximum principle to derive the following result 


(cf. and [118}). 


Proposition 2.1.2. If the scalar curvature R of the solution gj; (t),0 < 
t < T, to the Ricci flow is nonnegative at t = 0, then it remains so on 
Cle 7. 


Proof. Let f be the function constructed in Lemma 2.1.1 and recall 


OR 
Ot 


For any small constant ¢ > 0 and large constant A > 0, we have 


— AR+2\Ric|?. 


0 Ate, _ OR At 
ath t ee fl= a, t+ ede f 

= A(R + ce“* f) + 2|Ric|? + ce“*(Af — Af) 
SAR ees) 





by choosing A large enough. 
We claim that 


R+ee“f>0 on Mx (0,7). 
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Suppose not, then there exist a first time to > 0 and a point 29 € M such 
that 





( )( )=0 

V(R + ce f)(x0, to) = 0, 

A(R + ce“ f) (x9, to) > 0, 

and oR ee" f)( x9, to) < 0 


Then 
0> SCR + ce f)(x9, to) > A(R + ce“ f) (x0, to) > 0, 
which is a contradiction. So we have proved that 
R+ee*f>0 on Mx (0,T]. 
Letting ¢ — 0, we get 
R>0 on M x (0,7). 


This finishes the proof of the proposition. O 





Next we derive a maximum principle of Hamilton for tensors. Let M 
be a complete manifold with a metric g = {gj}, V a vector bundle over M 
with a metric h = {hag} and a connection V = {I%3} compatible with h, 
and suppose h is fixed but g and V may vary smoothly with time t. Let 
I(V) be the vector space of C™ sections of V. The Laplacian A acting on 
a section o € ['(V) is defined by 


Ao = giViV jo. 


Let Mag be a symmetric bilinear form on V. We say Mag > 0 if Magu%v? > 
0 for all vectors v = {v%}. Assume Nog = P(Mag, hag) is a polynomial in 
Mag formed by contracting products of Mag with itself using the metric 
h = {hag}. Assume that the tensor Mg is uniformly bounded in space- 
time and let gj; evolve by the Ricci flow with bounded curvature. 


Lemma 2.1.3 (Hamilton [60]). Suppose that ond <t<T, 
0 
ot 
where u'(t) is a time-dependent vector field on M with uniform bound and 
Nap = P(Mag; hag) satisfies 
Nopvv® >0O whenever Mapu” =0. 
If Mag = 0 att =0, then it remains so on0<t<T. 


Mags = AMag + u'ViMag + Nog 


Proof. Set 
Mag = Mag + ce" fag, 
where A > 0 is a suitably large constant (to be chosen later) and f is the 
function constructed in Lemma 2.1.1. 
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We claim that Mag > 0 on M x [0,7] for every « > 0. If not, then 
for some € > 0, there will be a first time to > 0 where Mag acquires a null 
vector uv® of unit length at some point 7p € M. At (20, to), 


Nouv? > Nogo*v? _ Nogv*v? 
> —Cee*” f(x9), 
where Nag = P(Mag, hag), and C is a positive constant (depending on the 
bound of Mag, but independent of A). 
Let us extend v® to a local vector field in a neighborhood of x9 by parallel 


translating v° along geodesics (with respect to the metric gj;(to)) emanating 
radially out of x9, with v® independent of t. Then, at (xo, to), we have 


But 
(Magu%v") = S (Magv*v' Lees), 
= A(Magv%v") — A(ee“' f) + u'Vi(Magvv") 
= PV fee fp) Nopvv? + e Ae“ f (a9) 
> —Cee“” f (xo) + eAe“” f (xo) > 0 











when A is chosen sufficiently large. This is a contradiction. 





By applying Lemma 2.1.3 to the evolution equation 


0 # 
57 es = AMop + Mag + Map 


of the curvature operator Mg, we immediately obtain the following impor- 
tant result. 


Proposition 2.1.4 (Hamilton [61]). Nonnegativity of the curvature op- 
erator Mag is preserved by the Ricci flow. 


In the Kahler case, the nonnegativity of the holomorpic bisectional cur- 
vature is preserved under the Kahler-Ricci flow. This result is proved by 
Bando [5] for complex dimension n = 3 and by Mok for general dimen- 
sion n when the manifold is compact, and by Shi when the manifold 
is noncompact. 


Proposition 2.1.5. Under the Kahler-Ricci flow if the initial metric 
has positive (nonnegative) holomorphic bisectional curvature then the evolved 
metric also has positive (nonnegative) holomorphic bisectional curvature. 
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2.2. Strong Maximum Principle 


Let 2 be a bounded, connected open set of a complete n-dimensional 
manifold M, and let gij(z,t) be a smooth solution to the Ricci flow on 
Q x [0,7]. Consider a vector bundle V over 2 with a fixed metric hag 
(independent of time), and a connection V = {I¥3} which is compatible 
with hag and may vary with time t. Let [(V) be the vector space of C°® 
sections of V over 2. The Laplacian A acting on a section o € [(V) is 
defined by 


Ao = g') (2, t)ViV jo. 
Consider a family of smooth symmetric bilinear forms Mjg evolving by 


(2.2.1) < Map = AMag + Nas on 0.x (0, TI, 


where Nog = P(Mag, hag) is a polynomial in Mg formed by contracting 
products of Mg with itself using the metric hag and satisfies 
Nog = 0, whenever Mog > 0. 


The following result, due to Hamilton [61], shows that the solution of (2.2.1) 
satisfies a strong maximum principle. 


Theorem 2.2.1 (Hamilton’s strong maximum principle). Let Mag be 
a smooth solution of the equation (2.2.1). Suppose Mag > 0 on Q x [0,T]. 
Then there exists a positive constant 0 < 6 < T such that on Q x (0,6), 
the rank of Mag is constant, and the null space of Mag is invariant under 
parallel translation and invariant in time and also lies in the null space of 
Nog. 


Proof. Set 
i= max{rank of Mag(z,0)}. 
rE 


Then we can find a nonnegative smooth function p(x), which is positive 
somewhere and has compact support in 2, so that at every point x € Q, 


n—I+1 


> Maa(x, 0)ueuy > p(x) 
i=l 


for any (n —1 +1) orthogonal unit vectors {v1,...,Un—j41} at a. 
Let us evolve p(a) by the heat equation 


eee Ke 
ae 
with the Dirichlet condition p|aq = 0 to get a smooth function p(x, t) defined 


on 2 x [0,7]. By the standard strong maximum principle, we know that 
p(x,t) is positive everywhere in ( for all t € (0,7). 
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For every ¢ > 0, we claim that at every point (x,t) € 2 x [0,7], there 
holds 


n—l+1 
Ss" Ma g(a, teu; + ee’ > p(z,t) 
i=1 
for any (n —1 +1) orthogonal unit vectors {v1,...,Un—141} at x. 


We argue by contradiction. Suppose not, then for some « > 0, there 
will be a first time to > 0 and some (n — 1+ 1) orthogonal unit vectors 


{v1,.--,Un—141} at some point xo € 2 so that 
n—I+1 
Ss" Moro, to)uev? + eelo = p(Zo, to) 
i=1 
Let us extend each v; (i = 1,...,2—1+ 1) to a local vector field, inde- 


pendent of t, in a neighborhood of xg by parallel translation along geodesics 
(with respect to the metric gj;(to)) emanating radially out of xp. Clearly 
{v1,..-,Un—141} remain orthogonal unit vectors in the neighborhood. Then, 
at (xo, to), we have 


a n—I+1 
at ( S- Mopvevr + ee =») <0, 
i=l 
n—I+1 
and a(X Mapveur red) >0 


But, since Nag > 0 by our assumption, we have 


a n—l+1 
0>— a (3 Mapveu,; +e -») 





n—l+1 
= Sc (AMag + Nag)uev; + ee’ — Ap 
i=l 
n—l41 
> os A(Maguev; B) 4 eet — Ap 
i=l 
n—l41 





d A(Mague uf + ee’ — p) + ee! 


See oy 


This is a contradiction. Thus by letting « — 0, we prove that 
n—I+1 


> Mag(a, tus? > p(a,t) 


for any (n —1 +1) orthogonal unit vectors {v1,...,Un,—141} at « € O and 
€ [0,7]. Hence Mag has at least rank | everywhere in the open set 2. for 
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all t € (0,7]. Therefore we can find a positive constant 6(< T) such that 
the rank Mag is constant over 2 x (0,6). 

Next we proceed to analyze the null space of Mag. Let v be any smooth 
section of V in the null of Mag on 0 <t < 6. Then 


6) 
a, 3 
7p Mase v”) 


0 Ov? 
= (FM) yr? + 2Magv?—_ 


Ot 
O 
=> —M a8 
(5 wa) 0 ae 


0 = A(Magu%v®) 
= (AMog)v°v + 4g"! VpMag «0° Viv? 
+ 2Mogg™ V pv » Vor + 2Mgv° Av? 
= (AMgg)u%v + 4g" VpMag - v*V v8 + 2Magg" Vev® - Viv? 


(cS 


and 





By noting that 
0 = Ve(Mogu®) = (ViMog)v® + MagV xv 
and using the evolution equation (2.2.1), we get 
Nogu%v? — 2Magg™ Vv -V v8 = 0. 
Since Mg > 0 and Nog = 0, we must have 
v€null (Nog) and Vyv € null (Mag), for all i. 


The first inclusion shows that null (Mgg) C null (Nag), and the second 
inclusion shows that null (yg) is invariant under parallel translation. 
To see null (Mg) is also invariant in time, we first note that 


Av = V'(Vjv) € null (Mag) 
and then 
o'VieMag : Viv% = oF Ve(MoagViv™) — Magdv® = 0. 
Thus we have 
0 = A(Magv") 


= (AM, g)v® + 29"'V iMag - Viv® + MagAv® 
= (AMag)u", 
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and hence 


O 
pe a 
0 = 5, (Magu) 


— (AMag + Nag)v~ + Mo, 


Ov 
~ nee BE 


au 
ans); 


This shows that 


Ov 
iE € null (Mya), 


so the null space of M,g is invariant in time. O 





We now apply Hamilton’s strong maximum principle to the evolution 
equation of the curvature operator Mag. Recall 
OMag 
ot 





= AMag + M2, + M%, 


where M#, — C8'CP Me, Myp. Suppose we have a solution to the Ricci 
flow with nonnegative curvature operator. Then by Theorem 2.2.1, the null 
space of the curvature operator M,g of the solution has constant rank and 
is invariant in time and under parallel translation over some time interval 
0 <t<0. Moreover the null space of M,g must also lie in the null space 
of Me. 

Denote by (n—k) the rank of Mag on 0 < t < 6. Let us diagonalize Mag 
so that Mag = 0 ifa < k and Mgq > 0 if a > k. Then we have Mit, =0 
also for a < k from the evolution equation of Maq. Since 


0 = MZ, = CSC? Men M0, 
it follows that 


Cr (ew) 

=0, if a<k and £,y>k. 

This says that the image of Myg is a Lie subalgebra (in fact it is the subalge- 
bra of the restricted holonomy group by using the Ambrose-Singer holonomy 
theorem [3]). This proves the following result. 


Theorem 2.2.2 (Hamilton |61]). Suppose the curvature operator Mag 
of the initial metric is nonnegative. Then, under the Ricci flow, for some 
interval 0 <t <6 the image of Mag is a Lie subalgebra of so(n) which has 
constant rank and is invariant under parallel translation and invariant in 
time. 


HAMILTON-PERELMAN’S PROOF 59 


2.3. Advanced Maximum Principle for Tensors 


In this section we present Hamilton’s advanced maximum principle 
for tensors which generalizes Lemma 2.1.3 and shows how a tensor evolving 
by a nonlinear heat equation may be controlled by a system of ODEs. Our 
presentation in this section follows closely the papers of Hamilton and 
Chow-Lu [42]. An important application of the advanced maximum princi- 
ple is the Hamilton-Ivey curvature pinching estimate for the Ricci flow on 
three-manifolds given in the next section. More applications will be given 
in Chapter 5. 

Let M be a complete manifold equipped with a one-parameter family 
of Riemannian metrics gj;(t), 0 <¢t< T, with T < +00. Let V > M bea 
vector bundle with a time-independent bundle metric ha, and ['(V) be the 
vector space of C'© sections of V. Let 


Vi: TV) ST(VeT*M), te 0,7) 
be a smooth family of time-dependent connections compatible with hap, i.e. 


A 
(Vi)ihan = (Vi) 2 hap = 0, 
for any local coordinate {52r, bates sor}. The Laplacian A; acting on a section 
ao €I(V) is defined by 


Ayo = g" (x, t)(Ve)i(Ve) jo. 


For the application to the Ricci flow, we will always assume that the metrics 
gij(-,t) evolve by the Ricci flow. Since M may be noncompact, we assume 
that, for the sake of simplicity, the curvature of g;;(t) is uniformly bounded 
on M x (0,7). 

Let N : V x [0,T] — V be a fiber preserving map, i.e., N(z,0,t) is 
a time-dependent vector field defined on the bundle V and tangent to the 
fibers. We assume that N(x,¢,t) is continuous in x,t and satisfies 


|N(x,01,t) — N(x, 02,t)| < Cgloi — 09] 


for all x € M,t € [0,7] and |o| < B,|o2| < B, where Cz is a positive con- 
stant depending only on B. Then we can form the nonlinear heat equation 


(PDE) (x,t) = Ayo(a2,t) + u'(V2)0(2, t) + N (2, o(2,t), t) 


ar” 
where u’ = u‘(t) is a time-dependent vector field on M which is uniformly 
bounded on M x [0,7]. Let K be a closed subset of V. One important 
question is under what conditions will solutions of the PDE which start 
in kK remain in k. To answer this question, Hamilton imposed the 
following two conditions on K: 


(H1) & is invariant under parallel translation defined by the connection 
V; for each t € [0,7]; 


(H2) in each fiber V,, the set Ky, 8 V, OK is closed and convex. 
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Then one can judge the behavior of the PDE by comparing to that of the 
following ODE 

dox 
dt 
for 0, = 0,(t) in each fiber V,. The following version of Hamilton’s advanced 
maximum principle is from Chow-Lu 





(ODE) = N (i030) 


Theorem 2.3.1 (Hamilton’s advanced maximum principle [61]). Let 
K be a closed subset of V satisfying the hypothesis (H1) and (H2). Suppose 
that for any x € M and any initial time tp € [0,T), any solution o,(t) of the 
(ODE) which starts in Ky, at to will remain in K, for all later times. Then 
for any initial time to € [0,T) the solution o(x,t) of the (PDE) will remain 
in K for all later times provided o(x,t) starts in K at time to and o(2,t) is 
uniformly bounded with respect to the bundle metric hay on M x [to, T]. 


We remark that Lemma 2.1.3 is a special case of the above theorem 
where V is given by a symmetric tensor product of a vector bundle and 
K corresponds to the convex set consisting of all nonnegative symmetric 
bilinear forms. We also remark that Hamilton established the above 
theorem for a general evolving metric g;j(a,t) which does not necessarily 
satisfy the Ricci flow. 

Before proving Theorem 2.3.1, we need to establish three lemmas in : 
Let vy: [a,b] > R be a Lipschitz function. We consider a2 (t) at t € [a,b) in 
the sense of limsup of the forward difference quotients, i.e., 

48 (4) = lim sup A=) ; 
dt h—-O+ h 

Lemma 2.3.2 (Hamilton [61]). Suppose y : [a,b] — R is Lipschitz 

continuous and suppose for some constant C < +00, 


d 
ae) <Cy(t), whenever y(t) >0 on [a,b), 


and y(a) <0. 
Then p(t) < 0 on fa, b]. 


Proof. By replacing y by e~@'y, we may assume 


Het) <0, whenever y(t) >0 on a,b), 
and y(a) <0. 
For arbitrary ¢ > 0, we shall show y(t) < e(t — a) on [a,b]. Clearly we may 
assume y(a) = 0. Since 
ime Se) 2% 
h—0t+ h 
there must be some interval a < t < 6 on which y(t) < e(t— a). 
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Let a <t <c be the largest interval with c < b such that y(t) < e(t—a) 
on [a,c). Then by continuity y(t) < e(t — a) on the closed interval [a,c]. 
We claim that c = 6b. Suppose not, then we can find 6 > 0 such that 
y(t) < e(t — a) on [a,c + 6] since 


e(c+h)- 90 24 


lim su 
oe h 


This contradicts the choice of the largest interval [a,c). Therefore, since 
€ > 0 can be arbitrary small, we have proved y(t) < 0 on [a, }]. O 





The second lemma below is a general principle on the derivative of a 
sup-function which will bridge solutions between ODEs and PDEs. Let X 
be a complete smooth manifold and Y be a compact subset of X. Let «)(z, t) 
be a smooth function on X x [a,b] and let y(t) = sup{w(y,t) | ye Y}. Then 
it is clear that y(t) is Lipschitz continuous. We have the following useful 
estimate on its derivative. 


Lemma 2.3.3 (Hamilton [61]). 


£ ot) < su { (ut) (jee sasha at Br mole 


Proof. Choose a sequence of times {t;} decreasing to t for which 


fam ti) — (4) _ dott) 


ty>t tg — dt 


Since Y is compact, we can choose y; € Y with y(t;) = w(y;, tj). By passing 
to a subsequence, we can assume y; — y for some y € Y. By continuity, we 
have y(t) = w(y,t). It follows that w(y;,t) < v(y,t), and then 


p(t3) — v(t) < Wy, t3) — ly, t) 


0 x 
= RACED - (tj — t) 


for some t; € [t,t;] by the mean value theorem. Thus we have 


son OH) — 08) 
tj—t t; —t Ot 
This proves the result. U 


wy, t). 





We remark that the above two lemmas are somewhat standard facts 
in the theory of PDEs and we have implicitly used them in the previous 
sections when we apply the maximum principle. The third lemma gives a 
characterization of when a system of ODEs preserve closed convex sets in 
Euclidean space. We will use the version given in [42]. Let Z Cc R” be 
a closed convex subset. We define the tangent cone T,,Z to the closed 
convex set Z at a point » € OZ as the smallest closed convex cone with 
vertex at y which contains Z. 
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Lemma 2.3.4 (Hamilton [61]). Let U C R” be an open set and Z CU 
be a closed convex subset. Consider the ODE 


(2.3.1) “ = N(y,t) 
where N: U x [0,T] — R” is continuous and Lipschitz in y. Then the 
following two statements are equivalent. 
(i) For any initial time to € [0,T], any solution of the ODE (2.3.1) 
which starts in Z at tg will remain in Z for all later times; 
(ii) p+ N(y,t) € TZ for all yp € OZ andt € [0,T). 


Proof. We say that a linear function / on R” is a support function for 
Z at p € OZ and write! € SZ if |I| = 1 and I(y) > I(n) for all n € Z. Then 
p+N(y,t) € T,Z if and only if I(N(y,t)) < 0 for all l € S,Z. Suppose 
l(N(y,t)) > 0 for some y € OZ and some 1 € S,Z. Then 


Lily) = (2) =((N(y,t)) > 0, 


so I(y) is strictly increasing and the solution y(t) of the ODE (2.3.1) cannot 
remain in Z. 

To see the converse, first note that we may assume Z is compact. This 
is because we can modify the vector field N(y,t) by multiplying a cutoff 
function which is everywhere nonnegative, equals one on a large ball and 
equals zero on the complement of a larger ball. The paths of solutions of the 
ODE are unchanged inside the first large ball, so we can intersect Z with the 
second ball to make Z convex and compact. If there were a counterexample 
before the modification there would still be one after as we chose the first 
ball large enough. 

Let s(y) be the distance from y to Z in R”. Clearly s(y) = 0 if y € Z. 
Then 

s(y) =sup{l(p—) | € OZ and le S,Z}. 


The sup is taken over a compact subset of R” x R”. Hence by Lemma 2.3.3 


“s() <sup{l(N(,6)) | € 9Z,1€ HZ and slp) =e—n)} 


It is clear that the sup on the RHS of the above inequality can be takeen only 
when 7 is the unique closest point in Z to wy and | is the linear function of 
length one with gradient in the direction of p—7. Since N(y,t) is Lipschitz 
in y and continuous in t, we have 


IN(y,t) — N(n,t)| < Cle — n 
for some constant C' and all y and 7 in the compact set Z. 
By hypothesis (ii), 
IN(n,t)) <0, 
and for the unique 7, the closest point in Z to y, 


le —n| = 8(¢). 
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Thus 
d UN (1, t)) + UN (y,t)) —UN(n,t))] | € 04, 
7, 8() < sup 
dt leS,Z, and s(p) =l(p—n) 


< Cs(y). 


Since s(y) = 0 to start at to, it follows from Lemma 2.3.2 that s(y) = 0 for 
t € [to, T]. This proves the lemma. O 





We are now ready to prove Theorem 2.3.1. 


Proof of Theorem 2.3.1. Since the solution o(z,t) of the (PDE) is 
uniformly bounded with respect to the bundle metric ha, on M x [to, T] by 
hypothesis, we may assume that K is contained in a tubular neighborhood 
V(r) of the zero section in V whose intersection with each fiber V; is a ball 
of radius r around the origin measured by the bundle metric ha» for some 
large r > 0. 

Recall that gi;(-,t),¢ € [0,7], is a smooth solution to the Ricci flow 
with uniformly bounded curvature on M x [0,7]. From Lemma 2.1.1, we 
have a smooth function f such that f > 1 everywhere, f(a) — +00 as 
do(x,209) — +00 for some fixed point zo € M, and the first and second co- 
variant derivatives with respect to the metrics g;;(-,t) are uniformly bounded 
on M x [0,7]. Using the metric hay in each fiber V, and writing |y — | for 
the distance between y € V; and 7 € Vz, we set 


s(t) = sup {inf{|o(z,t) — | | 7 € Ky =a ag Vi} — ce“* f(x)} 
reEM 


where ¢€ is an arbitrarily small positive number and A is a positive constant 
to be determined. We rewrite the function s(t) as 


s(t) = sup{l(a(z, t) — 7) — ee4' f(x) | « € M,n € OK, andl € S,Kz}. 


By the construction of the function f, we see that the sup is taken in a 
compact subset of M x V x V* for all t. Then by Lemma 2.3.3, 





(2.3.2) at < sup {Sulo(e.0 —n)- cAc'"s(o)} 


where the sup is over all x € M,n € OK, and 1 € S, Kz such that 
I(o(a,t) — n) — ee f(x) = s(t); 
in particular we have |o(z,t) — | = l(o(x,t) — 7), where 7 is the unique 


closest point in K, to o(a,t), and / is the linear function of length one on 
the fiber V, with gradient in the direction of 7 to o(a,t). We compute at 
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these (x, 7,1), 





(2.3.3) 
5 to(a,t) ~n) Ae’ f(x) 
5 f OEE T) r 
=1( Ot ) — eAe“* f(x) 


= 1(A,o(a, t)) + 1(u' (x, t)(Vt)io(a, t)) + UN (2, o(2, t), t)) — cAe“* f (x). 


By the assumption and Lemma 2.3.4 we have n+ N(x,n,t) € T, Kx. Hence, 
for those (x, 7,1), IN (a,7,t)) < 0 and then 


(2.3.4) I(N (a, o(x, t),t)) 
<U(N(a2,,t)) + |N(a2,0(2,t),t) — N(a,n,t)| 
< Clo(a,t) — nl = C(s(t) + ee“ f(2)) 


for some positive constant C' by the assumption that N (2, o,t) is Lipschitz in 
o and the fact that the sup is taken on a compact set. Thus the combination 
of (2.3.2)—(2.3.4) gives 
(2.3.5) 
ds(t) 
dt 


for those x € M,n € OK, andl € S,K, such that l(o(z,t) —7) —ee“' f(x) = 
s(t). 

Next we estimate the first two terms of (2.3.5). As we extend a vector in 
a bundle from a point x by parallel translation along geodesics emanating 
radially out of x, we will get a smooth section of the bundle in some small 
neighborhood of x such that all the symmetrized covariant derivatives at x 
are zero. Now let us extend 7 € V, and / € V; in this manner. Clearly, we 
continue to have |/|(-) = 1. Since K is invariant under parallel translations, 
we continue to have n(-) € 0K and I(-) as a support function for K at n(-). 
Therefore 


< I(Ayo(a, t)) + U(u'(ax, t)(V4)io(a, t)) + Cs(t) + e(C — A)e“! f(x) 








U(o(-,t) — n(-)) — ee f(-) < s(t) 


in the neighborhood. It follows that the function I(o(-,t) — n(-)) — ee4* f(-) 
has a local maximum at x, so at x 


(V1)i(U(o(w,t) — 9) — ee" f(a) = 0, 
and A; (I(o(a,t) — n) — ee“ f(x)) < 0. 
Hence at x 


I((Vi)io(w, t)) — ee" (Vi )if (x) = 0 
and I(A;o(x,t)) — ee**Ag f(x) < 0. 
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Therefore by combining with (2.3.5), we have 


d : 
alt) S Cs(t) + (Ar f(a) + u(Ve)if (a) + (C — A)f(x))e™ 
< C's(t) 
for A > 0 large enough, since f(x) > 1 and the first and second covariant 
derivatives of f are uniformly bounded on M x [0,7]. So by applying Lemma 


2.3.2 and the arbitrariness of €, we have completed the proof of Theorem 
2.3.1. 














Finally, we would like to state a useful generalization of Theorem 2.3.1 
by Chow and Lu in which allows the set K to depend on time. One 
can consult the paper for the proof. 


Theorem 2.3.5 (Chow and Lu [42]). Let K(t) CV, t € [0,7] be closed 
subsets which satisfy the following hypotheses 
(H3) K(t) is invariant under parallel translation defined by the connec- 
tion Vz for each t € [0,7]; 
(H4) in each fiber Vz, the set K,(t) 
convex for each t € [0,T]; 


(H5) the space-time track |) (OK(t) x {t}) ts a closed subset of V x 
te [0,T] 


& K(t)AVz is nonempty, closed and 


(0, T]. 
Suppose that, for any x € M and any initial time to € [0,T), and for any 
solution o,(t) of the (ODE) which starts in K,(to), the solution o,(t) will 
remain in K,,(t) for all later times. Then for any initial time to € [0,T) the 
solution o(x,t) of the (PDE) will remain in K(t) for all later times if o(«,t) 
starts in K (to) at time to and the solution o(ax,t) is uniformly bounded with 
respect to the bundle metric hay on M x |to, TI. 


2.4. Hamilton-Ivey Curvature Pinching Estimate 


The Hamilton-Ivey curvature pinching estimate roughly says 
that if a solution to the Ricci flow on a three-manifold becomes singular 
(i.e., the curvature goes to infinity) as time t approaches the maximal time 
T, then the most negative sectional curvature will be small compared to the 
most positive sectional curvature. This pinching estimate plays a crucial 
role in analyzing the formation of singularities in the Ricci flow on three- 
manifolds. The proof here is based on the argument in Hamilton [65]. The 
estimate was later improved by Hamilton [67] which will be presented in 
Section 5.3 (see Theorem 5.3.2). 

Consider a complete solution to the Ricci flow 

O 

agi = —2Rij 
on a complete three-manifold with bounded curvature in space for each time 
t > 0. Recall from Section 1.3 that the evolution equation of the curvature 
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operator Mag is given by 


a 
(2.4.1) 5p Mes = Map + Meg + Mi; 


where MW oa is the operator square 
2 
Map = MeayMey 


Q 


and M*, is the Lie algebra so(n) square 
0 
M*, = C2°CH? My Mep. 


In dimension n = 3, we know that Mi, is the adjoint matrix of Mag. If we 
diagonalize Mjg with eigenvalues \ > > v so that 


(Mag) = Lb ’ 
vy 
then Mig and M*, are also diagonal, with 
i py 
(M2,) = iT and (Mi,) = dv 
ye Att 


Thus the ODE corresponding to PDE (2.4.1) for Mgg (in the space of 
3 x 3 matrices) is given by the following system 


fr = + py, 
(2.4.2) ou = p? + dv, 
fy =v? + dp. 


Let P be the principal bundle of the manifold and form the associated 
bundle V = PxgE, where G = O(3) and E is the vector space of symmetric 
bilinear forms on so(3). The curvature operator Mag is a smooth section of 
V = PxgE. According to Theorem 2.3.1, any closed convex set of curvature 
operator matrices M,g which is O(3)-invariant (and hence invariant under 
parallel translation) and preserved by ODE (2.4.2) is also preserved by the 
Ricci flow. 

We are now ready to state and prove the Hamilton-Ivey pinching 
estimate . 


Theorem 2.4.1 (Hamilton [65], Ivey [75]). Suppose we have a solution 
to the Ricci flow on a three-manifold which is complete with bounded cur- 
vature for each t > 0. Assume at t = 0 the eigenvalues \ > pu > v of the 
curvature operator at each point are bounded below by v > —1. The scalar 
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curvature R= \+u+v is their sum. Then at all points and all times t > 0 
we have the pinching estimate 
R > (—v)[log(—v) — 3}, 


whenever v < 0. 


Proof. The proof is taken from Hamilton [65]. Consider the function 


y = f(x) = x(log x — 3) 
defined on e? < x < +00. It is easy to check that f is increasing and convex 


with range —e? < y < +00. Let f~!(y) = 2 be the inverse function, which 
is also increasing but concave and satisfies 


(2.4.3) lim LH) 
yoo  y 


= 0 
Consider also the set K of matrices Myg defined by the inequalities 


A+ pty > —3, 
(2.4.4) K: 
v+ftAtpt+y)>0. 


By Theorem 2.3.1 and the assumptions in Theorem 2.4.1 at t = 0, we only 
need to check that the set K defined above is closed, convex and preserved 
by the ODE (2.4.2). 

Clearly K is closed because f~! is continuous. \+ + is just the trace 
function of 3x3 matrices which is a linear function. Hence the first inequality 
in (2.4.4) defines a linear half-space, which is convex. The function v is the 
least eigenvalue function, which is concave. Also note that f~! is concave. 
Thus the second inequality in (2.4.4) defines a convex set as well. Therefore 
we proved K is closed and convex. 

Under the ODE (2.4.2) 


d 
qartuty)y = +i + u" + Met dv + py 
1 
=5lA+HyP + Atv t (etry 


> 0. 


Thus the first inequality in (2.4.4) is preserved by the ODE. 
The second inequality in (2.4.4) can be written as 


A+pt+vu> f(—v), whenever v < —e?, 
which becomes 
(2.4.5) A+ p> (—v)[log(—v) — 2], whenever v < —e?. 


To show the inequality is preserved we only need to look at points on the 
boundary of the set. Ifv+ f~'(A+p+v) = 0 then vy = —f-1(A+ytv) < —e? 
since f-'(y) > e?. Hence the RHS of (2.4.5) is nonnegative. We thus have 
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» > 0 because A > yw. But pp may have either sign. We split our consideration 
into two cases: 

Case (i): > 0. 

We need to verify 








dA du d(—v) 
Sees Slais ey ee 
TT a ae are 
when A+ 4 = (—v)|log(—v) — 2]. Solving for 
A+ pb 
log(—v) —2= 
(-v) =p) 
and substituting above, we must show 
M+ pv + pw? + dv > (724 +1) (—v? — dp) 


which is equivalent to 
(A? + p?)(—v) + Aw(A + w+ (—v)) + (—v)? > 0. 


Since A, 4 and (—v) are all nonnegative we are done in the first case. 





Case (ii): ps < 0. 
We need to verify 








dd _ d(=ph) d(—v) 

Loos ry) a 

do ag Oe a 
when A = (—p) + (—v)[log(—v) — 2]. Solving for 

log(—v) —?= A= (ey) 
(-v) 
and substituting above, we need to show 
bi Se =e (1) (—v? — Au) 
-)y 


or 


+ (—p)(-v) > M-v) — (—n)? + (A (=H) 


CH 1) (au) =) 


which reduces to 
d*(—v) + Ah)? + (—B)?(-v) + (0)? = ?(—p) + A(-H)(-¥) 
or equivalently 
(A? — A(—) + (—#)?)((—v) — (-#)) +H)? + (-v)? > 0. 


Since A? — \(—p) + (—p)? > 0 and (—v) — (—p) > 0 we are also done in 
the second case. 
Therefore the proof is completed. O 








HAMILTON-PERELMAN’S PROOF 69 


2.5. Li-Yau-Hamilton Estimates 


In [85], Li-Yau developed a fundamental gradient estimate, now called 
Li-Yau estimate, for positive solutions to the heat equation on a complete 
Riemannian manifold with nonnegative Ricci curvature. They used it to 
derive the Harnack inequality for such solutions by path integration. Then 
based on the suggestion of Yau, Hamilton developed a similar estimate 
for the scalar curvature of solutions to the Ricci flow on a Riemann surface 
with positive curvature, and later obtained a matrix version of the Li-Yau 
estimate for solutions to the Ricci flow with positive curvature operator 
in all dimensions. This matrix version of the Li-Yau estimate is the Li- 
Yau-Hamilton estimate, which we will present in this section. Most of 
the presentation follows the original papers of Hamilton [68]. 

We have seen that in the Ricci flow the curvature tensor satisfies a 
nonlinear heat equation, and the nonnegativity of the curvature operator 
is preserved by the Ricci flow. Roughly speaking, the Li-Yau-Hamilton 
estimate says the nonnegativity of a certain combination of the derivatives 
of the curvature up to second order is also preserved by the Ricci flow. This 
estimate plays a central role in the analysis of formation of singularities and 
the application of the Ricci flow to three-manifold topology. 

Let us begin by describing the Li-Yau estimate for positive solutions 
to the heat equation on a complete Riemannian manifold with nonnegative 
Ricci curvature. 


Theorem 2.5.1 (Li-Yau [85]). Let (MM, qj) be an n-dimensional com- 
plete Riemannian manifold with nonnegative Ricci curvature. Let u(x,t) be 
any positive solution to the heat equation 

Ou 


Dr = Au on M x [0,00). 


Then we have 


0 Vul? 
(2.5.1) > ad a ip su >0 on Mx (0,0). 
We remark that, as observed by Hamilton (cf. [63]), one can in fact 


prove that for any vector field V’ on M, 





Ou n 
2.5.2 — + 2Vu-V+ulV|\?+—u> 0. 
( ) ey +2Vu-V+ulV|-t+ vie 
If we take the optimal vector field V = —Vu/u, we recover the inequality 


(2.5.1). 
Now we consider the Ricci flow on a Riemann surface. Since in dimension 
two the Ricci curvature is given by 


1 
Riz = 5 tgs» 
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the Ricci flow (1.1.5) becomes 


(2.5.3) 


Now let gj;(z,t) be a complete solution of the Ricci flow (2.5.3) on a 
Riemann surface M and 0 < ¢ < T. Then the scalar curvature R(z, t) 
evolves by the semilinear equation 


OR 2 

ae AR+R 
on M x [0,T). Suppose the scalar curvature of the initial metric is bounded, 
nonnegative everywhere and positive somewhere. Then it follows from 
Proposition 2.1.2 that the scalar curvature R(x,t) of the evolving metric re- 
mains nonnegative. Moreover, from the standard strong maximum principle 
(which works in each local coordinate neighborhood), the scalar curvature 
is positive everywhere for t > 0. In [62], Hamilton obtained the following 
Li-Yau estimate for the scalar curvature R(z,t). 


Theorem 2.5.2 (Hamilton [62]). Let 9;;(x,t) be a complete solution of 
the Ricci flow on a surface M. Assume the scalar curvature of the initial 
metric is bounded, nonnegative everywhere and positive somewhere. Then 
the scalar curvature R(x,t) satisfies the Li- Yau estimate 


2 
OR _|VRP Ry 


(2.5.4) mae 


0. 





Proof. By the above discussion, we know R(az,t) > 0 for t > 0. If we 
set 


E=log R(e,t) for ¢>0, 
then 


O 1 
—f=—(h : 
ey Riak+ #) 


=AL+|VL|? +R 
and (2.5.4) is equivalent to 


OL 1 1 
—S/(ViPtoaALe Re So. 
At | ry - ee 


Following Li- Yau in the linear heat equation case, we consider the 
quantity 


_ OL 


pT IVEP = ALTR. 


(2.5.5) Q 
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Then by a direct computation, 


0Q_ a 
Fe = GlAE +R) 
OL OR 
-4(=) + RAL+>- 


=AQLOVIAVOLIV TP tORAD LR 
SAQEIVE: VOLO". 


So we get 


O 1 1 1 1 1 
8 (941) 2.0 (o+2) +290-v(a+2)+(a-2) (o+3). 


Hence by a similar maximum principle argument as in the proof of Lemma 
2.1.3, we obtain 


1 
Q+ ; =i, 
This proves the theorem. O 





As an immediate consequence, we obtain the following Harnack inequal- 
ity for the scalar curvature R by taking the Li-Yau type path integral as in 
85]. 

Corollary 2.5.3 (Hamilton [62]). Let 9;;(x,t) be a complete solution of 
the Ricci flow on a surface with bounded and nonnegative scalar curvature. 
Then for any points 71,22 € M, and 0 < ty < te, we have 

R(x2,t2) > enti (2n2)"/Mla-t8) Ray ty) 
2 

Proof. Take the geodesic path 7(7), 7 € [t1, ta], from x; to x2 at time 
t, with constant velocity d:, (x1, 72)/(t2 — ti). Consider the space-time path 
n(T) = (y(7), 7), T € [t1, te]. We compute 


R(x2, tz) be d 


log ————+ = —L(y(r),7)dr 
CR | Eon 


"21 /0OR dy 
a2 pale (edi pice aa 
[ R ( ae 2) : 


2 ( OL 1|dy\’ 
me / 4 |dr 9:5 (7) 


Then by Theorem 2.5.2 and the fact that the metric is shrinking (since the 
scalar curvature is nonnegative), we have 


tg 
log sles 2 / aoe 
Rae, ty) ty T 4 


- log oh _ dt, (iis £2) 
to A(t — ty) 
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After exponentiating above, we obtain the desired Harnack inequality. 


To prove a similar inequality as (2.5.4) for the scalar curvature of solu- 
tions to the Ricci flow in higher dimensions is not so simple. First of all, 
we will need to require nonnegativity of the curvature operator (which we 
know is preserved under the Ricci flow). Secondly, one does not get in- 
equality (2.5.4) directly, but rather indirectly as the trace of certain matrix 
estimate. The key ingredient in formulating this matrix version is to derive 
some identities from the soliton solutions and prove an elliptic inequality 
based on these quantities. Hamilton found such a general principle which 
was based on the idea of Li- Yau when an identity is checked on the heat 
kernel before an inequality was found. To illustrate this point, let us first 
examine the heat equation case. Consider the heat kernel 


u(x,t) = (4rt)~"/2el2l?/4t 


for the standard heat equation on R” which can be considered as an expand- 
ing soliton solution. 
Differentiating the function u, we get 


(2.5.6) Vues —uzd or Vju+ uV; = 0, 
where v 
ey “U 
Vea jE 
C32 U 


Differentiating (2.5.6), we have 
(2.5.7) ViVju + Viuv; + sou = 0. 


To make the expression in (2.5.7) symmetric in i, 7, we multiply V; to (2.5.6) 
and add to (2.5.7) and obtain 


(2.5.8) ViVjut ViuV; + ViuVi + uViV5 + sot = 0. 


Taking the trace in (2.5.8) and using the equation Ou/Ot = Au, we arrive 
at 


ot 4 2Vu-V +ulVP + Bu =O, 

which shows that the Li-Yau inequality (2.5.1) becomes an equality on our 
expanding soliton solution u! Moreover, we even have the matrix identity 
(2.5.8). 

Based on the above observation and using a similar process, Hamilton 
found a matrix quantity, which vanishes on expanding gradient Ricci solitons 
and is nonnegative for any solution to the Ricci flow with nonnegative curva- 
ture operator. Now we describe the process of finding the Li-Yau-Hamilton 
quadratic for the Ricci flow in arbitrary dimension. 

Consider a homothetically expanding gradient soliton g, we have 


1 
(2.5.9) Rab as ap ee = VaVYo 
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in the orthonormal frame coordinate chosen as in Section 1.3. Here Vp = Va f 
for some function f. Differentiating (2.5.9) and commuting give the first 
order relations 


(2.5.10) Valktoe — VioRac = VaVoVe — VoVaVe 
= RabcaVa; 
and differentiating again, we get 
VaVoRed — VaVcRsa = Val Rocae Ve) 
= ValbcaeVe + Rede V aVe 





= ValocaeVe + RaeRbvede + 5; Rocda 

We further take the trace of this on a and 6 to get 

ARea — VaVcRad — RaeRacde + Res — VaRacdeVe = 0, 
and then by commuting the derivatives and second Bianchi identity, 
ARei— 5VcWaR + 2ReadcRae ~ ReeRue + 5; Red + (VeRed ~ VaRoeVe = 0. 
Let us define 

May = ARap ~ 5VaViR + 2RacttPeit ~ RacRbe + 5-Rad 

Pave = Vakoe — VoRac- 
Then 
(2.5.11) Mon + PesaVe = 0, 
We rewrite (2.5.10) as 

Pave = RabcaVa 
and then 
(2.5.12) PrabVe + RacbaVeVa = 0. 
Adding (2.5.11) and (2.5.12) we have 
Map + (Peab + Peba)Ve + RactaVeVa = 0 

and then 

MavWaWs + (Peab + Peba)WaWoVe + RachtWaVeWoVa = 0. 
If we write i 

Uap = (Vas — VW.) =V AW, 


then the above identity can be rearranged as 


(2.5.13) CO MiWWye OPW Rida A= 0. 


This is the Li- Yau-Hamilton quadratic we look for. Note that the proof 
of the Li-Yau-Hamilton estimate below does not depend on the existence of 
such an expanding gradient Ricci soliton. It is only used as inspiration. 
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Now we are ready to state the remarkable Li- Yau-Hamilton estimate 
for the Ricci flow. 


Theorem 2.5.4 (Hamilton [63]). Let gi;(z,t) be a complete solution 
with bounded curvature to the Ricci flow on a manifold M for t in some time 
interval (0,7) and suppose the curvature operator of gij(x,t) is nonnegative. 
Then for any one-form W, and any two-form Uy we have 


MaWawr ++ 2 PapcUapWe = RabedVanU ca = 0 
on M x (0,T). 


The proof of this theorem requires some rather intense calculations. Here 
we only give a sketch of the proof. For more details, we refer the reader to 
Hamilton’s original paper [63]. 


Sketch of the Proof. Let gj;(x,t) be the complete solution with 
bounded and nonnegative curvature operator. Recall that in the orthonor- 
mal frame coordinate system, the curvatures evolve by 


# Rated = A Rabed a OU Baked — Babde —- Badbe Si Baca) 
2 Rab = ARq + 2RacbaRea; 


ZR=AR+ 2|Ric)?, 


where Babcd = Reeds Reed. 
By a long but straightforward computation from these evolution equa- 
tions, one can get 


O 
(= _ 4) Pabe = 2 RadbePdec = 2RadcePabve = 2Redce Pade _ 2RdeV alabce 


and 


O 
(5 = A) May = 2hgcta Mca + 2a V ePaai + V cP aia) 


1 
ar 2 Pagat hed — 4 PacaPode 7 2ReaRceRadbe _ 5p ab: 


Now consider 
A 
Q = MapWaW, = 2ParcVapW + RabedU ap ca: 
At a point where 


O 1 0 
0. = A a— 7a; = ab — V; 
(2.5.14) (5 )w -W, (+ ) Un 0 


and 


1 1 
(2.5.15) VaWs = 0, V Woe = 5 (Rare = RacWs) = Z| 9aWe — GacWs), 


HAMILTON-PERELMAN’S PROOF 75 


we have 


(2.5.16) (5 G a) Q = 2RacbaMcaWaWs — 2PacaPhdcWaWs 


Tr 8 RadcePabeUarWe or 4 Raecf Roeat UanU ca 
T (PabcWe ate Rahal) Peabo We oir Rapes Ue} )- 


For simplicity we assume the manifold is compact and the curvature 
operator is strictly positive. (For the general case we shall mess the formula 
up a bit to sneak in the term ce“'f, as done in Lemma 2.1.3). Suppose 
not; then there will be a first time when the quantity Q is zero, and a point 
where this happens, and a choice of U and W giving the null eigenvectors. 
We can extend U and W any way we like in space and time and still have 
Q >0, up to the critical time. In particular we can make the first derivatives 
in space and time to be anything we like, so we can extend first in space to 
make (2.5.15) hold at that point. And then, knowing AW, and AU gy, we 
can extend in time to make (2.5.14) hold at that point and that moment. 
Thus we have (2.5.16) at the point. 

In the RHS of (2.5.16) the quadratic term 


(PateWe + Raped ca (Pate We + Rapep ez) 


is clearly nonnegative. By similar argument as in the proof of Lemma 2.1.3, 
to get a contradiction we only need to show the remaining part in the RHS 
of (2.5.16) is also nonnegative. 

A nonnegative quadratic form can always be written as a sum of squares 
of linear forms. This is equivalent to diagonalizing a symmetric matrix and 
writing each nonnegative eigenvalue as a square. Write 





n(n—-1 
Q — d(%eWa SED eG me (1 < k <nt ae . 


This makes 
Ma = > XEXS, Patc= > VRXF 
k k 


and 
Rabcd = Do Anas 
k 
It is then easy to compute 


2RacbdaMcaWaWs a 2 PacaPhacWa Ws + 8RadcePabeUar We 
a 4Roecf Roeaf Uan Uca 


-2(Sovava) (oxi) wa 
k 


l 


=) (= vit) (= vi) WW, 
k 


l 
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+8 (= viv’) (= v4.) a 
k l 
+4 (= v4) (= vis) a 
k l 


=S 0 (VEXLWa — YiXFWe — 2Y0Y Van) 
kl 


Cc 


> 0. 


This says that the remaining part in the RHS of (2.5.16) is also nonnegative. 
Therefore we have completed the sketch of the proof. 














By taking Ugy = 3(VaW;, — V,W,) and tracing over W,, we immediately 
get 


Corollary 2.5.5 (Hamilton [63]). For any one-form Va we have 


R 
CE + Ey OVAR Vat RasVali > 0. 


In particular by taking V = 0, we see that the function tR(2,t) is point- 
wise nondecreasing in time. By combining this property with the local de- 
rivative estimate of curvature, we have the following elliptic type estimate. 


Corollary 2.5.6 (Hamilton [65]). Suppose we have a solution to the 
Ricci flow for t > 0 which is complete with bounded curvature, and has 
nonnegative curvature operator. Suppose also that at some time t > 0 we 
have the scalar curvature R < M for some constant M in the ball of radius 
r around some point p. Then for k = 1,2,..., the k*” order derivatives of 
the curvature at p at the time t satisfy a bound 


1 1 
|V*Rm(p, t)? < CyM? (<r a ar ut) 
Tr t 
for some constant C; depending only on the dimension and k. 


Proof. Since tR is nondecreasing in time, we get a bound R < 2M in 
the given region for times between t/2 and t. The nonnegative curvature hy- 
pothesis tells us the metric is shrinking. So we can apply the local derivative 
estimate in Theorem 1.4.2 to deduce the result. O 





By asimilar argument as in Corollary 2.5.3, one readily has the following 
Harnack inequality. 


Corollary 2.5.7 (Hamilton [63]). Let g;;(x,t) be a complete solution 
of the Ricci flow on a manifold with bounded and nonnegative curvature 
operator, and let 71,22 € M, 0 < ty < to. Then the following inequality 
holds 


R(22,t2) > sent (172)"/2(t2—4) . Rwy, ty). 
2 
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In the above discussion, we assumed that the solution to the Ricci flow 
exists on O < t < JT, and we derived the Li-Yau-Hamilton estimate with 
terms 1/t in it. When the solution happens to be ancient, i.e., defined 
on —oo < t < JT, Hamilton found an interesting and simple procedure 
for getting rid of them. Suppose we have a solution on a < t < T' we can 
replace t by t — a in the Li-Yau-Hamilton estimate. If we let a — —o, 
then the expression 1/(t — a) — 0 and disappears! In particular the trace 
Li-Yau-Hamilton estimate in Corollary 2.5.5 becomes 


(2.5.17) “ + 2VqR+Va+2RapVaVp > 0. 


By taking V = 0, we see that an > 0. Thus, we have the following 


Corollary 2.5.8 (Hamilton [63]). Let gi;(a,t) be a complete ancient 
solution of the Ricci flow on M x (—o0,T) with bounded and nonnegative 
curvature operator, then the scalar curvature R(x, t) is pointwise nondecreas- 
ing in time t. 


Corollary 2.5.8 will be very useful later on when we study ancient &- 
solutions in Chapter 6, especially combined with Shi’s derivative estimate. 

We end this section by stating the Li-Yau-Hamilton estimate for the 
Kahler-Ricci flow, due to the first author [13], under the weaker curvature 
assumption of nonnegative holomorphic bisectional curvature. Note that 
the following Li-Yau-Hamilton estimate in the Kahler case is really a Li- 
Yau-Hamilton estimate for the Ricci tensor of the evolving metric, so not 
only can we derive an estimate on the scalar curvature, which is the trace of 
the Ricci curvature, similar to Corollary 2.5.5 but also an estimate on the 
determinant of the Ricci curvature as well. 


Theorem 2.5.9 (Cao [13]). Let g,4(z,t) be a complete solution to the 
Kahler-Ricci flow on a complex manifold M with bounded curvature and 
nonnegtive bisectional curvature andO <t< T. For any point x € M and 
any vector V in the holomorphic tangent space TM, let 


Qap = S Ras + Roy Rig + VyRagV7 + VaRagV? + RagyV Vi + “Pop. 
Then we have - 
Q.gW°W* > 0 
for alae M, V,WeE TL M, andt > 0. 
Corollary 2.5.10 (Cao [13]). Under the assumptions of Theorem 2.5.9, 


we have 


(i) the scalar curvature R. satisfies the estimate 


OR |VRP? R 
a + — 


> 0, 
ot R t 





and 
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(ii) assuming Ryg > 0, the determinant b = det(R,g)/det(g.g) of the 
Ricci curvature satisfies the estimate 


a6 |VoP , nd. 


Ot no t ~ 
for allx eM andt>0. 





2.6. Perelman’s Estimate for Conjugate Heat Equations 


In Perelman obtained a Li-Yau type estimate for fundamental 
solutions of the conjugate heat equation, which is a backward heat equation, 
when the metric evolves by the Ricci flow. In this section we shall describe 
how to get this estimate along the same line as in the previous section. More 
importantly, we shall show how the Li-Yau path integral, when applied to 
Perelman’s Li-Yau type estimate, leads to an important space-time distance 
function introduced by Perelman [107]. We learned from Hamilton this 
idea of looking at Perelman’s Li-Yau estimate. 

We saw in the previous section that the Li-Yau quantity and the Li- 
Yau-Hamilton quantity vanish on expanding solutions. Note that when we 
consider a backward heat equation, shrinking solitons can be viewed as ex- 
panding backward in time. So we start by looking at shrinking gradient 
Ricci solitons. 

Suppose we have a shrinking gradient Ricci soliton g;; with potential 
function f on manifold M and —oo <t <0 so that, for 7 = —t, 


1 
(2.6.1) Rij + ViVif _ 9, Vis = 0. 
Then, by taking the trace, we have 
n 
2.6.2 R+Af-—=0. 
(2.6.2) Pal 
Also, by similar calculations as in deriving (1.1.15), we get 


(2.6.3) R+|vfe?-L=c 
T 
where C is a constant which we can set to be zero. 
Moreover, observe 
Of 2 
2.6.4 —=+|V 
(2.6.4) t= IviI 


because f evolves in time with the rate of change given by the Lie derivative 
in the direction of Vf generating the one-parameter family of diffeomor- 
phisms. 

Combining (2.6.2) with (2.6.4), we see f satisfies the backward heat 
equation 


of _ 
ot 





2 poe 
(2.6.5) Af + |Vil—R+ 
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or equivalently 


(2.6.6) OF _ar—iwyt+R—. 
OT 27 

Recall the Li-Yau-Hamilton quadratic is a certain combination of the 
second order space derivative (or first order time derivative), first order 
space derivatives and zero orders. Multiplying (2.6.2) by a factor of 2 and 
subtracting (2.6.3) yields 


1 
2Af—|VfP+R+—-f-—=0 
T T 


valid for our potential function f of the shrinking gradient Ricci soliton. The 
quantity on the LHS of the above identity is precisely the Li- Yau-Hamilton 
type quadratic found by Perelman (cf. section 9 of [107]). 

Note that a function f satisfies the backward heat equation (2.6.6) if 
and only if the function 


u = (4nr)2e-f 
satisfies the so called conjugate heat equation 


(2.6.7) tu 4 ae Au+ Ru=0. 
OT 





Lemma 2.6.1 (Perelman [107]). Let g;;(a,t), 0 <t<T’, be a complete 
solution to the Ricci flow on an n-dimensional manifold M and let u = 
(4rr)~2e-F be a solution to the conjugate equation (2.6.7) with r = T —t. 
Set 


H=2Af—|vsP+R+4—* 
and 
v = THu= (7r(R4+ 2Af - IVP) + f—n)u. 


Then we have 








OH 1 1 
= APH Veo one ys = 
= Vf VH- = Rig + ViV if — 59 
and 
Ov 1 
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Proof. By direct computations, we have 


Of — Oo 2 f-n 


0 
+oR+= opt ” 
OT 72 


= 24 (ar = ee ae =) — 4(Ri;, fij) + 2Ric (VF, VS) 
-2(Vf,V (Af-|VFP+R-3)) —AR- Ril? 


+2 (AF IVfP +R ~) sae 


Qr 72 


vi =v (2s -ivsP+R+—*) 











= 2V(Af) - UVVis, Vif) +VR+ VF, 
AH =A (201 -\vsP+R+4—*) 


= 2A(Af) — A(\Vf|?) + AR+ =Af, 


and 


OVH - Vf =22V(Af) — 2V Vif, Vif) + VR+ “Vi,V/) 


= 2[2V(AF), VA) — Figs fil) + (VR, VA)] + <IVSP. 


Thus we get 


a 1 
—H-AH+2Vf-VH+-H 
ia 


OT 
—4( Rij, ay + 2Ric cae — 2| Ril? — A(IV FP?) + 2AV(AP), VA) 
2 
pee ae oe oe 


R oi 
=-2| [RP + Ui? + hy + 2URy, Jia) — 2-2 F 


2 


1 
= -2)\Riy + ViVif - 3, Ii 





’ 
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and 


(x -S +R) v= (7 -4+R) (rHu) 


_ (7 = A) (rH) -u—2(V(rH), Vu) 
= (( 2 A) (ii) < xV(rH).VP)) , 


A 1 
a1 (Fe an savy vat oH) 
OT T 
2 
=-—2Tu 


1 
Rij + ViVi f — 591 








O 





Note that, since f satisfies the equation (2.6.6), we can rewrite H as 


0 1 
(2.6.8) Hao sive Re dp 

OF ie 
Then, by Lemma 2.6.1, we have 


2 


Se) = A(rH) — 2Vf-V(rH) — 27 |Ric + V?f -— as 
OT 2r 
So by the maximum principle, we find max(7#H) is nonincreasing as 7 in- 
creasing. When wu is chosen to be a fundamental solution to (2.6.7), one can 
show that lim,;.97H < 0 and hence H < 0 on M for all 7 € (0,T] (see, 
for example, ). Since this fact is not used in later chapters and will be 
only used in the rest of the section to introduce a space-time distance via 
Li-Yau path integral, we omit the details of the proof. 


Once we have Perelman’s Li-Yau type estimate H < 0, we can apply 
the Li-Yau path integral as in to estimate the above solution uw (i.e., 
a heat kernel estimate for the conjugate heat equation, see also the earlier 
work of Cheeger-Yau [29]). Let p,q € M be two points and 7(rT),7 € [0,7], 
be a curve joining p and q, with y(0) = p and 7(7) = q. Then along the 
space-time path (7(rT),7), 7 € [0,7], we have 


 (2VFHla(n),7)) = 27 (3 ve v0) +f 
S$ V7(—IVfleje) + 2VF V7) + VTR 
= -VAIVE = A(T) egy t VAR FHL (ey) 
< VF(R+ (7) lb.5¢0)) 


where we have used the fact that H < 0 and the expression for H in (2.6.8). 
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Integrating the above inequality from 7 = 0 to 7 =7, we obtain 


FFT) < [ VER+ HOB pan 


or 


Flat) < se LO), 
where ; 
(2.6.9) L(y) 4 i. VR +H) G57) 47: 
Denote by 
(2.6.10) 1(q,7) & inf —~ L(y), 


Y 2/F 

where the inf is taken over all space curves 7(T),0 < 7 < 7, joining p 
and q. The space-time distance function I(q,7) obtained by the above Li- 
Yau path integral argument is first introduced by Perelman in and is 
what Perelman calls reduced distance. Since Perelman pointed out in page 
19 of that “an even closer reference in [85], where they use ‘length’, 
associated to a linear parabolic equation, which is pretty much the same as 
in our case”, it is natural to call l(q,7) the Li-Yau-Perelman distance. 
See Chapter 3 for much more detailed discussions. 

Finally, we conclude this section by relating the quantity H (or v) and 
the W-functional of Perelman defined in (1.5.9). Observe that v happens to 
be the integrand of the W-functional, 


Walt), f.7) = f wav. 
M 
Hence, when M is compact, 


d O 
awe fe (ju + Re) av 
=-2r f 
M 


<0 


2 


1 
Rie + VY f= —o)) wav 
2T 








? 


or equivalently, 


FWoilt),f(t),7() = far 


1 - nm 
7 Rij + ViV jf — x913| (Ant) Fe TaVv, 


which is the same as stated in Proposition 1.5.8. 
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Chapter 3. Perelman’s Reduced Volume 


In Section 1.5 we introduced the F-functional and the W-functional of 
Perelman and proved their monotonicity properties under the Ricci 
flow. In the last section of the previous chapter we have defined the Li- 
Yau-Perelman distance. The main purpose of this chapter is to use the 
Li-Yau-Perelman distance to define the Perelman’s reduced volume, which 
was introduced by Perelman in [107], and prove the monotonicity property 
of the reduced volume under the Ricci flow. This new monotonicity formula 
of Perelman is more useful for local considerations, especially when 
we consider the formation of singularities in Chapter 6 and work on the 
Ricci flow with surgery in Chapter 7. As first applications we will present 
two no local collapsing theorems of Perelman in this chapter. More 
applications can be found in Chapter 6 and 7. This chapter is a detailed 
exposition of sections 6-8 of Perelman [107]. 


3.1. Riemannian Formalism in Potentially Infinite Dimensions 


In Section 2.6, from an analytic view point, we saw how the Li-Yau path 
integral of Perelman’s estimate for fundamental solutions to the conjugate 
heat equation leads to the Li-Yau-Perelman distance. In this section we 
present, from a geometric view point, another motivation (cf. section 6 of 
[107]) how one is lead to the consideration of the Li-Yau-Perelman distance 
function, as well as a reduced volume concept. Interestingly enough, the 
Li-Yau-Hamilton quadratic introduced in Section 2.5 appears again in this 
geometric consideration. 

We consider the Ricci flow 


0 
agi = —2Ri; 
on a manifold M where we assume that gj;(-,t) are complete and have 
uniformly bounded curvatures. 
Recall from Section 2.5 that the Li-Yau-Hamilton quadratic introduced 
in is 
Q = Mi WiW; + 2PijUigWe + RijniVig Ua 
where 
1 1 
Miz = ARg — GViVGR + 2Ringt Re — Rinker + 5 iy, 
Pijk = Viltjr — Vi Rik 
and U;; is any two-form and W; is any 1-form. Here and throughout this 
chapter we do not always bother to raise indices; repeated indices is short 
hand for contraction with respect to the metric. 
In , Hamilton predicted that the Li-Yau-Hamilton quadratic is some 
sort of jet extension of positive curvature operator on some larger space. 
Such an interpretation of the Li-Yau-Hamilton quadratic as a curvature 


84 H.-D. CAO AND X.-P. ZHU 


operator on the space M x R* was found by Chow and Chu where 
a potentially degenerate Riemannian metric on M x Rt was constructed. 
The degenerate Riemannian metric on M x R° is the limit of the following 
two-parameter family of Riemannian metrics 


N 
t) = g(z, t) + (R(z, t) + ——~) dt? 
9n,6(2,t) = g(x, t) + (R(a, t) + E+) 
as N tends to infinity and 6 tends to zero, where g(z,t) is the solution of 
the Ricci flow on M andt € R*. - 
To avoid the degeneracy, Perelman considers the manifold M = 
M x SN x R* with the following metric: 


Gig = Gig, 

GoB = TGJap 

7 N 

Joo = == ast R, 
2T 


Gicx = Gio = Goo = 0, 

where i, 7 are coordinate indices on M; a, @ are coordinate indices on SN; 
and the coordinate 7 on Rt has index o. Let 7 = T'—t for some fixed constant 
T. Then gj; will evolve with 7 by the backward Ricci flow 29% = 2Rjj. 
The metric ggg on S% is a metric with constant sectional curvature oN: 

We remark that the metric gag on S% is chosen so that the product 
metric (Gj, Jag) on M x SY’ evolves by the Ricci flow, while the component 
Joo is just the scalar curvature of (9j;, Jag). Thus the metric g defined on 
M =M x SN x Rt is exactly a “regularization” of Chow-Chu’s degenerate 
metric on M x Rt. 


Proposition 3.1.1 (cf. [39]). The components of the curvature tensor 
of the metric g coincide (modulo N~') with the components of the Li-Yau- 
Hamilton quadratic. 


Proof. By definition, the Christoffel symbols of the metric g are given 
by the following list: 


by = rk, 
I, =0 and re = 0, 

liar =0 and Fr =0, 

Mo=g"Ry and 1? =—§9°° Ry, 
Patt Poe and f= tym 2 
es = 0, I, =0 and i = 0, 


ry —7yy 
Dae = laa 





R, 
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~ 1 ~ 1. 
C= 5700 and Tig = 59°" Gas: 
ry,=0 and r4, =), 
N 0 
R) | 


~ 1 
T? — ~OO eral pene 
a0 = 99 ( a? Or 
Fix a point (p,s,7) € M x SN x R* and choose normal coordinates around 


p € M and normal coordinates around s € S% such that rk (p) = 0 and 
Pya(s) = 0 for all 7,7,k and a, 3,7. We compute the curvature tensor Rm 


of the metric g at the point as follows: 
~ 1 
k 
Ty = Rizzi +O (=) , 


Rijui = Rijgt + rere, — ce 
Rijrs = 0, 
Ring =0 and Rais = PEGs — PhP = Zagat Ra = 0 (5), 
Rigys = 0, 
, 0 0 pk pro pk po 
Rijko = Za Pik — Fy Rik + Viol jo — Vjob io = Pigk +O | 5G J 
= 1 a) dices ae. la 
Rioko = “5 5one _ 5, (Rig) af pales _ Ae — Lea 
il O 1 il 
= 5 ViVelt— 3, Pik + 2Rin ke — 5 Rik — Rig Ryn + O W 
1 
= Mix + Os): 
Rijyo =0 and Rivjo = 0, 
‘i ee 1 : 
tee = =F, =O (=) and: Hae =U, 
Fieve = 0, 
_pie)r-eoft 
of ao N ’ 


Rains = 0, 
1 a 
ad ne 1 hoe 


Qr2 % 





Five = ( 
~ if 
Raps = O (=) i 
Thus the components of the curvature tensor of the metric g coincide 
(modulo N~') with the components of the Li-Yau-Hamilton quadratic. O 
The following observation due to Perelman gives an important 


motivation to define Perelman’s reduced volume. 
Corollary 3.1.2. All components of the Ricci tensor of g are zero 


(modulo N~') 
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Proof. From the list of the components of the curvature tensor of g 
given above, we have 


Ri = 9 Rijn + 9G Rioja + G° Riojo 


sci _ 1 1 

= Bag = 59 OGG Rag + 9 (My — 5-Riy +0 ()) 
N. 1 

= Ri — a9 Pi +O (=) 


1 
=O|— ; 
DP —_ x~klp. ~aBb Dp. ~00O DP. _ 
Rix =J9 Riri +g Riayg +g Rioyo = 0, 
Rio a I" Riko =F §°" Riaop + G Risoe 


1 
= —g" Pig + O (=) , 


ap Go" Roxal i 9” Rovyps a G° Reope 


1 
=O|— 5 
(3) 
1 _ xklp ~BY D ~00 PD _ 
Rao =9 Rokol +g Roagoy +g Raooo = 0, 
Res = oO" Rokol oP 9°? Rooop ls 9° Rsses 


-#(m+0(3))0(8) 


Since g°° is of order N~!, we see that the norm of the Ricci tensor is given 


by 
a0 1 
[Ric |g = O (=) ; 


This proves the result. UO 





Dr 





We now use the Ricci-flatness of the metric g to interpret the Bishop- 
Gromov relative volume comparison theorem which will motivate another 
monotonicity formula for the Ricci flow. The argument in the following 
will not be rigorous. However it gives an intuitive picture of what one may 
expect. Consider a metric ball in (IM, g) centered at some point (p, 5,0) € M. 
Note that the metric of the sphere S% at rt = 0 degenerates and it shrinks to 
a point. Then the shortest geodesic y(7) between (p,s,0) and an arbitrary 
point (q, 5,7) € M is always orthogonal to the S% fibre. The length of y(r) 
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can be computed as 
\+ \4(7) : (not 


alt Pe 4), 


Thus a shortest geodesic should minimize 


=f eR + HOR, ar 


Let L(q,7) denote the corresponding minimum. We claim that a metric 
sphere Sy,(V2N7) in M of radius V2N7 centered at (p,s,0) is O(N~!)- 
close to the hypersurface {rt = 7}. Indeed, if (x, s’,7(a)) lies on the metric 
sphere Si,(v2N7), then the distance between (x, s’,7(x)) and (p, s,0) is 


1 _3 
V2N INT (a) + SL (w,7(2)) +O (v *) 
which can be written as 


J/t(2) -VF= — 12, 7(2)) + O(N~?) = O(N). 


This shows that the metric sphere S,,(~2N7) is O(N—')-close to the hy- 
persurface {rt = 7}. Note that the metric gag on S% has constant sectional 
curvature oN: Thus 


Vol (Si (V2NF) J 
‘i I, ( SN Ween) Wg,; (x) 


= [ caytve (S®)aVy 
we (2N) Fw vf (v7 e. ap he, r(x) + ow~)) ” WV 
~ (2N) Fu vf (v7 - able, a\-2o(Ne ') ” au, 


where wy is the volume of the standard N-dimensional sphere. Now the 
volume of Euclidean sphere of radius /2N7 in R"+'*+1 is 


Vol (Spntnii(V2N7)) = (QNF) 2 Wn tn: 
Thus we have 


Vol (Sx-(V2NF)) 


n n Al 
Sw const ts f T)~2 exp ¢ -—=L(z,T) > dVyy. 
Vol (Spntn41( 2N7)) a ) P{ T ( )} > 


2/7 
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Since the Ricci curvature of M is zero (modulo N~'), the Bishop-Gromov 
volume comparison theorem then suggests that the integral 


~ 7a \ A -\—2 1 

Ve) fl tana 8 ex {- anlar) avin, 
which we will call Perelman’s reduced volume, should be nonincreasing 
in T. A rigorous proof of this monotonicity property will be given in the 
next section. One should note the analog of reduced volume with the heat 
kernel and there is a parallel calculation for the heat kernel of the Shrédinger 
equation in the paper of Li-Yau [85]. 


3.2. Comparison Theorems for Perelman’s Reduced Volume 


In this section we will write the Ricci flow in the backward version 

0 

By fis = 2g 
on a manifold M with 7 = 7(t) satisfying dr/dt = —1 (in practice we often 
take rT = to — t for some fixed time to). We always assume that either 
is compact or gjj;(7) are complete and have uniformly bounded curvature. 
To each (smooth) space curve y(rT), 0 < 7 <7 < 7, in M, we define its 
£-length as 


£60) = f° VRO),7) + HOB seer. 


Let X(T) = ¥(7), and let Y(7) be any (smooth) vector field along y(rT). 
First of all, we compute the first variation formula for £-length (cf. section 


7 of [£07]). 


Lemma 3.2.1 (First variation formula). 


fr(6) = Waxy) + | 


71 


T2 


1 
vF(¥, VR =2V xX —4Ric(.,.x)— =x) dr 
F 
where (-,-) denotes the inner product with respect to the metric gj;(T). 


Proof. By direct computations, 


by(£)= | VFUVR,Y) +2(X, Vy X))dr 


T1 


= [ VTUVR,Y) + (X,Vx¥))dr 


2 [ FF (wry) re 2<(X,¥} — 2(Vx X,Y) — 4Ric (xy) dt 


1 


T2 1 
= 2/7(X, Y)|2 + | vi VR—-2VxX — 4Ric(-,X) — +x) dr. 


771 


O 
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A smooth curve 7(7) in M is called an L-geodesic if it satisfies the 
following £-geodesic equation 


1 1 
(3.2.1) VxX —5VR+ 5X + Ric (X,-) = 0. 
T 





Given any two points p,q € M and ™m > 7% > O, there always exists an 
£-shortest curve (or shortest £-geodesic) y(T): [71,72] > M connecting p to 
q which satisfies the above £-geodesic equation. Multiplying the £-geodesic 
equation (3.2.1) by \/7, we get 


Velv7s)\= YTuR — 2\/rRic(X,-) on [7,79], 


or equivalently 


d 
= (VFX) = TUR — Rie (VFX,*) on [74,79]. 

- 
Thus if a continuous curve, defined on (0, 72], satisfies the C-geodesic equa- 
tion on every subinterval 0 < 7] <7 < 7%, then ,/7;X(7) has a limit as 
T, — 0°. This allows us to extend the definition of the £-length to include 
the case 7; = 0 for all those (continuous) curves y : [0,72] — M which 


are smooth on (0, 7] and have limits et J/T*(r). Clearly, there still ex- 


ists an £-shortest curve y(T) : [0,72] + M connecting arbitrary two points 
p,q € M and satisfying the £-geodesic equation (3.2.1) on (0, 72]. Moreover, 
for any vector v € T,M, we can find an L-geodesic 7(7) starting at p with 
aon FV T) =e, 
7 From now on, we fix a point p € M and set 7 = 0. The £-distance 
function on the space-time M x R* is denoted by L(q,7) and defined to be 
the £-length of the £-shortest curve y(7) connecting p and q withO < 7 <T. 
Consider a shortest £-geodesic y : [0,7] + M connecting p to q. In the 
computations below we pretend that £-shortest geodesics between p and q 
are unique for all pairs (q,7); if this is not the case, the inequalities that we 
obtain are still valid, by a standard barrier argument, when understood in 
the sense of distributions (see, for example, [116]). 
The first variation formula in Lemma 3.2.1 implies that 


VyL(q,7) = (2VFX(7),¥(7)). 
Thus 
VL(q,7) = 2VFX(A), 
and 


(3.2.2) |VL|? = 47|X|? = —47R 4+ 47(R4 |X|’). 
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We also compute 
d 
(3.2.3) Le7),7) = 17), Tar — (VEX) 


= V7(R+ |X|?) — 2V7|X/? 
= 2W7TR-V7(R+4 |X|’). 
To evaluate R+|X|?, we compute by using (3.2.1), 


£(R(7),7) + XB ye) 


= R,+(VR,X) + 2(V xX, X) + 2Ric (X, X) 
1 1 
= R, +-R+ XVR,X) — Ric (X,X) — —(R+|X/*) 
T T 
1 
= —Q(X) — (R+ |X|’), 
where R 
Q(X) =—-R,- =o 2(V R, X) + 2Ric (X,X) 


is the trace Li-Yau-Hamilton quadratic in Corollary 2.5.5. Hence 





d 1 
(72K + |XP)lrar = 5VF(R+ |X?) — 77Q(X) 
= FEL (7), Theor — 7Q(X) 
Therefore, 
1 
(3.2.4) 72(R+ |X|?) = 5L(a,7) — K, 
where 
(3.2.5) K= : 72Q(X)dr. 
0 
Combining (3.2.2) with (3.2.3), we obtain 
2 4 
3.2.6 VL|? =—47R+ ——L- —=K 
(3.2.6) |VL| ae 
and 
| 1 
(3.2.7) Lp = 2/FR- —L+=—K. 
2T 7 


Next we compute the second variation of an £-geodesic (cf. section 7 of 


107]). 


Lemma 3.2.2 (Second variation formula). For any L-geodesic y, we 
have 


52 (L) = 2WFVyY, X)I5 + i ViRIVxYP + UR(Y, X)Y,X) 
0 
+ Vy VyR + 2VxRic (Y, Y) — 4VyRic (Y, X)]dr. 
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Proof. We compute 
5(L) = ( [virw+ AVyX, X))dr] 


= [ VT(Y (Y(R)) + 2(Vy Vy X, X) + 2|Vy X|?)dr 
0 


Be ie VU (Y(R)) + 2VyVxY, X) + 2Vx¥ Par 
0 


and 
WVyVxY, X) 
= 2VxVyY,X) + 2(R(Y, X)Y, X) 


d WY, X) — ARic (VyY,X) — UVyY,VxX) 


a (Sw x) — 2AVxVyY, x)) + (R(Y,X)Y, X) 


=2 


dt 

d 
2—(WyY, X) — 4Rie (Vy, X) — (Vv, Vx X) 
x) + 2(R(Y, X)Y, X) 


a 0 
—2 (v'viM(WiRy + V5jRu — Vikas) ae 


= 2 
dt 

+ 2V xRic(Y,Y) + 2(R(Y, X)Y, X), 

where we have used the computation 

O 

ari = g'(Viky + Vj Ru _ Vi Rij). 

Thus by using the £-geodesic equation (3.2.1), we get 


ic) =f : va v(R)) +24 (Wy¥, X) — dRie (VyY,X) 
— UVyY, Vx X) —4VyRic (X,Y) + 2VxRic (YY) 


(VyY,X) —4Ric (Vy Y, X) — 2(Vv¥, VxX) — 4VyRic (X,Y) 


+ 2(R(Y, X)Y,X)+ 2iVx¥P| dr 


= | ; pvr ewe Dore aly, x)| dr 


+ | V7T[Y (Y (R)) — (Vy Y, VR) — 4VyRic (X,Y) 
0 
+ 2VxRic(Y,Y) + 2(R(Y, X)Y,X) + 2|\VxY[?]dr 


= 2/r(VyY, X)|5 +f V7[2|VxY|? + 2(R(Y, X)Y, X) 
0 
+ Vy Vy R — 4VyRic (X,Y) + 2VxRic (Y, Y)|dr. 
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We now use the above second variation formula to estimate the Hessian 
of the £-distance function. 

Let y(7) : [0,7] + M be an L-shortest curve connecting p and q so that 
the £-distance function L = L(q,7) is given by the L-length of 7. We fix 
a vector Y at 7 = 7 with |Y¥|,,(7) = 1, and extend Y along the £-shortest 
geodesic y on [0,7] by solving the following ODE 


1 
(3.2.8) Vx¥ = —Rie(¥,.) + --¥. 


This is similar to the usual parallel translation and multiplication with pro- 
portional parameter. Indeed, suppose {Y1,...,Y;,} is an orthonormal basis 
at T = 7 (with respect to the metric g;;(7)) and extend this basis along the 
L-shortest geodesic y by solving the above ODE (3.2.8). Then 


d ' 
—(¥i,¥5) = 2Rie (¥;,¥5) + (Vx¥i¥j) + (i, Vx¥)) 


1 
= —-(%,Y; 
~(¥i,¥5) 
for all 7,7. Hence, 
i 
(3.2.9) (Vit), ¥5(7)) = soi 


and {Yi(rT),...,¥n(7)} remains orthogonal on [0,7] with Y;(0) = 0, 7 = 
1,...,7. 


Proposition 3.2.3 (Perelman [107]|). Given any unit vector Y at any 
point q € M with tr =7T, consider an L-shortest geodesic y connecting p to 
q and extend Y along y by solving the ODE (3.2.8). Then the Hessian of 
the £L-distance function L on M with T =7 satisfies 


1 ir 
Hess,(Y,Y) < —= — 2V7Ric(Y,Y) -| VTQ(X, Y)dr 
Vr 0 
in the sense of distributions, where 
Q(X, Y) =-VyVyR— 2(R(Y, X)Y, X) — 4V xRic (Y,Y) + 4VyRic (Y, X) 
1 
— 2Ric -(Y, Y) + 2|Ric (Y, -)|? — =Ric (Y,Y) 


is the Li- Yau-Hamilton quadratic. Moreover the equality holds if and only 
if the vector field Y(r),7 € [0,7], is an L-Jacobian field (i.e., Y is the 
derivative of a variation of y by L-geodesics). 


Proof. As said before, we pretend that the shortest £-geodesics between 
p and q are unique so that L(q,7) is smooth. Otherwise, the inequality is 
still valid, by a standard barrier argument, when understood in the sense of 
distributions (see, for example, [116}). 
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Recall that VL(q,7) = 2/7X. Then (Vy Y, VL) = 2V/7(VyY,X). We 
compute by using Lemma 3.2.2, (3.2.8) and (3.2.9), 


Hess; (Y,Y) = Y(Y(L))(7) — (Wy Y, VL) (7) 
< 6} (L) — 2V7(VvY, X)(7) 
=f Vrbivx¥P + 2(R(Y, XY, X) + Vy WR 
0 
4 2V xRic (Y,Y) — 4VyRic (Y, X)|dr 


z [« E 2 


1 
— Ric (¥,-) + =-¥] +2(R(W,X)Y, X) + VyVyR 
+ 2V xRic (Y,Y) — 4VyRic (Y, x)| dr 








¥ 2 1 
= | vi [aiRic (.5)= =Riey, ¥) 2s oR YX) 
0 “a QTT 
+ Vy VyR + 2VxRic (Y,Y) — 4VyRic (Y, x)| dr. 


Since 


d 
Ric (VY) = Ric-(Y,Y) + VxRic(¥,Y) + 2Ric(Vx¥,Y) 





1 
— Ric ,(Y,Y) + VxRic (Y, Y) — 2|Ric (Y,-)|? + —Ric (Y,Y), 
T 
we have 


Hess, (Y,Y) 


. ys 1 
< : vi iRic (cy, i? — —Ric(Y,Y) + —— 4+ 2(R(Y, X)Y, X) 
0 T QTT 


4 Vy VyR—4(VyRic)(X, Y) — (2fRic (Y,Y) — 2Ric(Y,Y) 
+ AlRic (¥,) |? — 2 Rie (Y, Y)) + AV xRic (Y, vy) a 
ae 
= [ Jip eh ey) ae A = 
= : TE 1C 5 Vt 1C ; T oF 5 Vir T 
. 1 
+f vi [aR xy¥ X) + Vy VyR + <Ric (¥,Y) 
0 
+ 4(V Ric (Y,Y) — VyRic(X,Y)) + Ric -(Y,Y) — 2[Ric (Y, P| dr 
1 


= Je — vERIC (VY) — f /TQ(X,Y)dr. 


This proves the inequality. 
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As usual, the quadratic form 
1V,V) = f° VrRIVxVP + 2(RWV,XWV,X) + VvVVR 
0 


+2V xRic (V,V) — 4VyRic (V, X)]dr, 
for any vector field V along ¥, is called the index form. Since ¥ is shortest, 
the standard Dirichlet principle for I(V,V) implies that the equality holds 
if and only if the vector field Y is the derivative of a variation of y by 
L£-geodesics. O 





Corollary 3.2.4 (Perelman [107]). We have 


n 1 
AL < ~-2V7TR-=~=K 
in the sense of distribution. Moreover, the equality holds if and only if we 
are on a gradient shrinking soliton with 


1 1 
Rij + A a = a7 Is 

Proof. Choose an orthonormal basis {Yi,..., Y¥,} at 7 = 7 and extend 
them along the shortest £-geodesic y to get vector fields Y;(7), i= 1,...,n, 
by solving the ODE (3.2.8), with (Y;(7),Yj(7)) = £6;; on [0,7]. Taking 
Y = Y; in Proposition 3.2.3 and summing over 7, we get 


(3.2.10) ALZ z — 2/FR- > V7Q(X, Yi)dr 


- 4-2 f v7(2) Q(X)dr 
n — 1 
ae 


Moreover, by Proposition 3.2.3, the equality in (3.2.10) holds everywhere if 
and only if for each (q,7) and any shortest £-geodesic y on [0,7] connecting 
p and q, and for any unit vector Y at 7 = 7, the extended vector field 
Y(r) along y by the ODE (3.2.8) must be an £-Jacobian field. When Y;(r), 
i=1,...,n are £-Jacobian fields along y, we have 


= Wie (¥i, Yj) + (Vx¥i,¥j) + (Vi, Vx¥j) 


= 2Ric (¥;, Y;) + (vs (572) x) + (¥,¥y, (74) 


1 
= 2Ric (Yi, Y;) + —=Hessz(Y¥j, Yj) 
i 
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and then by (3.2.9), 


1 1 
2Ric (Yj, Yj) + —=Hessz, (Yi, Yj) = =ois, at T=7. 
VT 
Therefore the equality in (3.2.10) holds everywhere if and only if we are on 
a gradient shrinking soliton with 


1 
Rij + = eVINGL = 595s. 


F 





In summary, from pa pide and Corollary 3.2.4, we have 
= = 2/7R- x, 


ee = 
VL? = a eK 


AL < -2V7R+ 2 — 


in the sense of distributions. 
Now the Li-Yau-Perelman distance | = /(q,7) is defined by 


l(q,7) = L(q,7)/2V7. 


We thus have the following 


a> 


Lemma 3.2.5 (Perelman [107]). For the Li-Yau-Perelman distance 
l(q,7) defined above, we have 





ol l 1 
l 1 
2 = >—-— 
(3.2.12) |Vi|j° =—-R = 7 ppk, 
n 1 
2d Al < -R+—- — 
a S—A+ oo 572 


in the sense of distributions. Moreover, the equality in (3.2.13) holds if and 
only if we are on a gradient shrinking soliton. 


As the first consequence, we derive the following upper bound on the 
minimum of [(-,7) for every 7 which will be useful in proving the no local 
collapsing theorem in the next section. 


Corollary 3.2.6 (Perelman [107]). Let gij(T), T > 0, be a family of 
metrics evolving by the Ricci flow 295 = 2Ri; on a compact n-dimensional 
manifold M. Fix a point p in M and let I(q,7) be the Li-Yau-Perelman 
distance from (p,0). Then for all rT, 


min{l(q,7) | qe M}< 


nls 
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Proof. Let 
L(q,7) = 4r1(q,7). 
Then, it follows from (3.2.11) and (3.2.13) that 


OL 2K 
= 4p 4 SS 
Or cet fT’ 
and oe 
AL < —4 R424 = —_, 
VT 
Hence _ 
oF AE = Ore. 
OT 7 
Thus, by a standard maximum principle argument, min{ L(q,7) — 2nt| q € 
M} is nonincreasing and therefore min{L(q,7)| ¢ © M} < 2nr. O 





As another consequence of Lemma 3.2.5, we obtain 


i 
O Aaya Re So. 
OT QF 


or equivalently 


(+ —A+ R) ((4n7)- exp(-l)) <0. 


If M is compact, we define Perelman’s reduced volume by 


V(r) = [err exp(—I(q,7))4V;(@), 


where dV, denotes the volume element with respect to the metric gj;(T). 
Note that Perelman’s reduced volume resembles the expression in Huisken’s 
monotonicity formula for the mean curvature flow [74]. It follows, from the 
above computation, that 


d seal . 
sf (arty expla.) evel) 


= ia [e(uary exp(—I(q,7))) + R(4n7)~? exp(—I(q,7))| dVz(q) 


< | A((4n7)~? exp(—I(q, 7)))dVz(q) 
M 
2, 


This says that if M is compact, then Perelman’s reduced volume V(r) is 
nonincreasing in 7; moreover, the monotonicity is strict unless we are on a 
gradient shrinking soliton. 


In order to define and to obtain the monotonicity of Perelman’s reduced 
volume for a complete noncompact manifold, we need to formulate the mono- 
tonicity of Perelman’s reduced volume in a local version. This local version 
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is very important and will play a crucial role in the analysis of the Ricci flow 
with surgery in Chapter 7. 


We define the £-exponential map (with parameter 7) Lexp(7T) : 
T,M — M as follows: for any X € T,M, we set 


Lexpx(T) = (7) 


where 7(T) is the L-geodesic, starting at p and having X as the limit of 
V/Ty(T) as tT + OF. The associated Jacobian of the £-exponential map 
is called £-Jacobian. We denote by 7(7) the £-Jacobian of Lexp(r) : 
T,M — M. We can now deduce an estimate for the £-Jacobian as follows. 

Let g = Lexpx(T) and y(7), 7 € [0,7], be the shortest £-geodesic 
connecting p and q with \/r}(r) — X as 7 — O°. For any vector v € T,M, 
we consider the family of £-geodesics: 


Ye(T) = £exprxasyj(7), OSTA T, s€{—€€): 


The associated variation vector field V(r), 0 < 7 <7, is an £-Jacobian field 


with V(0) = 0 and V(r) = (Lexpx(T))«(v). 
Let v1,...,Un be n linearly independent vectors in T,M. Then 


Ve) = (Cexpy lr es. CST 2 eeg 


are n £-Jacobian fields along y(r), 7 € [0,7]. The £-Jacobian 7(rT) is given 
by 


I(T) =|Vi(r) A+ AVa(T)lgi5(r)/ le PI Onl 


Now for fixed b € (0,7), we can choose linearly independent vectors 
U1,+++,Un € TpM such that (V;i(b), Vj(b))9,;(6) = 4ij- We compute 


d 9 
aw 
Tene ee A Ric (Vj,*) Ae A Vay Vi AeA Va) ga: 
At r=), 
do 2 n . 
ae Ve TA ae eV Vida + Ric (Vj, V;)). 
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Thus, 
d ~ , 
23 Vv; (= VE). 4) +r. 15) 
j=l (( vb gig (0) 


Hess,(V;,V;) ] +R 
=sG 2 L(Vj, Vj) 


= Ay +R. 
2Vb 


Therefore, in view of Corollary 3.2.4, we obtain the following estimate for 
£-Jacobian: 


d = 
(3.2.14) Gp ee I(T) S oe - sank on [0,7]. 


On the other hand, by the definition of the Li-Yau-Perelman distance and 
(3.2.4), we have 


d 1 1 od 
1 1 


“7ae 
Here and in the following we denote by I(r) = I(y(7T),7). Now the com- 


bination of (3.2.14) and (3.2.15) implies the following important Jacobian 
comparison theorem of Perelman [107]. 


Theorem 3.2.7 (Perelman’s Jacobian comparison theorem). Let j;(T) 
be a family of complete solutions to the Ricci flow 29% = 2Rjj on a manifold 
M with bounded curvature. Let y : [0,7] — M be a shortest L-geodesic 
starting from a fixed point p. Then Perelman’s reduced volume element 


(4nr)~? exp(—l(r))F(r) 
is nonincreasing in T along ¥y. 


We now show how to integrate Perelman’s reduced volume element over 
T,M to deduce the following monotonicity result of Perelman [107]. 


Theorem 3.2.8 (Monotonicity of Perelman’s reduced volume). Let gj; 
be a family of complete metrics evolving by the Ricci flow 29%; = 2Rj; on 
a manifold M with bounded curvature. Fix a point p in M and let I(q,7) be 
the reduced distance from (p,0). Then 
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(i) Perelman’s reduced volume 


V(r) = [ort exp(—l(q,7))dV;-(q) 


is finite and nonincreasing in T; 
(ii) the monotonicity is strict unless we are on a gradient shrinking 
soliton. 


Proof. For any v € T,M we can find an £L-geodesic y(T), starting at p, 
with lim, J/7y(T) =v. Recall that +(7) satisfies the £-geodesic equation 
T0 


. 1 1. ee 
V(r) VT) Zz gVR + eet) + 2Ric (¥(7), ‘) = 0. 
Multiplying this equation by \/7, we get 


(3.2.16) <(W7¥) ~ 5VIVR + 2Ric (\/7¥(r7),-) = 0. 


Since the curvature of the metric gi;(7) is bounded, it follows from Shi’s 
derivative estimate (Theorem 1.4.1) that |VR| is also bounded for small 
T > 0. Thus by integrating (3.2.16), we have 


(3.2.17) lV74(7) — o| < Cr(\v| +1) 


for 7 small enough and for some positive constant C’ depending only the 
curvature bound. 
Let v1,...,Un be n linearly independent vectors in TM and let 


Vila) = (Lexpy(7))o(0s) = Lleol xterm, T= yan. 
The £-Jacobian 7 (rT) is given by 
F(T) =|Vi(T) A A Valais /lOr A A On| 
By (3.2.17), we see that 
VFLLexP 400) (7) ~ (0+ 90%)| < Cr(l0] + lei] +1) 
for T small enough and all s € (—e,€) (for some € > 0 small) andi = 1,...,n. 


This implies that 
lim VtV;(T) = Veal ey, 


tT 0+ 


so we deduce that 


(3.2.18) lim +7? J(r) =1. 


TOF 


Meanwhile, by using (3.2.17), we have 


lor) = 55 [vee + er)P ar 


— |v\? ast — OF. 
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Thus 
(3.2.19) 1(0) = |v|?. 
Combining (3.2.18) and (3.2.19) with Theorem 3.2.7, we get 


V(r) = ff (aer)F exp(—lla.r))aV-(a) 


< [dar Fem) I)Ieaot 


= (any f exp(—|v|?)du 
R” 
< +00. 


This proves that Perelman’s reduced volume is always finite and hence well 
defined. Now the monotonicity assertion in (i) follows directly from Theorem 
3.2.7. 

For the assertion (ii), we note that the equality in (3.2.13) holds every- 
where when the monotonicity of Perelman’s reduced volume is not strict. 
Therefore we have completed the proof of the theorem. 














3.3. No Local Collapsing Theorem I 


In this section we apply the monotonicity of Perelman’s reduced volume 
in Theorem 3.2.8 to prove Perelman’s no local collapsing theorem I(cf. 
section 7.3 and section 4 of [107]), which is extremely important not only 
because it gives a local injectivity radius estimate in terms of local curvature 
bound but also it will survive the surgeries in Chapter 7. 


Definition 3.3.1. Let «, r be two positive constants and let gj;(t),0 < 
t < T, be a solution to the Ricci flow on an n-dimensional manifold MM. We 
call the solution g;;(t) K-noncollapsed at (xo, to) € M x [0,7) on the scale 
r if it satisfies the following property: whenever 


|Rm|(a,t) <r~? 
for all  € By, (xo,r) and t € [to — r?, to], we have 
Vole, (Big (@a5%)) 2 Kr. 
Here B;,, (0,1) is the geodesic ball centered at x9 € M and of radius r with 


respect to the metric gj; (to). 


Now we are ready to state the no local collapsing theorem I of 
Perelman [107]. 


Theorem 3.3.2 (No local collapsing theorem I). Given any metric gj; 
on an n-dimensional compact manifold M. Let gi;(t) be the solution to the 
Ricci flow on [0,T), with T < +00, starting at gj. Then there exist positive 
constants « and po such that for any to € [0,T) and any point xo € M, the 
solution gi; (t) is K-noncollapsed at (x9,to) on all scales less than po. 
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Proof. We argue by contradiction. Suppose that there are sequences 
pr €& M, ty € [0,T) and rz, — 0 such that 
(3.3.1) |Rm|(a,t) <r;? 
for x € By = Bi, (pe, rp) and ty — i <t< ty, but 


(3:3.2) e, = 7, Volz, (By)* —0 ask— ov. 


Without loss of generality, we may assume that t, — T’ as k — +00. 
Let T(t) = t, —t, p = py and 


Vet) = few exp(—I(q, 7))dVi, (4); 


where I(q,7) is the Li-Yau-Perelman distance with respect to p = px. 
Step 1. We first want to show that for k large enough, 
Ve(eRrZ) < Qe? 
For any v € T,M we can find an L-geodesic y(7) starting at p with 
Tim J/Ty(T) =v. Recall that (7) satisfies the equation (3.2.16). It follows 


from assumption (3.3.1) and Shi’s local derivative estimate (Theorem 1.4.2) 
that |VR| has a bound in the order of 1/r} for t € [ty — exr?, tx]. Thus by 
integrating (3.2.16) we see that for rT < ExT? satisfying the property that 
y(o) € Br as long as 0 <7, there holds 


(3.3.3) IV74¥(r) — v| < Cex(lv| + 1) 


where C is some positive constant depending only on the dimension. Here we 
have implicitly used the fact that the metric g;;(t) is equivalent for « € By 





and t € [ty — exrzZ,tx]. In fact since gis = —2R,; and |Rm| < ti on 
Br x [tk - re til; we have 


(3.3.4) e*** gi5(x, te) < giz(a, t) < €*** gis (ar, te), 
for c € By and t € [t, — eer? tel. 
ai 
Suppose v € T,M with |v| < + 2 Let 7 < e,rZ such that 7(c) € B;, as 
long as 0 <7, where ¥ is the £-geodesic starting at p with lim, J/Ty(T) = 
Then, by (3.3.3) and (3.3.4), for & large enough, 


dt, ( Pk, 7 oa Vo 7) lois (t,) a 
" do 
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This shows that for k large enough, 


(33-0) L EXP pyc te-/2y (ERE) C-By = Biz (Des Tk): 


We now estimate the integral of Vi(e,r2) as follows, 


(3.3.6) 
Valeur) = ff (arrenr§)~3 exp(—U(a. cnr) )dV,, cya 
= / (Amegr?)~# exp(—(a,exr2)) AV, —eyr9(@) 
LewP ic dert/2y (cnr) 
+ / (4rexr2)-# exp(—U(4, €472)) Vi, —eyr2 (4): 
M\L OP yc hert/2y (PE) 


We observe that for each q € Bx, 


3 


exrz 
L(q, €nrz) = | Vr(R+ |? )dr > —C(n)rz?(egr2)? = —C(n)e? re, 


hence I(q, xr?) > —C(n)ez. Thus, the first term on the RHS of (3.3.6) can 
be estimated by 


k 


(3.3.7) ‘| (4reprz)~? exp(—l(q, ERT EW, — egr? (q) 


Le ey r2 
*P iyic der 1/2, (€ ra) 


a ertk [rer exp(—I(q, enrz))dVi, (q) 
Br 


< ee (dn)- 3 - CMe. . (r=”Voly, (By) 


= elP+C(M) ek (4-3 - ef, 


where we have also used (3.3.5) and (3.3.4). 
Meanwhile, by using (3.2.18), (3.2.19) and the Jacobian Comparison 
Theorem 3.2.7, the second term on the RHS of (3.3.6) can be estimated as 
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follows 
(3.3.8) / (4meqr2) 2 exp(—U(q, exr))dV a, -eyr2(4) 
M\L exp a (expr?) 
{wisher 2} ee 


< ff (anny Fexp(-I(7)) F(7)|ra0de 
{lul>dez 2} 
= (4) 2 / exp(—|v|?)du 


<i 
{lul>Fe, 7} 
< ef 
for k sufficiently large. Combining (3.3.6)-(3.3.8), we finish the proof of Step 
1. 


Step 2. We next want to show 
Viltn) = (arts) # ff exp(—lla.tn))aVila) > C 


for all k, where C’ is some positive constant independent of k. 

It suffices to show the Li-Yau-Perelman distance [(-,t,) is uniformly 
bounded from above on M. By Corollary 3.2.6 we know that the minimum 
of I(-,7) does not exceed § for each tT > 0. Choose gq, € M such that 
the minimum of I(-,t, — z) is attained at q,. We now construct a path 
7: [0,t,] - M connecting p; to any given point g € M as follows: the first 


half path Vo tp) Connects pr to qr so that 
? 2 


T 1 
(ate — =) = 
2y/t. — 4 


[oo vrR+hOPar st 
0 





and the second half path cies te] is a shortest geodesic connecting gz to 
2 > 
q with respect to the initial metric g;;(0). Then, for any g €¢ M”, 
1 


2Vtk 





A 
—_ 
Fo 
o 
= 
| 
vIN 
+4 
s— 
| > 
NN 
q 
a) 
+4 
= 
aus 
ey 
Q. 
4 





IA 
no 
2 
aN 
3 
= 
| 
mly 
+ 
s— 
4 
Q 
a 
+ 
a 
ae 
eS 
Q 
4 
Ne 


<C 


for some constant C' > 0, since all geometric quantities in gj; are uniformly 
bounded when t € (0, 7] (or equivalently, 7 € [t, — z, ty]). 
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Combining Step 1 with Step 2, and using the monotonicity of V;,(r), we 
get 
C< Vi (th) < Vie (enn?) < 2e7 — 0 
as k > co. This gives the desired contradiction. Therefore we have proved 
the theorem. Oo 





The above no local collapsing theorem I says that if |Rm| < r~? on the 
parabolic ball {(a,t) | dig(a, 20) <r, to —r? <t < to}, then the volume of 
the geodesic ball B;,(xo,r) (with respect to the metric gj;(to)) is bounded 
from below by «r”. In [107], Perelman used the monotonicity of the W- 
functional (defined by (1.5.9)) to obtain a stronger version of the no local 
collapsing theorem, where the curvature bound assumption on the parabolic 
ball is replaced by that on the geodesic ball B;,(%o,1r). The following result, 
called no local collapsing theorem I’, gives a further extension where 
the bound on the curvature tensor is replaced by the bound on the scalar 
curvature only. 


Theorem 3.3.3 (No local collapsing theorem I’). Suppose M is a com- 
pact Riemannian manifold, and gij(t), 0 < t < T < +00, is a solution to 
the Ricci flow. Then there exists a positive constant « depending only the 
initial metric and T such that for any (%o,to) € M x (0,T) if 


R(x, to) ay", Vane Bi lta?) 
withO<r< vf, then we have 
Volto (Bio (%0,7)) = Kr”. 


Proof. We will prove the assertion 
(«)a Volto (Big (to, a)) > Ka” 
for all0 <a<vpr. Recall that 


M(gij,7) = int | Way. 407) | [ Gary tetav — i} 


Set 


Lo = L(gij(0), 7) > —ov. 


= inf 
0<7<2T 
By Corollary 1.5.9, we have 
(3.3.9) L(gig (to), b) = w(gij (0), to + 8) 
= bo 
for 0 <b<_r?. Let 0 < ¢ < 1 bea positive smooth function on R where 


C¢(s) = 1 for |s| < 4, |¢/|?/¢ < 20 everywhere, and ¢(s) is very close to zero 
for |s| > 1. Define a function f on M by 


(Amr?) Fe-F@) = e-(Arr?)-F¢ (2) 


r 
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where the constant c is chosen so that fyp(4nr?)~ 2 eS dVig = 1. Then it 
follows from (3.3.9) that 


(3.3.10) W(gij(to), f.7?) = [beaver +R) + f —n)(Anr?)~2e-FdVig 


= Ho. 


1 = f (amr?) Bem“ (=) dV, 


= | (4rr?)~ 2e~°dV,, 
Big (x0,5) 


Note that 


= (4nr?)—2 e~°Vol 4, (Bi (xo, =)) . 


By combining with (3.3.10) and the scalar curvature bound, we have 
(CP —c 2\—= 
c> i —log¢-¢] & °(4ar*) 2dV,, + (n- 1) + po 
M 
> —2(20 + e~!)e~°(4rr?)~ 2 Vol 4, (Big (0,7) + (n — 1) + wo 
—1) Volto (Bio (#0,)) 
Vol t9 (Bio (#0, 5)) 








> —2(20 + +(n-—1)+ po, 


where we used the fact that ¢(s) is very close to zero for |s| > 1. Note also 
that 


2 | e~°(4mr?)— 2 dV, > | (4rr7)- FeF dV, = 
Big (0,7) M 
Let us set 
* 1 —1l)\9-n 1 
K= min) 5 exp(—2(20 + e*)3-" + (n— 1) + 0), on 


where a,, is the volume of the unit ball in R”. Then we obtain 


Ns 


Voli, (Bip (x0,7)) = —e°(4nr7) 


IV 
Nl Nwle 


= (4a)? exp(—2(20 + e~!)3-” + (n — 1) + pg) -r” 


ake 


IV 
ax 


provided Voli (Bt (20, 5)) = 37" V ole, (Bi, (20,7)). 
Note that the above argument also works for any smaller radius a < r. 
Thus we have proved the following assertion: 


(3.3.11) Voli, (Bip (xo, @)) > Ka” 
whenever a € (0,7r] and Voli (Big (xo, $)) = 37" Voli, (Big (20, @)). 
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Now we argue by contradiction to prove the assertion (*), for any a € 
(0,r]. Suppose (*)q fails for some a € (0,r]. Then by (3.3.11) we have 


a —n 
Vol to (Big (Xo, 5) < 3° "Vol to (Big (Zo, @)) 
< 3°" Ka” 
a n 
~ ) 


This says that (*)2 would also fail. By induction, we deduce that 


i: 
2 





: 2) feral es 
Vol ¢, (Bro (xo, =)) <K (=) or all k > 1. 
This is a contradiction since jim Vol to (Big (xo, <)) 7d ()" = An. O 
— 00 


3.4. No Local Collapsing Theorem IT 


By inspecting the arguments in the previous section, one can see that if 
the injectivity radius of the initial metric is uniformly bounded from below, 
then the no local collapsing theorem I of Perelman also holds for complete 
solutions with bounded curvature on a complete noncompact manifold. In 
this section we will use a cut-off argument to extend the no local collapsing 
theorem to any complete solution with bounded curvature. In some sense, 
the second no local collapsing theorem of Perelman gives a good rela- 
tive estimate of the volume element for the Ricci flow. 

We first need the following useful lemma which contains two assertions. 
The first one is a parabolic version of the Laplacian comparison theorem 
(where the curvature sign restriction in the ordinary Laplacian comparison 
is essentially removed in the Ricci flow). The second one is a generalization 
of a result of Hamilton (Theorem 17.2 in [65]), where it was derived by an 
integral version of Bonnet-Myers’ theorem. 


Lemma 3.4.1 (Perelman ). Let gij(x,t) be a solution to the Ricci 
flow on an n-dimensional manifold M and denote by d:(x,xo) the distance 
between x and x9 with respect to the metric gi;(t). 

(i) Suppose Ric(-,to) < (n-—1)K on B,(%0,r0) for some xo € M 
and some positive constants K andro. Then the distance function 
d(x,t) = d(x,x0) satisfies, at t = to and outside Bi(xo, 10), the 
differential inequality: 


ot 


(ii) Suppose Ric (-,to) < (n—1)K on Bi (x0, 70) U Big (x1, 170) for some 
x9,t1 € M and some positive constants K andro. Then, at t = to, 


d 2 a 
it (Zo, 21) > —2(n — 1) (Far +r ‘) . 


2 7 AGs —(n—-1) (Far +75") é 
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Proof. Let y : [0,d(x,to)] — M be a shortest normal geodesic from xo 
to x with respect to the metric gi;(to). As usual, we may assume that x and 
xo are not conjugate to each other in the metric g;;(to), otherwise we can un- 
derstand the differential inequality in the barrier sense. Let X = 7(0) and let 
{X,€1,-..,€n—1} be an orthonormal basis of T),, 1. Extend this basis par- 
allel along y to form a parallel orthonormal basis {X(s),e1(s),...,é€n—1(s)} 
along ¥. 


(i) Let X;(s), 7 =1,...,2—1, be the Jacobian fields along y such that 
X;(0) = 0 and X;(d(z,to)) = e;(d(x,to)) for i = 1,...,n —1. Then it is 
well-known that (see for example {116}) 


n-1 d( 
Adiy (x, Xo) = >| 
i=1 79 


(in Proposition 3.2.3 we actually did this for the more complicated L- 
distance function). 
Define vector fields Y;, «= 1,...,n—1, along ¥ as follows: 


(s) = [BCS if 8 € [0,70], 
Y;(s) ee if s € [ro, d(x, to)]. 


x,to 


o_ 
(|X;|? — R(X, X;, X, X;))ds 


which have the same value as the corresponding Jacobian fields X;(s) at the 
two end points of 7. Then by using the standard index comparison theorem 
(see for example [23]) we have 


x,to) 


n-1  pd( ; 
Adi) (x, £0) = ~ (GF ROG ide 
i=1 °° 


x,to) 


n-1 d( : 
<S- (|¥il? — R(X, ¥;, X, Yi))ds 
i=1 79 


TO 1 d(x,to) 
=| “y(n —1— Rie (X,X))ds + [ (—Ric (X, X))ds 
0 


2 
TO 


— ~ ows. +f (“5 ai (1-5) Rie (X,X)) ds 
< ~ f Rie) + (mH (Far +75), 


On the other hand, 


0 fa) d(a,to) — 
By tle 20) = af V 95 X' XI ds 


= ~ | Ric (X, X)ds. 
: 





Hence we obtain the desired differential inequality. 
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(ii) The proof is divided into three cases. 
Case (1): dt, (#0, 21) > 2ro. 
Define vector fields Y;, 7 =1,...,n—1, along ¥ as follows: 
weils), if s € [0,70], 

if s € [ro, d(x1, to)], 
d(x1,to)—s _ 


—ei(s), if s € [d(x1, to) — ro, d(21, to)). 
Then by the second variation formula, we have 


n-1 


d(x1,to) n—-1 d(x1,to) 
er R(X, Yi, X, Yi)ds < a 
i-1 79 i-1 79 


lY;|?ds, 
which implies 
TO 82 d(x,to)—To 
| —5Ric (x.xX)ds + | Ric (X, X)ds 
0 19 ro 
+ es a a *) “Ric ane ese= 
d(x1,to)—ro TO - TO 
Thus 


= re i a 7 ) Rio(% as = 2 Y 
d(x1,to)—ro TO 


TO 
2 -1 
> —2(n — 1) giro + To . 








Case (2): TE < dito (0,1) < 2ro. 
In this case, letting rj = — and applying case (1) with rp replaced by 
V3" 
T1, we get 


at (di(xo, £1)) > —2(n — 1) (FKn ze vt) 


2 
> —2(n — 1) (Far + ra’) : 


Case (3): dtg(o, 71) < min {4 \ 


es 2ro 
732 
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In this case, 





d(x1,to) 9 
i Ric (X, X)ds < (n-1)K = (n-1)V6K, 
0 2k 
3 


and 


2 32 
2(n — 1) (Fxr +75") > (n—1) a. 


This proves the lemma. O 





The following result, called the no local collapsing theorem IT, was 
obtained by Perelman in [107]. 


Theorem 3.4.2 (No local collapsing theorem II). For any A > 0 there 
exists K = K(A) > 0 with the following property: if gij(t) is a complete 
solution to the Ricci flow on0 <t < r2 with bounded curvature and satifying 


|Rm|(a,t) < ae on Bo(xo0,T0) X (0, r2] 
and 
Vol 9(Bo(xo,70)) = A7*rG, 
2 


then gi;(t) is K-noncollapsed on all scales less than ro at every point (x,76) 
with d,,2 (x, 20) < Aro. 


Proof. From the evolution equation of the Ricci flow, we know that the 
metrics gj;(-,t) are equivalent to each other on Bo(xo,70) x [0,7]. Thus, 
without loss of generality, we may assume that the curvature of the solution 
is uniformly bounded for all t € [0,72] and all points in B;(xo,7r0). Fix a 
point (z,r2) € M x {r2}. By scaling we may assume r9 = 1. We may 
also assume dj(x,x9) = A. Let p = x, T = 1—t, and consider Perelman’s 
reduced volume 


V(7) = [ Gary? exp(—I(q, 7) )dVi-z(@), 


where 

1 T 
l(q,7) = inf ¢ —— R+|4/?)d : [0,7] — M 
(a7) =int | ef vte + H5Par | 7 (07 


with (0) =p, (7) = a} 


is the Li-Yau-Perelman distance. We argue by contradiction. Suppose for 
some 0 < r < 1 we have 

|Rm|(y,t) <r? 
whenever y € Bi(r,r) and 1—r? <t <1, but e = r— Vol 1(Bi(2,r))* is 
very small. Then arguing as in the proof of the no local collapsing theorem 
I (Theorem 3.3.2), we see that Perelman’s reduced volume 


Ver?) < 2€2 
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On the other hand, from the monotonicity of Perelman’s reduced volume we 
have 


(4n)-# a exp(—I(q, 1))dVo(q) = V(1) < V(er?). 


Thus once we bound the function I(q,1) over Bo(xo, 1) from above, we will 
get the desired contradiction and will prove the theorem. 

For any gq € Bo(xo, 1), exactly as in the proof of the no local collapsing 
theorem I, we choose a path y : [0,1] — M with 7(0) = 2, y(1) = 4q, 
(5) =ye Bi (20, it) and y(r) € By_,(zo, 1) for 7 € [4,1] such that 


LVI (0,2)) = me (v. 5) (- L (u. 5)) 


Now L( ile = fiv7 ) lar) + \¥(r Te g(a—n) a7 is bounded from 


above by a ae ek since all geometric quantities in g;; are uni- 
formly bounded on {(y,¢) | t € [0,1/2],y € B:(xo, 1)} (where t € [0, 1/2] is 
equivalent to 7 € [1/2, 1]). ne all me need is to estimate the minimum of 
l(-, 4), or equivalently L(-,5) = 451(-, 5), in the ball Bi (xo, wh): 


Recall that L satisfies the differential inequality 


(3.4.1) 2 + AL < 2n. 


We will use this in a maximum principle argument. Let us define 
A(y,t) = o(d(y, t) — A(2¢ — 1)) - (L(y, 1—t) + 2n +1) 


where d(y,t) = d:(y, vo), and ¢ is a function of one variable, equal to 1 on 

(—co, au) and rapidly increasing to infinity on (a; it) in such a way that: 
(¢')? MW / 

(3.4.2) oe (2A + 100n)¢" — C(A)o 

for some constant C'(A) < +00. The existence of such a function ¢ can 

be justified as follows: put v = e then the condition (3.4.2) for ¢ can be 

written as 


3u? — v! > (24 + 100n)u — C(A) 


which can be solved for v. 
Since the scalar curvature R evolves by 


OR 
Ot 


we can apply the maximum principle as in eee 2 to deduce 


— AR+2|Rc|? > AR+ “Re, 


Fiat). -= for t € (0,1] and ze M. 
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Thus for 7 = 1—¢ € [0,5], 
L(-,7) = 2vF | Va(R+ |yP)ar 
0 


set fa atts) 


> WF / * VF(-n)dr 


> -2n. 


That is 
5 1 
(3.4.3) £(,1-t#)+2n+12>1, forte E 1 : 
. 1 . ° 1 
Clearly ae h(y, 5) is achieved by some y € Bi (xo, zg) and 


(3.4.4) min h(y, 1) < h(#,1) = 2n +1. 
yEeM 


We compute 


(3-8) 


= a) 6: (y,1—t)+2n+4+1) 
Q: 


(L 
-a) L(y,1—t) — 2(V¢, VE(y,1—t)) 





d 2A etivar) -(L+2n+1) 


| 
= 


od: -A)i EL —2(V¢, VL) 





a) IY oe 
i * 4), 2A ot) +a) 
— 2nd — 2(V¢, VL) 


by using (3.4.1). At a minimizing point of h we have 


Wis, N= 
@ (L+2n+1) 
Hence 
—2(V¢, VL) = 2! gE 42m +1)= oF (E+ an +1), 
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Then at the minimizing point of h, we compute 
0 0 . 
—-Ajh> Pl aes hd OA. ").(b+2 1 
fa Gat) 8 2a] ae) eae 


1) 2 
= ang +2 (E+ 2m 41) 


= (# (+ A) d 2Al or) -(E+2n+4+1) 
ey 








— 2nh +2 (L+2n+1) 





for t € [5,1] and 
Al 0: 
Let us denote by hmin(t) = min h(y,t). By applying Lemma 3.4.1(i) to the 
ye 
set where ¢/ 4 0, we further obtain 
ae 0 oP) 
Ghimin = (E+ 2n +1) - }o"(—100n — 2A) ~ 9" 4 2] = 2rhin 





1 
>—(2n+C(A))hmin, for t € [5-H 


This implies that hmin(t) cannot decrease too fast. By combining (3.4.3) 
and (3.4.4) we get the required estimate for the minimum L/(-, 3) in the ball 
Bi (20, ah): 


Therefore we have completed the proof of the theorem. 0 
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Chapter 4. Formation of Singularities 


Let gij(z,t) be a solution to the Ricci flow on M x [0,7) and suppose 
(0,7), T < ov, is the maximal time interval. If T < +00, then the short 
time existence theorems in Section 1.2 tells us the curvature of the solution 
becomes unbounded as t > T (cf. Theorem 8.1 of [65]). We then say the 
solution develops a singularity ast — T. As in the minimal surface theory 
and harmonic map theory, one usually tries to understand the structure of a 
singularity of the Ricci flow by rescaling the solution (or blow up) to obtain 
a sequence of solutions to the Ricci flow with uniformly bounded curvature 
on compact subsets and looking at its limit. 

The main purpose of this chapter is to present the convergence theorem 
of Hamilton for a sequence of solutions to the Ricci flow with uniform 
bounded curvature on compact subsets, and to use the convergence theorem 
to give a rough classification in for singularities of solutions to the Ricci 
flow. Further studies on the structures of singularities of the Ricci flow will 
be given in Chapter 6 and 7. 


4.1. Cheeger Type Compactness 


In this section, we establish Hamilton’s compactness theorem (Theorem 
4.1.5) for solutions to the Ricci flow. The presentation is based on Hamilton 
G4). 

We begin with the concept of Cr’, convergence of tensors on a given man- 
ifold M. Let T; be a sequence of tensors on M. We say that JT; converges 
to a tensor T in the CP’. topology if we can find a covering {(Us, Ys) }, 
ys : Us — R”, of C™ coordinate charts so that for every compact set 
K CM, the components of T; converge in the C™® topology to the compo- 
nents of TJ in the intersections of K with these coordinate charts, considered 
as functions on y;(U,;) C R”. Consider a Riemannian manifold (M,g). A 
marking on M is a choice of a point p € M which we call the origin. We 
will refer to such a triple (IV, g,p) as a marked Riemannian manifold. 


Definition 4.1.1. Let (Mx, 9x, px%) be a sequence of marked complete 
Riemannian manifolds, with metrics g, and marked points p, € Myx. Let 
B(pr, sp) C My denote the geodesic ball centered at pp € My and of ra- 
dius sz (0 < sp < +00). We say a sequence of marked geodesic balls 
(B(pk, 8k), 9k» Pk) With sp — S5(< +00) converges in the CP’. topology 
to a marked (maybe noncomplete) manifold (Boo, goo, Poo), which is an 
open geodesic ball centered at px. € Boo and of radius s., with respect to 
the metric goo, if we can find a sequence of exhausting open sets U, in By 
containing po, and a sequence of diffeomorphisms f;, of the sets Uz in Boo 
to open sets V; in B(pr, sp) C My mapping poo to pz such that the pull- 
back metrics gx, = (fx)*gx converge in C® topology to goo on every compact 
subset of Boo. 
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We remark that this concept of Cpv.-convergence of a sequence of marked 
manifolds (Mz, 9x, Pr) is not the same as that of C?°-convergence of metric 
tensors on a given manifold, even when we are considering the sequence of 
Riemannian metric g, on the same space M. This is because one can have 
a sequence of diffeomorphisms f;, : M — M such that (fx)*g_ converges in 
CR. topology while g;, itself does not converge. 

There have been a lot of work in Riemannian geometry on the conver- 
gence of a sequence of compact manifolds with bounded curvature, diame- 
ter and injectivity radius (see for example Gromov [55], Peters [110], and 
Greene and Wu [53]). The following theorem, which is a slight generaliza- 
tion of Hamilton’s convergence theorem [64], modifies these results in three 
aspects: the first one is to allow noncompact limits and then to avoid any 
diameter bound; the second one is to avoid having to assume a uniform lower 
bound for the injectivity radius over the whole manifold, a hypothesis which 
is much harder to satisfy in applications; the last one is to avoid a uniform 
curvature bound over the whole manifold so that we can take a local limit. 


Theorem 4.1.2 (Hamilton [64]). Let (Mx, gx, pp) be a sequence of 
marked complete Riemannian manifolds of dimension n. Consider a se- 
quence of geodesic balls B(px,s~) C My of radius sz, (0 < sp < oo), with 
Sk — So0(< co), around the base point py of My in the metric gz. Suppose 

(a) for every radius r < S54. and every integer 1 > 0 there exists a con- 
stant B,, independent of k, and positive integer k(r,l) < +oo such 
that ask > k(r,l), the curvature tensors Rm(gz,) of the metrics gy, 
and their 1 covariant derivatives satisfy the bounds 

|V'Rm(9x)| < Bir 
on the balls B(py,r) of radius r around p, in the metrics gy; and 
there exists a constant 6 > 0 independent of k such that the in- 
jectivity radii inj(M;,, pp) of My at pp in the metric gy, satisfy the 
bound 


e 
~ 


inj (Mz, pe) = 6. 
Then there exists a subsequence of the marked geodesic balls (B(pr, Sk), 9k; 
Pr) which converges to a marked geodesic ball (B(pPoo, 800); Joo: Poo) in CR. 
topology. Moreover the limit is complete if 85, = +00. 


Proof. In (see also Theorem 16.1 of [65]), Hamilton proved the 
above convergence theorem for the case 84, = +oo. Thus it remains to 
prove the case of 54, < +00. Our proof here follows, with some slight mod- 
ifications, the argument of Hamilton [64]. In fact, except Step 1, the proof 
is essentially taken from Hamilton [64]. Suppose we are given a sequence 
of geodesic balls (B(px, 8%), 9k; Pk) C (Mk, 9k, Pr), With 8% — So0(< +00), 
satisfying the assumptions of Theorem 4.1.2. We will split the proof into 
three steps. 


Step 1: Picking the subsequence. 
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By the local injectivity radius estimate (4.2.2) in Corollary 4.2.3 of the 
next section, we can find a positive decreasing C! function p(r), 0 <r < 850, 
independent of & such that 


(4.1.1) p(r) < alto —r), 
(4.1.2) 0>p(r)= a 


and a sequence of positive constants ez, — 0 so that the injectivity radius 
at any point x € B(pz, s,) with rg = dz(x, De) < Soo — Ex is bounded from 
below by 


(4.1.3) inj (Mz, x) > 500p(rx(x)), 


where r;,(x) = d;,(x, pz) is the distance from x to pz in the metric gz of Mz. 
We define 
P(r) = p(r + 20p(r)), P(r) = pr + 20f(r)). 
By (4.1.2) we know that both f(r) and f(r) are nonincreasing positive func- 
tions on [0, 5o0). 
In each B(pp, Soo) we choose inductively a sequence of points x? for 


a = 0,1,2,... in the following way. First we let 22 = pz. Once x? are 
chosen for a = 0,1,2,...,0, we pick pee closest to p, so that ee = 


re(aet*) is as small as possible, subject to the requirement that the open 


ball B(a%t!, ptt!) around 2%*! of radius pzt! is disjoint from the balls 
B(a@, p%) for a = 0,1,2,...,0, where pe = (re) and re = rp(@e ) In 
particular, the open balls B(x, p%),a = 0,1,2,..., are all disjoint. We 
claim the balls B(xe, 202) cover B(pr, Soo — €~%) and moreover for any r, 
O0< Tr < 84 — €, we can find X(r) independent of k such that for k large 
enough, the geodesic balls B(x, 2%) for a < X(r) cover the ball B(p,, 7). 
To see this, let x € B(pp, 800 —€%) and let r(x) be the distance from x to 
pr and let 6 = f(r(x)). Consider those a with r@ < r(x) < 89 — ex. Then 
PS Pi. 
Now the given point x must lie in one of the balls B(x, 202): If not, we 
could choose the next point in the sequence of a? to be x instead, for since 
pe +p < 26% the ball B(a, p) would miss B(ar%, p%) with r& < r(x). But this 
is a contradiction. Moreover for any r, 0 <r < Sy —€x, using the curvature 
bound and the injectivity radius bound, each ball B(x, pr) with r? <r has 
volume at least €(r)@” where e(r) > 0 is some constant depending on r but 
independent of k. Now these balls are all disjoint and contained in the ball 
B(px, (7 + So0)/2). On the other hand, for large enough k, we can estimate 
the volume of this ball from above, again using the curvature bound, by a 


positive function of r that is independent of k. Thus there is a k/(r) > 0 
such that for each k > k’(r), there holds 


(4.1.4) Ha | re SrtA) 
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for some positive constant A(r) depending only on r, and the geodesic balls 
B(at, 2p?) for a < A(r) cover the ball B(px, 7). 
By the way, since 
re Sg tie + be 
< r= 4 tpn 5 
and by (4.1.1) 
~ 1 


—1 —1 
py. = Fp oo — Pe )s 


we get by induction 


49 1 
rp < ae. + 507% 


BONO eo Cl 49 49\o~? 
read as ae fy ee eee ee = 
< (3) t+ Pgs +(¥) ne 


So for each a, with a < A(r) (7 < S90), there holds 


a 4Q A(r) 
(4.1.5) re< (: = (5) ie 


for all k. And by passing to a subsequence (using a diagonalization argu- 
ment) we may assume that rf converges to some r® for each a. Then pz 
a 


respectively p%, p%) converges to p* = p(r®) (respectively p* = p(r), p® = 
ko Pk 


p(r*)). 


Hence for all a we can find k(a@) such that 


SP SAR < 2" 


SOS AES 26% and Sp < pf < 2p" 
whenever k > k(a). Thus for all a, 6? and p% are comparable when k is 
large enough so we can work with balls of a uniform size, and the same 
is true for pe and p%, and pf and p®. Let Be = B(x%, 4p%), then pe < 
26% and B(a%,2p%) C B(a%,4p%) = Be So for every r if we let k(r) = 
max{k(a) | a < A(r)} then when k > k(r), the balls Be for a < X(r) cover 
the ball B(pz,r) as well. Suppose that Be and Be meet for k > k(a) and 
k > k(G), and suppose re <r. Then, by the triangle inequality, we must 
have 
re <P + 46% + 468 <r? 4 96" <r? + 16,2. 

This then implies 


pe = alr) = A(rk + 20A(rk)) < plre) = wR 
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and hence 
p? < 4p. 
Therefore Be C B(«%,36/°) whenever Be and Be meet and k > max{k(a), 


k()}- 
Next we define the balls Be = B(x?,5p%) and Be = B(x, p%/2). Note 


that Be are disjoint since Be C B(xt, pe). Since BE C Be, the balls Be 
cover B(pz, 17) for a < X(r) as before. If Be and Be meet for k > k(a) and 
k > k(@) and re < rf, then by the triangle inequality we get 
ro <rP + 10p? < rb + 2082, 

and hence 

p? < 4p" 
again. Similarly, 

pe = Ary) = plrk + 20p(rk)) < plrf) = pf. 

This makes 

p? < Ap. 
Now any point in Be has distance at most 

5p + 5p" +.5p < 456% 
from 2x, so Be C B(a?,45p%). Likewise, whenever Bi and Be meet for 
k > k(a) and k > k(), any point in the larger ball Bak, 45") has distance 
at most 
5p* + 5p? + 45p" < 205p% 
from a and hence B(x, 45p°) C B(x%,205p%). Now we define B? = 
B(a?,45p") and B, = B(a~?,205p%). Then the above discussion says that 
whenever By’ and Be meet for k > k(a) and k > k(3), we have 
(4.1.6) Bec Be and Boe B,. 
Note that B, is still a nice embedded ball since, by (4.1.3), 205p% < 410p% < 
inj (My, 7@). 
We claim there exist positive numbers N(r) and k”(r) such that for any 

given a with r* <r,ask>k"(r), there holds 


(4.1.7) #{B | BEN BE # 4} < N(r). 


Indeed, if Bf meets Be then there is a positive k”(a) such that as 
k > k"(q), 


re <r& + 10pe 
<r + 20p(r) 


1 
SP (Soo —Tr), 
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where we used (4.1.2) in the third inequality. Set 
k"(r) = max{k" (a), k'(r) | a < A(r)} 
and 
Nira” (r+ 5 (820 -")) ' 


Then by combining with (4.1.4), these give the desired estimate (4.1.7) 
Next we observe that by passing to another subsequence we can guar- 
antee that for any pair a and (3 we can find a number k(a, 3) such that if 


k > k(a, 3) then either B? always meets Be or it never does. 
Hence by setting 


k(r) = max { (a8) a), (B) (r) |a@<X(r) and 


9<d(r+ Sour) \ 


we have shown the following results: for every r < 8.9, if k > k(r), we have 
(i) the ball B(pz,r) in My; is covered by the balls BP for a < A(r), 
(ii) whenever BY and Be meet for a < X(r), we have 
Be Cc Be and Be ‘es Bi, 

(iii) for each a < XA(r), there no more than N(r) balls ever meet Bf, 

and 

(iv) for any a < X(r) and any 8, either B;’ meets Be for all k > k(r) 

or none for all k > k(r). 

Now we let E*, E%, E%, and E™ be the balls of radii 4p*, 5p, 456%, and 
205p* around the origin in Euclidean space R”. At each point x? € B(px, Sz) 
we define coordinate charts H; : E® — By as the composition of a linear 
isometry of R” to the tangent space Te M;, with the exponential map EXP 0 
at x@. We also get maps H@ : B® > Be and A, ees Be in the 
same way. Note that (4.1.3) implies that these maps are all well defined. 
We denote by gy’ (and gf and gj) the pull-backs of the metric g, by Hy’ 
(and He and H i We also consider the coordinate transition functions 
gee : EP — BE and Si : B8 — E* defined by 

Jo? = (He) Ae and: Je" = (Ay) hae. 
Clearly Shae Hig = I, Moreover Jp? is an isometry from a to gp and bran 
from a to Gp. 


Now for each fixed a, the metrics gf are in geodesic coordinates and 
have their curvatures and their covariant derivatives uniformly bounded. 


Claim 1. By passing to another subsequence we can guarantee that for 
each a (and indeed all a by diagonalization) the metrics gf (or gf or gz) 


HAMILTON-PERELMAN’S PROOF 119 


converge uniformly with their derivatives to a smooth metric g® (or g® or 
Gg”) on BE” (or B or E*) which is also in geodesic coordinates. 


Look now at any pair a, for which the balls By’ and Be always meet 


for large k, and thus the maps ya (and a and ce and a) are always 
defined for large k. 


Claim 2. The isometries J," ® (and J, ° and a “ and le “) always have 
a convergent subsequence. 


So by passing to another subsequence we may assume J, B_, jap (and 
rig — JP and ha — JP and si — JP), The limit maps J : E? = 
E® and J? : E8 — E® are isometries in the limit metrics g?® and g®. 
Moreover 

Sh ieee 
We are now done picking subsequences, except we still owe the reader the 
proofs of Claim 1 and Claim 2. 


Step 2: Finding local diffeomorphisms which are approximate isometries. 

Take the subsequence (B(pz, 8%), 9%;Pr) Chosen in Step 1 above. We 
claim that for every r < Sg, and every (€1,€2,-..,€»), and for all k and 
! sufficiently large in comparison, we can find a diffeomorphism Fy, of a 
neighborhood of the ball B(pz,r) C B(pz, sz) into an open set in B(py, 57) 
which is an (€,€2,...,€») approximate isometry in the sense that 


|'V Fi V Fri _ I| <€& 


and 
|V 2 Fra| O05 sae g |V? Fyal < €p 
where V? Fy, is the p’” covariant derivative of Fy,. 

The idea (following Peters or Greene and Wu [53}) of proving the 
claim is to define the map F%, = HP o(H@)~1 (or FS, = HP 0(He@)~1, resp.) 
from By to By (or Be to By, resp.) for k and @ large compared to a so as 
to be the identity map on E° (or E%, resp.) in the coordinate charts H? 
and Hj (or Hf and H;, resp.), and then to define Fj,¢ on a neighborhood of 
B(pz,7) for k,@ > k(r) be averaging the maps rae for B< XA(r+ # (S50 —r)). 
To describe the averaging process on Bf with a < X(r) we only need to 
consider those Be which meet Bf; there are never more than N(r) of them 
and each 3 < A(r + $(So0 — r)), and they are the same for k and ¢ when 
k,@ > k(r). The averaging process is defined by taking Fy¢(x) to be the 
center of mass of the FE (2) for x € BY averaging over those 3 where BE 
meets Be using weights pe (x) defined by a partition of unity. The center of 
mass of the points y? = F 3 (a) with weights ju? is defined to be the point y 
such that 

eXPy ve =y? and > wove = 0. 
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When the points y’ are all close and the weights pi? satisfy 0 < w? < 1 then 
there will be a unique solution y close to y? which depends smoothly on the 
y? and the py? (see for the details). The point y is found by the inverse 
function theorem, which also provides bounds on all the derivatives of y as 
a function of the y? and the py’. 7 
Since Be Cc Be and BY C By, the map FE = fel ° (ae) can be 

represented in local coordinates by the map 

Pe? : BY + Ee 
defined by 

pee = i oe, 
Since yi — JP% as k — oo and i — J as > ow and J% o flo = J 
we see that the maps PY — I as k,@ — oo for each choice of a@ and [. 
The weights ue are defined in the following way. We pick for each 6 a 
smooth function ~? which equals 1 on EB? and equals 0 outside Ee . We 
then transfer 7° to a function we on M; by the coordinate map H ie (i.e. 
we = W8 o (HP)-1). Then let 


we =e / vy 
ti 


as usual. In the coordinate chart E® the function we looks like the compo- 
sition of Je “ with w%. Call this function 
Ope =P o IR”. 
Then as k — on, por — wy? where 
PP = WP o JX, 
In the coordinate chart £° the function Lp looks like 


yee = per j S~ ye 
¥ 
and ei — p°® as k — oo where 
per = yee | So. 
7 


Since the sets Be cover B(p,,7), it follows that >7, w, > 1 on this set and 
by combining with (4.1.5) and (4.1.7) there is no problem bounding all these 
functions and their derivatives. There is a small problem in that we want 
to guarantee that the averaged map still takes pz to pg. This is true at least 
for the map Pane Therefore it will suffice to guarantee that pf = 0 ina 
neighborhood of pz if a # 0. This happens if the same is true for w. If not, 
we can always replace wr by we = (1 — a?) pe which still leaves pe > sue 
or wy > $ everywhere, and this is sufficient to make ae we > ; everywhere. 
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Now in the local coordinate E% we are averaging maps lage which con- 
verge to the identity with respect to weights Ty which converge. It follows 
that the averaged map converges to the identity in these coordinates. Thus 
Fi, can be made to be an (€,€2,...,€p) approximate isometry on B(p,, 1) 
when k and @ are suitably large. At least the estimates 


'V Fre - VF pe - II <€ 


and |V?Fye| < €2,...,|V? Fre| < € on B(px,7) follow from the local coordi- 
nates. We still need to check that Fi,¢ is a diffeomorphism on a neighborhood 
of B(px,7). 


This, however, follows quickly enough from the fact that we also get a 
map Fy, on a slightly larger ball B(pp,r’) which contains the image of Fy~ on 
B(pr,7) if we take r’ = (1+ €,)r, and Fy, also satisfies the above estimates. 
Also Fye and Fo, fix the markings, so the composition Fy, o Fye satisfies the 
same sort of estimates and fixes the origin p x. 

Since the maps poe and pe converge to the identity as k,@ tend to 
infinity, Fy, o Fj,¢ must be very close to the identity on B(p;,r). It follows 
that Fye is invertible. This finishes the proof of the claim and the Step 2. 


Step 3: Constructing the limit geodesic ball (Boo, goo; Poo): 

We now know the geodesic balls (B(pz, $x), 9%;PR) are nearly isomet- 
ric for large k. We are now going to construct the limit By. For a se 
quence of positive numbers r; 7 So with each r; < s;, we choose the 
numbers (€1(1r;),.-.,€;(7j)) so small that when we choose k(r;) large in 
comparison and find the maps F)(,,),4(r;,,) Constructed above on neigh- 
borhoods of B(pgcr,;),75), in Myr) into Myir;,,) the image always lies in 
B(p(rj41))7j+1) and the composition of Fe (;),k(rj41) With Fhrj41),k(rj42) and 

- and Fip,_,),b(rs) for any s > 7 is still an (mm (r;),---,7;(7j)) isometry for 
any choice of nj(rj), say ni(rj) = 1/j for 1 < i < j. Now we simplify the 
notation by writing M; in place of Mj,,,) and Fj in place of Fyi.;) 4 
Then 


rj41)* 


Fy : B(pj,7j) > B(pj41, 7541) 
is a diffeomorphism map from B(p;,r;) into B(pj+4i,7;41), and the compo- 
sition 
yi Oe o Fy : B(pj, 3) mas B(ps, 8) 
is always an (m(r;),.--,7j(rj)) approximate isometry. 

We now construct the limit By as a topological space by identifying the 
balls B(p;,r;) with each other using the homeomorphisms F;. Given any 
two points x and y in Boo, we have x € B(p;,rj) and y € B(ps,rs) for some 
j and s. If 7 < s then x € B(p.,rz) also, by identification. A set in By is 
open if and only if it intersects each B(p;,7;) in an open set. Then choosing 
disjoint neighborhoods of x and y in B(ps,rs) gives disjoint neighborhoods 
of x and y in By. Thus By is a Hausdorff space. 

Any smooth chart on B(p;,7;) also gives a smooth chart on B(ps, 7s) 
for all s > j. The union of all such charts gives a smooth atlas on By. 
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It is fairly easy to see the metrics g; on B(p;,7rj), converge to a smooth 
metric goo on By uniformly together with all derivatives on compact sets. 
For since the F,_1 0--- 0 F; are very good approximate isometries, the g; 
are very close to each other, and hence form a Cauchy sequence (together 
with their derivatives, in the sense that the covariant derivatives of g; with 
respect to gs are very small when j and s are both large). One checks in the 
usual way that such a Cauchy sequence converges. 

The origins p; are identified with each other, and hence with an origin 
Poo in By. Now it is the inverses of the maps identifying B(p;,r;) with open 
subsets of B.. that provide the diffeomorphisms of (relatively compact) open 
sets in By. into the geodesic balls B(p;,s;) C Mj; such that the pull-backs 
of the metrics g; converge to goo. This completes the proof of Step 3. 


Now it remains to prove both Claim 1 and Claim 2 in Step 1. 
Proof of Claim 1. It suffices to show the following general result: 


There exists a constant c > 0 depending only on the dimension, and 
constants Cq depending only on the dimension and q and bounds B; on the 
curvature and its derivatives for j <q where |DiRm| < B;, so that for any 
metric gxe in geodesic coordinates in the ball |x| <r < c/WBo, we have 


1 
5 lke < gre < 2ALre 


and 3 5 
Bah Bye Ihe < Cy, 
where Ie is the Euclidean metric. 

Suppose we are given a metric giz (a) dada in geodesic coordinates in 
the ball || < r < c/VBo as in Claim 1. Then by definition every line 
through the origin is a geodesic (parametrized proportional to arc length) 
and gi; = Jj; at the origin. Also, the Gauss Lemma says that the metric 
gij is in geodesic coordinates if and only if gjjx2’ = I,;7°. Note in particular 
that in geodesic coordinates 

||? = gijx'x! = Tijx'x? 
is unambiguously defined. Also, in geodesic coordinates we have ry (Oy = 0; 
and all the first derivatives for gj; vanish at the origin. 

Introduce the symmetric tensor 
Loge 
Ai = a Buk Is 
Since we have gina” = ae we get 


0 
k k 
ogi ak = lig — 913 = 2 Bai Sik 





and hence from the formula for r, 


jp il 
a es =g Are. 
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Hence Ayexr® = 0. Let D; be the covariant derivative with respect to the 
metric gj. Then 


Djc* = If +a) = TF +o App. 
Introduce the potential function 
P= |a|?/2 = sala. 
We can use the formulas above to compute 
D;P = gig X? ; 
Also we get 
DEP = Ger Ag. 
The defining equation for P gives 
GaP DPS 2P. 
If we take the covariant derivative of this equation we get 
gD; Dy PD¢P = D;P 
which is equivalent to Ajpx® = 0. But if we take the covariant derivative 
again we get 
go D,Dj; De PDoP + gD; DpPD;DeP = D;D;P. 
Now switching derivatives 
D,D;DgP = DiDyDjP = DpDiDjP. + Rinjeg’™ DinP 
and if we use this and D;D;P = gj; + Ajj and g™DeP = x" we find that 
t* Dy Ais + Aig +g Ain Aje + Rinjer*x® = 0. 
From our assumed curvature bounds we can take |Rijxe| < Bo. Then we get 
the following estimate: 
|x* Dy Aij + Aij| < ClAig|? + CBor? 

on the ball |x| < r for some constant C' depending only on the dimension. 

We now show how to use the maximum principle on such equations. 


First of all, by a maximum principle argument, it is easy to show that if f 
is a function on a ball |z| <r and A > 0 is a constant, then 


0 
Asup |f| < sup fae + Af}. 
Ox 
For any tensor T = {Tj...;} and any constant \ > 0, setting f = |T|? in the 
above inequality, we have 


(4.1.8) Asup|T| < sup |2*D;,T + AT]. 
Applying this to the tensor Aj; we get 


sup |A;;| < C sup |Aj;;/? + CBor? 
|e|<r |e|<r 


for some constant depending only on the dimension. 
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It is fairly elementary to see that there exist constants c > 0 and Co < co 
such that if the metric gj; is in geodesic coordinates with |Rj;x¢e| < Bo in the 
ball of radius r < c/V Bo then 


|Aij| < CoBor?. 
Indeed, since the derivatives of g;; vanish at the origin, so does A;;. Hence 
the estimate holds near the origin. But the inequality 
sup |A;;| < C sup |Ai5|? + CBor? 
|e|<r |x|<r 
says that |Aj;;| avoids an interval when c is chosen small. In fact the inequal- 
ity 
X<CX?+D 
is equivalent to 
|2CX —1| >V1—4CD 
which makes X avoid an interval if 4CD < 1. (Hence in our case we need 
to choose ¢ with 4C?c? < 1.) Then if X is on the side containing 0 we get 


1—V/1—4CD & 
2C 7 

This gives |Ajj| < CoBor? with Co = 2C. 
We can also derive bounds on all the covariant derivatives of P in terms 


of bounds on the covariant derivatives of the curvature. To simplify the 
notation, we let 


X< 2D. 


D?P = {Dj, Dj, --- Dj, P} 
denote the q** covariant derivative, and in estimating DP we will lump all 
the lower order terms into a general slush term ®% which will be a polynomial 
in D'P, D?P,...,D%'P and Rm, D'Rm,...,D%~*Rm. We already have 
estimates on a ball of radius r 
P<r7/2 
\D'P| <r 
| Aij| < CoBor? 
and since DjD;P = gij + Ajj and r < c/V Bo if we choose c small we can 
make 
|Aij| < 1/2, 
and we get 
|D?P| < Cy 
for some constant C2 depending only on the dimension. 
Start with the equation g’? D;PD;P = 2P and apply repeated covariant 
derivatives. Observe that we get an equation which starts out 
g!D;PD1D;P +---=0 


where the omitted terms only contain derivatives D?P and lower. If we 
switch two derivatives in a term D?+!P or lower, we get a term which is a 
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product of a covariant derivative of Rm of order at most q — 2 (since the 
two closest to P commute) and a covariant derivative of P of order at most 
gq — 1; such a term can be lumped in with the slush term ®%. Therefore up 
to terms in ®% we can regard the derivatives as commuting. Then paying 
attention to the derivatives in D!P we get an equation 


9g? DiPDj Dy, ++: Deg P + G DiDi, PDj Dig > ++ Dug P 
+g" Di DkyPDj Dp, Dry +: DagP + +++ + 99 DiDegPDj Dr, ++ Deg_1P 
= Dy, +++ Dy, P + 84. 

Recalling that D;Dj;P = gj; + Aij we can rewrite this as 

®! = g DiPD; Dz, ++» De, + (Q— 1)Dry ++» Deg P 
+ 9" Aggy, Dj Dig Sage Dy ae ASE 7? Aik Dj De vee Dx,_1P. 
Estimating the product of tensors in the usual way gives 
Jz DiD'P + (q—1)D9P| < glA||D*P| + |4|. 
Applying the inequality \sup|T'| < sup |2*D,T + XT| with T = D9P gives 
(q— 1)sup|D*P| < sup(q|A||D*P| + |©4)). 
Now we can make |A| < 1/2 by making r < c/\/Bo with c small; it is 
important here that c is independent of q! Then we get 
(q — 2) sup |D?P| < 2sup |®4| 
which is a good estimate for gq > 3. The term ©®% is estimated inductively 
from the terms D?!P and D%~?Rm and lower. This proves that there 
exist constants Cy for q => 3 depending only on q and the dimension and on 
|D/Rm| for 7 < q— 2 such that 
\D'P| < Cy 

on the ball r < c/V/Bo. 

Now we turn our attention to estimating the Euclidean metric Jj, and 
its covariant derivatives with respect to gj,. We will need the following 


elementary fact: suppose that f is a function on a ball |z| <r with f(0) =0 
and 


< C|x|? 





g 





a 
Ox? 





for some constant C’. Then 
(4.1.9) [fl < Cla? 


for the same constant C’. As a consequence, if T = {7j...,} is a tensor which 
vanishes at the origin and if 


|a*D,;T| < C|z|* 


on a ball |a| <r then |T| < C|a|? with the same constant C. (Simply apply 
the inequality (4.1.9) to the function f = |T|. In case this is not smooth, 


we can use f = \/|7'|? + €? — € and then let € — 0.) 


126 H.-D. CAO AND X.-P. ZHU 


Our application will be to the tensor J;, which gives the Euclidean metric 
as a tensor in geodesic coordinates. We have 


_ _yp p 
Dili mt D5 5Lpk = Diptpj 
and since 
ipP 
vl; = gt Ajg 
we get the equation 


w' Diljx = —9?4 Ajplig — 94 Arplig 


We already have |Ajz| < CoBo|z|* for |x| <r < c/VBo. The tensor Ij, 
doesn’t vanish at the origin, but the tensor 
hjk = Ijk — Gyr 
does. We can then use 
a’ Dihjr = = Ap alka = Gg Analg one 2A jk. 
Suppose M(s) = supj,i<s|Ajx|- Then 
|x’ Dihjx| < 2(1 + M(s)|CoBo|z|? 

and we get 

|ajx| < 2[1 + M(s)]CoBola|? 
on |x| < s. This makes 

M(s) < 2[1 + M(s)|CoBos?. 
Then for s < r < c/./Bo with c small compared to Co we get 2Cp Bos? < 1/2 
and M(s) < 4CoBos?. Thus 

Zin — 9541 = Ryu < 4CoBolx|? 

for |x| <r < c//Bo, and hence for c small enough 


1 
5 fuk < [jp < 2g;x.- 


Thus the metrics are comparable. Note that this estimate only needs r 
small compared to Bo and does not need any bounds on the derivatives of 
the curvature. 

Now to obtain bounds on the covariant derivative of the Eucliden metric 
Ipe with respect to the Riemannian metric gzg we want to start with the 
equation 

e Dlg Ho Apel +o Aialin = 0 

and apply q covariant derivatives Dj, ---Dj,. Each time we do this we must 
interchange D; and x'D;, and since this produces a term which helps we 
should look at it closely. If we write Rj; = [D;, Dj] for the commutator, this 
operator on tensors involves the curvature but no derivatives. Since 


Djx* = Ii + g’” Aim 
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we can compute 
[_D,, x’ Dj] = Dj + 9” AjmD;j + a’ Ryi 
and the term D; in the commutator helps, while A;,, can be kept small and 


Rj; is zero order. It follows that we get an equation of the form 


0= t'D:D;, tee Dj, Lee + qD;, tee Dj, Lee 


q 
+ So Aj Dii ae Dj, Di Pings je Dj, Le 
h=1 

+ 9" AkmD3jy +++ Djglin + 9" AtmD 5, +++ Djglin + ¥4, 
where the slush term W¢ is a polynomial in derivatives of Ie of degree no 
more than g—1 and derivatives of P of degree no more than g+2 (remember 
x = g!D;P and Ajj = D;D;P — gi;) and derivatives of the curvature Rm 
of degree no more than q — 1. We now estimate 

D8Te = { Dj, ++» Dj Tee} 

by induction on q using (4.1.8) with A = q. Noticing a total of q+ 2 terms 
contracting A;; with a derivative of Ij,¢ of degree q, we get the estimate 

qsup |DIxe| < (q + 2) sup |A| sup |D7Zxe| + sup |W" I. 


and everything works. This proves that there exists a constant c > 0 de- 
pending only on the dimension, and constants C, depending only on the 
dimension and q and bounds 6; on the curvature and its derivatives for 
j <q where |D/Rm| < B;, so that for any metric gz in geodesic coordi- 
nates in the ball |z| < r < c//Bo the Euclidean metric Ij¢ satisfies 


1 
5 Ine < The S 29x 
and the covariant derivatives of I, with respect to gzp satisfy 
|Dj, +++ Dy Teel < Coq. 
The difference between a covariant derivative and an ordinary derivative 
is given by the connection 
p p 
Dil pk — Vigtp; 
to get 
1 
Diy = gf (Delig — Dilje — Djlie). 
This gives us bounds on rk. We then obtain bounds on the first derivatives 
of gi; from 


gy é é 
By sik = 9K; + 95 ig 
Always proceeding inductively on the order of the derivative, we now get 
bounds on covariant derivatives of rk from the covariant derivatives of Ip, 


and bounds of the ordinary derivatives of rk. by relating the to the covariant 


K 


derivatives using the Ij, 


and bounds on the ordinary derivatives of the gj, 
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from bounds on the ordinary derivatives of the iy Consequently, we have 
estimates 


1 
5 lke < gre < 2Lhe 


and i 
Ox. Oxda One| S Ca 





for similar constants C,; 
Therefore we have finished the proof of Claim 1. 


Proof of Claim 2: We need to show how to estimate the derivatives 
of an isometry. We will prove that if y = F(x) is an isometry from a ball in 
Euclidean space with a metric gijdax'dax) to a ball in Euclidean space with 
a metric hyydy*dy'. Then we can bound all of the derivatives of y with 
respect to x in terms of bounds on g;; and its derivatives with respect to x 
and bound on hy; and its derivatives with respect to y. This would imply 
Claim 2. 

Since y = F(x) is an isometry we have the equation 

Oy? Oy? 
PID si Ack Idk 
Using bounds gjx < Clix and hyg > clpq comparing to the Euclidean metric, 
we easily get estimates 


Oy? 
—!|<C. 
Oxd | ~ 
Now if we differentiate the equation with respect to x’ we get 
O7yP Oy OyP OP y4 — Ogjk  Ohpg Oy" Oy? Oy! 











1 Arias Oxk © Axi Axidxk ~~ Axi Oy” Oxi Oxi Ark’ 
Now let 
OyP Oy! 
igh = Mog Ox* OxI Oak 
and let 
Daye _ Dlg Oy" Ov? Ov 
Oxt Oy” Ox OxI Oak” 


Then the above equation says 


Uijk = 











Thig + Tyik = Viger. 
Using the obvious symmetries Tj, = Tj,; and Ujj~ = Uizj we can solve this 
in the usual way to obtain 


1 
Tijk = 5 (Uyjix + Unig — Vizn)- 


2 
We can recover the second derivatives of y with respect to x from the formula 
Oy? Kee, OFF 





Ox' dx) <a Mr 
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Combining these gives an explicit formula giving 0° y? /Ox' Ox! as a function 
of g, Rpg, O9jr/Ox", Ohpg/Oy", and Oy? /dy’. This gives bounds 
O?yP 
ayroull § 
and bounds on all higher derivatives follow by differentiating the formula 


and using induction. This completes the proof of Claim 2 and hence the 
proof of Theorem 4.1.2. C 





We now want to show how to use this convergence result on solutions 
to the Ricci flow. Let us first state the definition for the convergence of 
evolving manifolds. 


Definition 4.1.3. Let (Mz, 9x(t), py) be a sequence of evolving marked 
complete Riemannian manifolds, with the evolving metrics g;,,(t) over a fixed 
time interval t € (A,Q], A < 0 <Q, and with the marked points py € Mg. 
We say a sequence of evolving marked (Bo(px, Sx), g(t), pep) over t € (A, Q], 
where Bo(px, $%) are geodesic balls of (Mz, 9,(0)) centered at pz, with the 
radii s, — So0(< +00), converges in the CR. topology to an evolving 
marked (maybe noncomplete) manifold (Bao, goo(t), Poo) over t € (A, QI, 
where, at the time t = 0, Boo is a geodesic open ball centered at px € Bo 
with the radius s,., if we can find a sequence of exhausting open sets U;, 
in By containing po and a sequence of diffeomorphisms f; of the sets U;, 
in Bx to open sets Vy in B(pr, sx) C My, mapping po to pr such that the 
pull-back metrics g,(t) = (fx)*ge(t) converge in C'™ topology to g(t) on 
every compact subset of Bo x (A, Q]. 


Now we fix a time interval A < t < 2 with —co < A < O and 0 < 
Q < +00. Consider a sequence of marked evolving complete manifolds 
(Mz, 9¢(t), pe), t € (A, Q], with each g,(t), k =1,2,..., being a solution of 
the Ricci flow ; 
age!) = —2Ric;(t) 
on Bo(pr, $k) X (A, Q], where Ric, is the Ricci curvature tensor of gz, and 
Bo(pr, Sk) is the geodesic ball of (Mz, g%(0)) centered at pz with the radii 
Sk — So0(< +00). 

Assume that for each r < s4 there are positive constants C(r) and k(r) 
such that the curvatures of g;,(t) satisfy the bound 


|Rm(gx)| < C(r) 


on Bo(pr,7) X (A,Q] for all k > k(r). We also assume that (Mz, gx(t), pe), 
k = 1,2,..., have a uniform injectivity radius bound at the origins pz at 
t = 0. By Shi’s derivatives estimate (Theorem 1.4.1), the above assumption 
of uniform bound of the curvatures on the geodesic balls Bo(px, 17) (7 < Sco) 
implies the uniform bounds on all the derivatives of the curvatures at t = 0 
on the geodesic balls Bo(px, 7) (r < Soo). Then by Theorem 4.1.2 we can find 
a subsequence of marked evolving manifolds, still denoted by (Mz, 9x(t), pr) 


130 H.-D. CAO AND X.-P. ZHU 


with t € (A,Q], so that the geodesic balls (Bo(pr, sx), 9x (0), pe) converge in 
the Cr’. topology to a geodesic ball (Boo (Poo, 800); Joo(0), Poo). {From now 
on, we consider this subsequence of marked evolving manifolds. By Defini- 
tion 4.1.1, we have a sequence of (relatively compact) exhausting covering 
{Ux} of Boo(Poo; Soo) Containing p. and a sequence of diffeomorphisms f;, 
of the sets Uz in Boo (Poo; 800) to open sets Vi, in Bo(px, 8%) Mapping Poo to 
pr such that the pull-back metrics at t = 0 


Gee 
Gx (0) = (Fe)*9%(0) —*$ goo(0), as. k > +00, on Boo(Poo; S00). 


However, the pull-back metrics 9,(t) = (fz)*ge(t) are also defined at all 
times A <t <Q (although g(t) is not yet). We also have uniform bounds 
on the curvature of the pull-back metrics g;,(t) and all their derivatives, 
by Shi’s derivative estimates (Theorem 1.4.1), on every compact subset of 
Boo(Poo; Soo) X (A, Q]. What we claim next is that we can find uniform 
bounds on all the covariant derivatives of the g, taken with respect to the 
fixed metric goo(0). 


Lemma 4.1.4 (Hamilton [64]). Let (M,g) be a Riemannian manifold, 

K a compact subset of M, and g(t) a collection of solutions to Ricci flow 
defined on neighborhoods of K x [a, 3] with [a, 3) containing 0. Suppose that 
for each 1 > 0, 

(a) Ca 8 < 9x (0) < Cog, on K, for all k, 

(b) |V'G.(0)| < Ci), on K, for all k, 

(c) |VERm(Gx)ln < Cl, on K x [a, 6], for all k, 
for some positive constants Cj, Cj, | = 0,1,..., independent of k, where 
Rm(gx) are the curvature tensors of the metrics %,(t), Vz denote covariant 
derivative with respect to gx(t), |-|~ are the length of a tensor with respect to 
g(t), and |-| is the length with respect to g. Then the metrics g,(t) satisfy 


~ =] ee ~ 
Co g < 9x (t) = Cog; on K x [a, 3] 


and 
\V Gn] < Cy, on K x fa, 6], 1=1,2,..., 


for all k, where Ci, 1=0,1,..., are positive constants independent of k. 


Proof. First by using the equation 


oa = —2Ric k 


and the assumption (c) we immediately get 
(4.1.10) Co 9 < Gu(t) < Cog, on K x [a, 8] 


for some positive constant Cp independent of k. 
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Next we want to bound Vg. The difference of the connection I’; of 9% 
and the connection T of g is a tensor. Taking I to be fixed in time, we get 


Seb —1) =F (Stany" | ze Undaa + gop e)so ~ 35 (Ge)na 
(Gn) |(WrJa(—2(Ric «) as) + (Vr) a(—2(Ric g)as) 


— (Wi)a(—2(Ric 4)aa)| 


and then by the assumption (c) and (4.1.10), 


a = n) <C, forall k. 


Note also that at a normal coordinate of the metric g at a fixed point and 
at the time t = 0, 


: cic Bis, a. a. 
(4.1.11) Ce)de—Te = 5 Ge)" (sortase + Fad (Gk )éa — ee) 


= 5 (x) (VaGu)oa + VolGusa — V(Gu)as): 
thus by the assumption (b) and (4.1.10), 
\[.(0) —I]}<C, for all k. 
Integrating over time we deduce that 
(4.1.12) Tl. -I'|<C, on K x [a,(], for all k. 


By using the assumption (c) and (4.1.10) again, we have 


Lys 


Ot = | to 2V Ric | 





=|— 2V Ric x + (Vy —T) x Ric ;,| 
<C, for all k. 


Hence by combining with the assumption (b) we get bounds 
(4.1.13) Von] < C1, on K x fa, 9], 


for some positive constant C, independent of k. 
Further we want to bound V?g,. Again regarding V as fixed in time, 
we see 


0 . ~ 
alY Ge) = —2V? (Ricz). 
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Write 
V?Ric, = (V — Vz)(VRicx) + Vi(V — Ve)Ricy + V2Ric x 
T —T,) * VRic, + Va((T — Ig) * Ricy) + VZRic x 

C= % [((V — V)Ric z + V,Ric k] 

+ Vilig « Vg * Ric kb) + ViRic x 

= (Fr —-T,) * (@—T,) « Ric, + VeRic ,] 

+ Vig * VGp * Ric,) + V2Ric x 
where we have used (4.1.11). Then by the assumption (c), (4.1.10), (4.1.12) 
and (4.1.13) we have 


= 
= 


vou <C+C-|VeVGn 
=C+C-|V?G + (Pe -T) « Vin 
<C+C|V7 Gx, 
Hence by combining with the assumption (b) we get 
Vn] < Co, on K x fa, GI, 


for some positive constant Cz independent of k. 
The bounds on the higher derivatives can be derived by the same argu- 
ment. Therefore we have completed the proof of the lemma. O 








We now apply the lemma to the pull-back metrics g,(t) = (fx)*9x(t) 
on Byo(Poo; S00) X (A, Q]. Since the metrics g,(0) have uniform bounds on 
their curvature and all derivatives of their curvature on every compact set 
of Boo(Poo, Soo) and converge to the metric g..(0) in Cp’. topology, the as- 
sumptions (a) and (b) are certainly held for every compact subset kK C 
Boo(Poo; Soo) With g = g..(0). For every compact subinterval [a, 3] Cc (A, QI, 
we have already seen from Shi’s derivative estimates (Theorem 1.4.1) that 
the assumption (c) is also held on K x [a,G]. Then all of the V'gz are 
uniformly bounded with respect to the fixed metric g = goo(0) on every 
compact set of Boo(Poo, S00) X (A, Q]. By using the classical Arzela-Ascoli 
theorem, we can find a subsequence which converges uniformly together 
with all its derivatives on every compact subset of Byo(Poo; S00) * (A, Q]. 
The limit metric will agree with that obtained previously at t = 0, where 
we know its convergence already. The limit g(t), t € (A,Q], is now clearly 
itself a solution of the Ricci flow. Thus we obtain the following Cheeger 
type compactness theorem to the Ricci flow, which is essentially obtained 
by Hamilton in and is called Hamilton’s compactness theorem. 


Theorem 4.1.5 (Hamilton’s compactness theorem). Let (Mz, gx (t), Dk), 
t € (A,Q] with A < 0 < Q, be a sequence of evolving marked complete 
Riemannian manifolds. Consider a sequence of geodesic balls Bo(pr, sk) C 
My, of radii 5, (0 < 58% < +00), with 5, > 84 (< +00), around the base 
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points pr, in the metrics g,(0). Suppose each gz(t) is a solution to the Ricci 
flow on Bo(pr, 8%) X (A, Q]. Suppose also 


(i) for every radius r < Soo there exist positive constants C(r) and 
k(r) independent of k such that the curvature tensors Rm(g,) of 
the evolving metrics gz(t) satisfy the bound 


|Rm(gx)| < C(r), 


on Bo(pr,7) x (A, Q] for all k > k(r), and 
(ii) there exists a constant 6 > 0 such that the injectivity radii of Mi, 
at py, in the metric g,(0) satisfy the bound 


for allk =1,2,.... 


Then there exists a subsequence of evolving marked (Bo(pp, Sk); 9x (t); Pk) 
over t € (A, Q] which converge in Cr’. topology to a solution (Boo; Joo(t); Poo) 
over t € (A,Q] to the Ricci flow, where, at the time t = 0, Boo is a geodesic 
open ball centered at poo € Boo with the radius 8... Moreover the limiting 
solution is complete if 859. = +00. 


4.2. Injectivity Radius Estimates 


We will use rescaling arguments to understand the formation of singular- 
ities and long-time behaviors of the Ricci flow. In view of the compactness 
property obtained in the previous section, on one hand one needs to control 
the bounds on the curvature, and on the other hand one needs to control 
the lower bounds of the injectivity radius. In applications we usually rescale 
the solution so that the (rescaled) curvatures become uniformly bounded on 
compact subsets and leave the injectivity radii of the (rescaled) solutions 
to be estimated in terms of curvatures. In this section we will review a 
number of such injectivity radius estimates in Riemannian geometry. The 
combination of these injectivity estimates with Perelman’s no local collaps- 
ing theorem I’ yields the well-known little loop lemma to the Ricci flow 
which was conjectured by Hamilton in [65]. 

Let M be a Riemannian manifold. Recall that the injectivity radius 
at a point p € M is defined by 


inj (M,p) = sup{r > 0| exp, : B(O,r)(C T,M) — M_ is injective}, 
and the injectivity radius of M is 
inj (M) = inf {inj (M,p) | p € M}. 


We begin with a basic lemma due to Klingenberg (cf. Corollary 5.7 of 
Cheeger & Ebin [23]}). 


Klingenberg’s Lemma. Let M be a complete Riemannian manifold 
and letp € M. Let ly(p) denote the minimal length of a nontrivial geodesic 
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loop starting and ending at p (maybe not smooth at p). Then the injectivity 
radius of M at p satisfies the inequality 


inj (M,p) > min  —, Star(0) 
in, min 4 ——=——, — 
J »P)Z Raa 2 M\P 
where Kyax denotes the supermum of the sectional curvature on M and we 
understand 1/\/Kymax to be positive infinity if Kmax < 0. 


Based on this lemma and a second variation argument, Klingenberg 
proved that the injectivity radius of an even-dimensional, compact, simply 
connected Riemannian manifold of positive sectional curvature is bounded 
from below by 7/WKmax- For odd-dimensional, compact, simply connected 
Riemannian manifold of positive sectional curvature, the same injectivity 
radius estimates was also proved by Klingenberg under an additional as- 
sumption that the sectional curvature is strictly z-pinched (cf. Theorem 
5.9 and 5.10 of [23]). We also remark that in dimension 7, there exists 
a sequence of simply connected, homogeneous Einstein spaces whose sec- 
tional curvatures are positive and uniformly bounded from above but their 
injectivity radii converge to zero. (See [2].) 

The next result, due to Gromoll and Meyer |54|, shows that for com- 
plete noncompact Riemannian manifold with positive sectional curvature, 
the above injectivity radius estimate actually holds without any restriction 
on dimensions. Since the result and proof were not explicitly given in [54], 
we include a proof here. 


Theorem 4.2.1 (The Gromoll-Meyer injectivity radius estimate). Let 
M be a complete, noncompact Riemannian manifold with positive sectional 
curvature. Then the injectivity radius of M satisfies the following estimate 


inj (M) = =—=. 
max 





Proof. Let O be an arbitrary fixed point in M. We need to show 
that the injectivity radius at O is not less than 7/VAmax. We argue by 
contradiction. Suppose not, then by Klingenberg’s lemma there exists a 
closed geodesic loop 7 on M starting and ending at O (may be not smooth 
at ©); 

Since M has positive sectional curvature, we know from the work of 
Gromoll-Meyer (also cf. Proposition 8.5 of [23]) that there exists a com- 
pact totally convex subset C' of M containing the geodesic loop y. Among 
all geodesic loops starting and ending at the same point and lying entirely 
in the compact totally convex set C' there will be a shortest one. Call it yo, 
and suppose yo starts and ends at a point we call po. 

First we claim that yo must be also smooth at the point po. Indeed by 
the curvature bound and implicit function theorem, there will be a geodesic 
loop ¥ close to yo starting and ending at any point p close to po. Let p be 
along yo. Then by total convexity of the set C’, 7 also lies entirely in C’. If yo 
makes an angle different from 7 at po, the first variation formula will imply 
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that 7 is shorter than yo. This contradicts with the choice of the geodesic 
loop yo being the shortest. 

Now let L : [0,+0o) — M be a ray emanating from pp. Choose r > 0 
large enough and set g = L(r). Consider the distance between q and the 
geodesic loop yo. It is clear that the distance can be realized by a geodesic 
G6 connecting the point g to a point p on yo. 

Let X be the unit tangent vector of the geodesic loop yo at p. Clearly X 
is orthogonal to the tangent vector of @ at p. We then translate the vector 
X along the geodesic 3 to get a parallel vector field X(t), O<t<r. By 
using this vector field we can form a variation fixing one endpoint q and the 
other on 7 such that the variational vector field is (1 — £)X(t). The second 
variation of the arclength of this family of curves is given by 


H((-5)s0.(0-2) 36) 
-[lrs(0-9) 
-#(&(-$)amd(o-9a0)]e 


_ : _ [ (1 _ ‘yr (Fx). = Xt) dt 


<0 





when r is sufficiently large, since the sectional curvature of M is strictly 
positive everywhere. This contradicts with the fact that @ is the shortest 
geodesic connecting the point gq to the shortest geodesic loop yo. Thus we 
have proved the injectivity radius estimate. 














In contrast to the above injectivity radius estimates, the following well- 
known injectivity radius estimate of Cheeger (cf. Theorem 5.8 of [23]) does 
not impose the restriction on the sign of the sectional curvature. 


Cheeger’s Lemma. Let M be an n-dimensional compact Riemannian 
manifold with the sectional curvature |Ky| < X, the diameter d(M) < D, 
and the volume Vol(M) >v>0. Then, we have 


inj (M) > C,,(,, D,v) 


for some positive constant C,(A,D,v) depending only on X,D,v and the 
dimension n. 


For general manifolds, there are localized versions of the above Cheeger’s 
Lemma. In 1981, Cheng-Li-Yau first obtained the important estimate 
of local injectivity radius under the normalization of the injectivity radius 
at any fixed base point. Their result is what Hamilton needed to prove 
his compactness result in [64]. Here, we also need the following version 
of the local injectivity radius estimate, which appeared in the 1982 paper 
of Cheeger-Gromov-Taylor [28], in which the normalization is in terms of 
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local volume of a ball. (According to Yau, the argument between local 
volume and local injectivity radius was, however, initiated by him during 
a conversation with Gromov in 1975 in an explanation of his paper 
on proving complete manifolds with positive Ricci curvature have infinite 
volume.) 


Theorem 4.2.2. Let B(xo,4ro), 0 < ro < ow, be a geodesic ball in an 
n-dimensional complete Riemannian manifold (M,g) such that the sectional 
curvature K of the metric g on B(xo,4ro) satisfies the bounds 


A<K<A 
for some constants X and A. Then for any positive constant r < ro (we will 
also require r < /(4VA) if A > 0) the injectivity radius of M at xo can be 
bounded from below by 
Vol (B(xo,7)) 
Vol (B(2o,7)) + V?(2r)’ 
where Vy'(2r) denotes the volume of a geodesic ball of radius 2r in the n- 


dimensional simply connected space form M) with constant sectional curva- 
ture X. 


inj(M, 29) >r 


Proof. The following proof is essentially from Cheeger-Gromov-Taylor 
(cf. also [1]). 
It is well known (cf. Lemma 5.6 of [23]) that 


1 
inj(M, 20) = min {conjugate radius of x9, slau (eo) 


where /,¢(%) denotes the length of the shortest (nontrivial) closed geodesic 
starting and ending at 29. Since by assumption r < 7/(4VA) if A > 0, the 
conjugate radius of zo is at least 4r. Thus it suffices to show 

Vol (B(x0,7)) 
Vol (B(xo,r)) + V2 (2r)’ 
The idea of Cheeger-Gromov-Taylor for proving this inequality, as indi- 
cated in [1], is to compare the geometry of the ball B(xo, 4r) C B(xo, 479) C 
M with the geometry of its lifting Ba, C Tr) (M), via the exponential map 
€Xp,,, equipped with the pull-back metric g = exp;,,g. Thus exp,, : Ba 
B(axo,4r) is a length-preserving local diffeomorphism. 

Let %,%1,...,@y be the preimages of x in B, C By, with % = 0. 
Clearly they one-to-one correspond to the geodesic loops 70,71,---,; Yn at 
xo of length less than r, where yo is the trivial loop. Now for each point 7; 
there exists exactly one isometric immersion y; : B, — By, mapping 0 to &; 
and such that exp,,,9; = exPz,- 

Without loss of generality, we may assume 7; is the shortest nontrivial 
geodesic loop at xo. By analyzing short homotopies, one finds that y;(Z) # 


(4.2.1) luc(ao) > 2r 


p;(£) for all  € B, and0<i< j <N. This fact has two consequences: 
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(a) N > 2m, where m = [r/ly(xo)]. To see this, we first observe 
that the points yk (0), —m<k<™, are preimages of xo in B, because ~1 
is an isometric immersion satisfying exp,,1 = eXp,,- Moreover we claim 
they are distinct. For otherwise y; would act as a permutation on the set 
{y*(0) | —m<k<m}. Since the induced metric g at each point in B, has 
the injectivity radius at least 2r, it follows from the Whitehead theorem (see 
for example [23]) that B, is geodesically convex. Then there would exist the 
unique center of mass g € B,. But then 7 = yo(¥) = vi(¥), a contradiction. 


(b) Each point in B(xo,r) has at least N+1 preimages in =U" 5 Bia: r) 
C Bo,. Hence by the Bishop volume comparison, 


(N + 1)Vol (B(xo,r)) < Volg(Q) < Volg(Bay) < Vx"(2r). 


Now the inequality (4.2.1) follows by combining the fact N > 2[r/las(xo)] 
with the above volume estimate. 0 





For our later applications, we now consider in a complete Riemannian 
manifold M a geodesic ball B(po, so) (0 < 59 < co) with the property that 
there exists a positive increasing function A : [0,s9) — [0,00) such that for 
any 0 < s < so the sectional curvature K on the ball B(po, s) of radius s 
around po satisfies the bound 


|K| < A(s). 


Using Theorem 4.2.2, we can control the injectivity radius at any point p € 
B(po, So) in terms a positive constant that depends only on the dimension n, 
the injectivity radius at the base point po, the function A and the distance 
d(po,p) from p to po. We now proceed to derive such an estimate. The 
geometric insight of the following argument belongs to Yau where he 
obtained a lower bound estimate for volume by comparing various geodesic 
balls. Indeed, it is a finite version of Yau’s Busemann function argument 
which gives the information on comparing geodesic balls with centers far 
apart. 

For any point p € B(po, so) with d(po,p) = s, set ro = (89 — s)/4 (we 
define r9=1 if so = 00). Define the set S to be the union of minimal geodesic 
segments that connect p to each point in B(po,ro). Now any point g € S$ 
has distance at most 


Trotrots=s+2ro 


from po and hence S C B(po, s+2ro). For any 0 < r < min{7/4,/A(s + 2r0), 
ro}, we denote by a(p,r) the sector SM B(p,r) of radius r and by a(p,s + 
To) = SN B(p,s +70). Let @a(s+ar9)(T0) (Tesp. A A(s42r9)($ + T0)) be a 
corresponding sector of the same “angles” with radius ro (resp. s +79) in 
the n-dimensional simply connected space form with constant sectional cur- 
vature —A(s+2r9). Since B(po,79) C S C a(p,s+ro) and a(p,r) C B(p,r), 
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the Bishop-Gromov volume comparison theorem implies that 
Vol (B(po,ro)) — Vol(a(p.s +70) 


Vol (B(p,r)) ~ Vol (a(p,r)) 
Vol (A_A(s42r9) (5 + r0)) » Ve A(st2ro) (8 + ro) 
~ Vol (Q_A(s+2ro) (r)) VE Ntabea) (r) 


Combining this inequality with the local injectivity radius estimate in The- 
orem 4.2.2, we get 

inj (M, p) 

V"A(s+2r9)(") > Vol (B(po, r0)) . 

~ VP ae4 999) (7) Vol (B(0, 70) + VPA (o42n9) (27) VA (o4 999) (8 + 270) 
Thus, we have proved the following (cf. [36], or [1}) 


Corollary 4.2.3. Suppose B(po,s0) (0 < so < co) is a geodesic ball 
in an n-dimensional complete Riemannian manifold M having the property 
that for any 0 < 5 < Sq the sectional curvature K on B(po,s) satisfies the 
bound 

|K| < A(s) 
for some positive increasing function A defined on [0, so). Then for 
any point p € B(po, 80) with d(po, p) = s and any positive number 
r<min{7/4,/A(s + 2r9), ro} with ro = (so — s)/4, the injectivity radius of 
M at p is bounded below by 


inj (M, p) 

VPA (542r9) (7) Vol (B(p0, 70) + VA (54.29) (27) VA (54-2r9) (8 + 270) 
In particular, we have 

(4.2.2) inj (M,p) = pn,6,a(s) 


where 6 > 0 is a lower bound of the injectivity radius inj(M,po) at the 
origin po and png : [0,80) + R* is a positive decreasing function that 
depends only on the dimension n, the lower bound 6 of the injectivity radius 
inj (M, po), and the function A. 


We remark that in the above discussion if sg = co then we can apply 
the standard Bishop relative volume comparison theorem to geodesic balls 
directly. Indeed, for any p € M and any positive constants r and rg, we have 
B(po,ro) © B(p,*) with 7 = max{r, ro + d(po, p)}. Suppose in addition the 
curvature K on M is uniformly bounded by A < K < A for some constants 
and A, then the Bishop volume comparison theorem implies that 


Vol (B(po,70)) — Vol(B(p,*)) — Val) 
Vol (B(p,r)) ~ Vol(B(p,r)) ~ Vy(r)’ 
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Hence 

Vy" (r) Vol (B(po,70)) + Ve (2r)Vyi(F) 

So we see that the injectivity radius inj(M,p) at p falls off at worst expo- 
nentially as the distance d(po,p) goes to infinity. In other words, 


(5VB)"e~CVBalpp0) 


(4.2.3) inj(M,p) >r 


(4.2.4) inj (M,p) > —= 
B 
where B is an upper bound on the absolute value of the sectional curvature, 
6 is a lower bound on the injectivity radius at py with 6 < c/VB, and c > 0 
and C' < +00 are positive constants depending only on the dimension n. 


Finally, by combining Theorem 4.2.2 with Perelman’s no local collapsing 
Theorem I’ (Theorem 3.3.3) we immediately obtain the following important 
(due to Perelman [107]|) Little Loop Lemma conjectured by Hamilton 
; 


Theorem 4.2.4 (Little Loop Lemma). Let gi;(t), 0<t< T < +00, be 
a solution of the Ricci flow on a compact manifold M. Then there exists a 
constant p > 0 having the following property: if at a point x9 € M and a 
time to € [0,T), 
|Rm|(-,to) <r7? on Bi (x0, 7) 


for some r < VT, then the injectivity radius of M with respect to the metric 
gij(to) at x9 is bounded from below by 


inj (M, x0, gij(to)) = pr. 


4.3. Limiting Singularity Models 


In , Hamilton classified singularities of the Ricci flow into three types 
and showed each type has a corresponding singularity model. The main 
purpose of this section is to discuss these results of Hamilton. Most of the 
presentation follows Hamilton [65}. 

Consider a solution gj;(z,t) of the Ricci flow on M x [0,T), T’ < +00, 
where either M is compact or at each time t the metric gj;(-,t) is complete 
and has bounded curvature. We say that g;;(x,t) is a maximal solution 
if either T = +00 or T < +00 and |Rm| is unbounded as t > T. 

Denote by 

Fomax l(t) = sup |Rm(2x,t)|9,;(4)- 
teM 

Definition 4.3.1. We say that {(x,,t,) € M x [0,T)}, k =1,2,..., is 
a sequence of (almost) maximum points if there exist positive constants 
cy and a € (0, 1] such that 

a 


Rm(xx,tk)| 2 c1Kmax(t), t € [tk - =— 
|Rm (xp, tk)| 2 C1 Kmax(t) [te Knax(tk) 


’ ti] 


for all k. 
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Definition 4.3.2. We say that the solution satisfies injectivity radius 
condition if for any sequence of (almost) maximum points {(a,z, t,)}, there 
exists a constant cg > 0 independent of k such that 


inj (M, zz, gij(te)) = = for all &k. 


Kynax (tx) 


Clearly, by the Little Loop Lemma, a maximal solution on a compact 
manifold with the maximal time JT’ < +00 always satisfies the injectivity 
radius condition. Also by the Gromoll-Meyer injectivity radius estimate, a 
solution on a complete noncompact manifold with positive sectional curva- 
ture also satisfies the injectivity radius condition. 

According to Hamilton [65], we can classify maximal solutions into three 
types; every maximal solution is clearly of one and only one of the following 
three types: 


Type I: T}<+o00 and - sup (T — t)Kimax(t) < +00; 
te[0,T) 


Type II: (a) [<-+oo but sup (T — t)Kyax(t) = +00; 
te[0,T) 


(b) T=+0co but sup tKmax(t) = +00; 
te[0,T) 


Type III: (a) T = +00, sup tKmax(t) < +oo, and 
teE[0,T) 
Himsip Rh mast) > 0s 
t—+co 
(b) T’ = +00, sup tKyax(t) < +00, and 
te[0,T) 
limsuptKmax(t) = 0; 


t—-+00 


Note that Type III (b) is not compatible with the injectivity radius 
condition unless it is a trivial flat solution. (Indeed under the Ricci flow the 
length of a curve y connecting two points 29, 71 € M evolves by 


d ee 
Slat) = f Ric (4,7)ds 
vy 


C(n)Kmax(t) - L(y) 


=L1(1), as t large enough, 


IA 


A 


for arbitrarily fixed « > 0. Thus when we are considering the Ricci flow on a 
compact manifold, the diameter of the evolving manifold grows at most as 
t®. But the curvature of the evolving manifold decays faster than t~!. This 
says, as choosing € > 0 small enough, 


diam,(M)? -|Rm(.,t)| > 0, as t— +o. 
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Then it is well-known from Cheeger-Gromov that the manifold is a 
nilmanifold and the injectivity radius condition can not be satisfied as t large 
enough. When we are considering the Ricci flow on a complete noncompact 
manifold with nonnegative curvature operator or on a complete noncompact 
Kahler manifold with nonnegative holomorphic bisectional curvature, Li- 
Yau-Hamilton inequalities imply that tR(x,t) is increasing in time t. Then 
Type III(b) occurs only when the solution is a trivial flat metric.) 

For each type of maximal solution, Hamilton defined a correspond- 
ing type of limiting singularity model. 


Definition 4.3.3. A solution gj;(x,t) to the Ricci flow on the manifold 
M, where either M is compact or at each time t the metric gj;(-,t) is com- 
plete and has bounded curvature, is called a singularity model if it is not 
flat and of one of the following three types: 


Type I: The solution exists for t € (—oo,Q) for some constant 2 with 
0 <Q < +00 and 

[Rm| <O/(Q=2) 
everywhere with equality somewhere at t = 0; 


Type II: The solution exists for t € (—oo, +00) and 
|Rm| <1 


everywhere with equality somewhere at t = 0; 
Type III: The solution exists for t € (—A,+00) for some constant A with 
0 < A < +00 and 
|Rm| < A/(A +t) 
everywhere with equality somewhere at ¢t = 0. 


Theorem 4.3.4 (Hamilton [65]). For any mazimal solution to the Ricci 
flow which satisfies the injectivity radius condition and is of Type I, II(a), (b), 
or III(a), there exists a sequence of dilations of the solution along (almost) 
maximum points which converges in the Cr. topology to a singularity model 
of the corresponding type. 


Proof. 
Type I: We consider a maximal solution gj;(a,t) on M x [0,7) with 
T < +00 and 


2 Slim sup(T — t)Kmax(t) < +00. 
toT 


First we note that Q > 0. Indeed by the evolution equation of curvature, 
d 
Gpmax(t) < Const - K?.,..(t). 
This implies that 
Kynax(t) - (T’— t) > Const > 0, 
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because 


lim sup Kynax(t) = +00. 
toT 


Thus Q must be positive. 
Choose a sequence of points xz, and times t, such that t, — T and 


jim (T — tz) |Rm(az, te)| = Q. 
Denote by 
1 


—————————— 
V |Rm(xz, te)| 


We translate in time so that t; becomes 0, dilate in space by the factor €, 
and dilate in time by 4 to get 


a? (-, 8) = 7 9y(ste + Gi), Ee [-te/e, (T — te)/@). 


Then 
O ky) ¢ _2 9 2 
aris (,t) =« agi) * 
= She, teh + eft) 
= 28) (., ae 
where RY is the Ricci curvature of the metric a So i) (-,8) is still a 
solution to the Ricci flow which exists on the time interval [—t;/¢?,(T — 
tx) /@), where 
ty /€% = th|Rm(xp, te)| 3 +00 
and 
(T — ty) /e] = (T — ty) |Rm(ap, te) | > ©. 
For any € > 0 we can find a time 7 < T such that for t € [7,T), 
|Rm| < (Q+ €)/(T — t) 
by the assumption. Then for f € [(7 — t,)/e?, (I — ty) /eZ), the curvature of 
re t) is bounded by 
|Rm™| = @|Rm| 
< (Q+ €)/((L — t)|Rm(xx, t)]) 
= (Q + €)/((T — tk)|Rm(xp, te)| + (te — t)|Rm(rp, te) 
»(2+6)/(Q-H, as k — +00. 








This implies that {(x,,t,)} is a sequence of (almost) maximum points. And 


then by the injectivity radius condition and Hamilton’s compactness theo- 
(k) 
7) 

(t) on a limiting manifold M with 


rem 4.1.5, there exists a subsequence of the metrics g:"’(t) which converges 
(co) 


in the Cr’. topology to a limit metric g; ; 


loc 
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t € (—o0, Q) such that a'O) is a complete solution of the Ricci flow and 
its curvature satisfies the bound 


|Rm)| < 0/(Q-#) 
everywhere on M x (—oo,Q) with the equality somewhere at t = 0. 
Type II(a): We consider a maximal solution gj;(x,t) on M x [0,T) 
with 


T<+oo and limsup(T — t)Kmax(t) = +00. 
toT 


Let Ty, < T < +00 with T, — T, and y, 7 1, as k — +00. Pick points 
x; and times t, such that, as k — +00, 


(Tr —ty)|Rm(axz,te)| > ye sup (Th —t)|Rm(a,t)| - +00. 


Again denote by 
1 


and dilate the solution as before to get 
(kh); > = x > 
I (-.8) = er gigste + FE), Be [-te/e2, (Te — te)/@2), 
which is still a solution to the Ricci flow and satisfies the curvature bound 


|Rm®)| = e|Rm| 


ek = 


ees 
~ %e (Th — t) 
Th — 2 th (Th - 
~1 _ Ge=b)NRmee tl og ge |- 3.4 k 7), 
Ie [(Tk — te) | Rmr(xe, te) — t] Gh 


since t = t, + e?t and e, = 1/,/|Rm/(ax, ty)|. Hence {(ax, ty) } is a sequence 
of (almost) maximum points. And then as before, by applying Hamilton’s 
compactness theorem 4.1.5, there exists a subsequence of the metrics a (t) 
(co) (7 


if (t) on a limiting manifold 


M and ¢ € (—0oo, +00) such that gene) is a complete solution of the Ricci 
flow and its curvature satisfies 


which converges in the Cr“. topology to a limit g 


|Rm | <1 
everywhere on M x (—o00, +00) and the equality holds somewhere at t = 0. 


Type II(b): We consider a maximal solution g;;(7,t) on M x [0,T) 

with 
T=+00 and limsuptKyax(t) = +00. 
tT 

Again let T;, — T = +00, and 7% 7 1, as k — +00. Pick x, and ty, such 

that 
ty (Th — te)|Rm(rpz,te)| > ye sup t(T, — t)|Rm/(z,t)]. 
cE€M,t<T, 
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Define 
~(k), z = 7 ra 
iP (-, 8) = 7 ag(stet+ Gi), Ee [-te/e2, (Th — te)/), 


where €, = 1/\/|Rm(xk, te) |- 


Since 
th(Th — th)|Rm(rz,te)| > ye sup t(T, — t)|Rm(z, t)| 
ceE€M,t<T, 
> 7% sup t(T,—t)|Rm(z,t)| 
cE M t<T;, /2 
T; 
> yy, sup t|Rm(z,t)|, 
2 2M t<Ty/2 
we have 


T; 
-* = t,|Rm(apz, tk)| > ey eee sup t|Rm/(a, t)| — +00, 
2 T;, — tr 


“k re M,t<T;,/2 

and 

TT, —t T 

( k : k) = (T —tz)|Rm(xz, te)| > + (+) sup t|Rm(z, t)| + +00, 
“K tk J ceMt<T,/2 


as k — +o0. As before, we also have 
5) (.,8) = 28 (9) 

and 

|Rm™ | 

= &|Rm| 
ty (Th, — te) 

t(T, — t) 

t. (Ty — ty) |Rm(ap, te)| 


ak 
<—.: 

i 

1 
~ 7k GS) ~ et] -|Rm(ae, te)| 
1 
=a 


ty (Tr —tr)|Rm(ar, te)| 

“(te + Bi) (Te — th) |Rm(ae, te)| — f 

= ti (Th — te)|Rm (re, te)| 

yn +t/(te| R(x, te)|)) [te (Lk —te)|Rm(we, te)|](1—t/((Tk —te)|Rm(we, te)|)) 
—1, as k>+0o. 





Hence { (xx, t,)} is again a sequence of (almost) maximum points. As before, 
there exists a subsequence of the metrics gf (t) which converges in the C%, 


topology to a limit G6 8) on a limiting manifold M and t € (—oo,+00) 


aj 
such that ae VE t) is a complete solution of the Ricci flow and its curvature 
satisfies : 
|Rm')| <1 


everywhere on M x (—oo, +00) with the equality somewhere at f = 0. 
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Type III(a): We consider a maximal solution g;;(x,t) on M x [0,T) 
with JT’ = +00 and 


lim sup tKmax(t) = A € (0, +00). 
tT 


Choose a sequence of x, and ty, such that t, — +00 and 


jim t,|Rm(axp, te)| =A. 


Set ex = 1/,/|Rm(az,tx)| and dilate the solution as before to get 


~(k - = - ns 
af (8) = € "G15 (+, th + ext), teE [-te/€, +00) 


which is still a solution to the Ricci flow. Also, for arbitrarily fixed « > 0, 
there exists a sufficiently large positive constant 7 such that for t € [r, +00), 


|Rm | = &|Rm| 
A+e 

2 

4(“) 


2 Ate 
2s aay 
ty + Et 


(A+ .)/(ty|Rm(xp,ty)| +t), for t € [(r — tg)/€2, +00). 


IA 





Note that 
(A+ €)/(te|Rm(ay, te)| +t) — (A+6)/(At+t), as k— +00 
and 
(r—t,)/@ 4 —A, as k— +00. 


Hence {(ax,tx)} is a sequence of (almost) maximum points. And then as 
(k) 
aj 
in the Cr topology to a limit aU) on a limiting manifold M and t € 


before, there exists a subsequence of the metrics g,;’(¢) which converges 


loc 
(—A, +00) such that a (@) is a complete solution of the Ricci flow and its 
curvature satisfies 
|Rm&)| < A/(A +2) 


everywhere on M x (—A,+00) with the equality somewhere att=0. O 





In the case of manifolds with nonnegative curvature operator, or Kahler 
metrics with nonnegative holomorphic bisectional curvature, we can bound 
the Riemannian curvature by the scalar curvature R up to a constant factor 
depending only on the dimension. Then we can slightly modify the state- 
ments in the previous theorem as follows 


Corollary 4.3.5 (Hamilton [65]). For any complete maximal solution to 
the Ricci flow satisfying the injectivity radius condition and with bounded and 
nonnegative curvature operator on a Riemannian manifold, or on a Kahler 
manifold with bounded and nonnegative holomorphic bisectional curvature, 
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there exists a sequence of dilations of the solution along (almost) maximum 
points which converges to a singular model. 
For Type I solutions: the limit model exists for t € (—00,Q) withOd< A< 
+oo and has 
R<0/(Q—-t) 
everywhere with equality somewhere at t = 0. 
For Type II solutions: the limit model exists for t € (—co, +00) and has 
R<l 
everywhere with equality somewhere at t = 0. 
For Type Ill solutions: the limit model exists for t € (—A,+oo) with 0 < 
A <+oo and has 
R<A/(A+t) 
everywhere with equality somewhere at t = 0. 


A natural and important question is to understand each of the three 
types of singularity models. The following results obtained by Hamilton 
and Chen-Zhu characterize the Type II and Type III singularity 
models with nonnegative curvature operator and positive Ricci curvature 
respectively. 


Theorem 4.3.6. 
(i) (Hamilton [68]) Any Type II singularity model with nonnegative 
curvature operator and positive Ricci curvature to the Ricci flow on 
a manifold M must be a (steady) Ricci soliton. 
(ii) (Chen-Zhu [31]) Any Type III singularity model with nonnegative 
curvature operator and positive Ricci curvature on a manifold M 
must be a homothetically expanding Ricci soliton. 


Proof. We only give the proof of (ii), since the proof of (i) is similar 
and easier. 

After a shift of the time variable, we may assume the Type III singularity 
model is defined on 0 < t < +00 and tR assumes its maximum in space-time. 

Recall from the Li-Yau-Hamilton inequality (Theorem 2.5.4) that for 
any vectors V* and W’, 


(4.3.1)  § MigW'W! + (Prig + Prji)VPW'W! + RinghW'WIV*V! > 0, 
where 
1 1 
Mi; = ARs a gVviVih + 2itaayle * a OG igdisg + preiay 
and 
Pijy = Viltjx — Vi Rin: 
Take the trace on W to get 


AOR R 


(4.3.2) Qa a+ 5 +2Vik: V'+2R,V'V) > 0 
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for any vector V’. Let us choose V to be the vector field minimizing Q, i.e., 
1 
(4.3.3) vi= 5 (Rie!) "VER, 


where (Ric~')’* is the inverse of the Ricci tensor R;;. Substitute this vector 
field V into Q to get a smooth function Q. The calculations of Chow- 
Hamilton in the proof of Theorem 6.1 of give, 


0 ~ x 2» 
4.3.4 —Q>AQ— <Q. 
(4.3.4) 59 = A@-=G 
Suppose tR assumes its maximum at (29, to) with to > 0, then 

OR R 
Si); t to). 
Dt - ; at (x9, to) 

This implies that the quantity 
OR R 


Q= a +7 t2Vik- Vi +2RiyV'VI 


vanishes in the direction V = 0 at (xo,to). We claim that for any earlier 
time t < tp and any point x € M, there is a vector V © T;M such that 
Q = 0. 
We argue by contradiction. Suppose not, then there is f € M and 
0 < t < tg such that Q is positive at x = and t = t. We can find a 
nonnegative smooth function p on M with support in a neighborhood of & 
so that p(z) > 0 and 
~ Pp 
Q = R’ 
at t = t. Let p evolve by the heat equation 
Op 
— =Ap. 
at 
It then follows from the standard strong maximum principle that p > 0 
everywhere for any t > t. From (4.3.4) we see that 


x (9) 24(0-%)-7(@-8) 


Then by the maximum principle as in Chapter 2, we get 





Q25>0, for all t >t. 


This gives a contradiction with the fact Q = 0 for V = 0 at (xo,to). We 
thus prove the claim. 

Consider each time t < tg. The null vector field of Q satisfies the equa- 
tion 


(4.3.5) ViR+2Rij;V! =0, 


by the first variation of Q in V. Since Rj; is positive, we see that such a 
null vector field is unique and varies smoothly in space-time. 
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Substituting (4.3.5) into the expression of Q, we have 
OR R ; 
4.3. —+—+4V;R-V’=0 
(4.3.6) Rte 
Denote by 
Qig = Mig + (Prig + Pagi)V* + RingtV*V'. 

From (4.3.1) we see that Qj; is nonnegative definite with its trace Q = 0 

for such a null vector V. It follows that 
Qig = Mig + (Prig + Paji)V* + RingV*V' = 0. 


Again from the first variation of Q;; in V, we see that 


(4.3.7) (Prij + Pri) + (Ringt + Ryit)V' = 0, 
and hence 
(4.3.8) Mi; — RinjiV*V' = 0. 
Applying the heat operator to (4.3.5) and (4.3.6) we get 
(4.3.9) = (5 — A) (ViR + 2RijV") 
O 0 
SOR AN | ee 
ra (4) V+ (Ge - A) (oR 
+2vi (3 - 4) Rij —4V ERGV'V!, 
and 
0 OR R . 
43.10) (OS) a) he yy 
(4.3.10) 0 (3 ) (Gata v') 
g i 2 kyyi 
=ViR (= -A)Vi+Vi (= A) (Vik) -2V,.ViR-VIV 





(i=) (4) 


Multiplying (4.3.9) by V’, summing over i and adding (4.3.10), as well 
as using the evolution equations on curvature, we get 
(4.3.11) 0 = 2V'(2V;(|Rel?) — Ru V'R) + 2V'V4 (2Rpigg RP — 294 Ryi Raj) 
— 4V, Rij» V°VI Vi — 20 .ViR- VIV' + 4RYVVGR 


R 


+ 498g gt Rim RnpRat + ARige RY VIV' — =. 


From (4.3.5), we have the following equalities 
—2V'*RyV'R — AV*VI g?4 Ry Rqj = 0, 

(4.3.12) ¢ —4V,Riz- VEVI- Vi 2V,ViR- VEV! = ARG VaV' > VEVY, 
ViVjR = —2ViRy- V' — 2RaViV!. 
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Substituting (4.3.12) into (4.3.11), we obtain 
8RY(V Riz V* + RingiV8V' — Vij V' — RyViV') 
+ AR VeVi» VEVI + 4gh g" gt Rim RnpRq — a = 0. 
By using (4.3.7), we know 
RY(V Rig -V" + RinjiV°V! — ViRj- V') = 0. 


Then we have 
(4.3.13) 


— 8RYURAViV' + 4RijyVEV' > VIVE + 4g¥ g” GPt Rim RnpRql — 5 =U, 
By taking the trace in the last equality in (4.3.12) and using (4.3.6) and the 
evolution equation of the scalar curvature, we can get 
ij 
2t 
Finally by combining (4.3.13) and (4.3.14), we deduce 


(4.3.14) RY (Ry + =2 — ViV;) =0. 
ij ,kl ( p. Yik Tjk \ 
4RYg fir + or — VeVi fig + — VEVG = 0. 
Since R,; is positive definite, we get 


(4.3.15) ViV; = Rij + a, for all i, 9. 











This means that g;;(t) is a homothetically expanding Ricci soliton. 





Remark 4.3.7. Recall from Section 1.5 that any compact steady Ricci 
soliton or expanding Ricci soliton must be Einstein. If the manifold M in 
Theorem 4.3.6 is noncompact and simply connected, then the steady (or 
expanding) Ricci soliton must be a steady (or expanding) gradient Ricci 
soliton. For example, we know that V;V; is symmetric from (4.3.15). Also, 
by the simply connectedness of M there exists a function F’ such that 


ViVyF = ViVj, on M. 


So o 
ig=VGr= oo, on M 


This means that g;; is an expanding gradient Ricci soliton. 


In the Kahler case, we have the following results for Type II and Type 
III singularity models with nonnegative holomorphic bisectional curvature 
obtained by the first author in [15]. 


Theorem 4.3.8 (Cao [15]). 
(i) Any Type II singularity model on a Kahler manifold with nonnega- 
tive holomorphic bisectional curvature and positive Ricci curvature 
must be a steady Kahler-Ricci soliton. 
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(ii) Any Type III singularity model on a Kahler manifold with nonnega- 
tive holomorphic bisectional curvature and positive Ricci curvature 
must be an expanding Kdhler-Ricci soliton. 


To conclude this section, we state a result of Sesum on compact 
Type I singularity models. Recall that Perelman’s functional W, introduced 
in Section 1.5, is given by 


woo.f.7) = f (amr) Flr(IVaP +R) +f —nlefaVv, 
M 
with the function f satisfying the constraint 


[ Gary tetwy, =, 


And recall from Corollary 1.5.9 that 


(g(t) = int {walt AT =| f ane -1))-FeFavyy = i} 


is strictly increasing along the Ricci flow unless we are on a gradient shrink- 
ing soliton. If one can show that ju(g(t)) is uniformly bounded from above 
and the minimizing functions f = f(-,t) have a limit as t — T, then the 
rescaling limit model will be a shrinking gradient soliton. As shown by 
Natasa Sesum in [117], Type I assumption guarantees the boundedness of 
1(g(t)), while the compactness assumption of the rescaling limit guarantees 
the existence of the limit for the minimizing functions f(-,t). Therefore we 
have 


Theorem 4.3.9 (Sesum [117]). Let (M,9ij(t)) be a Type I singularity 
model obtained as a rescaling limit of a Type I maximal solution. Suppose 
M is compact. Then (M, gij(t)) must be a gradient shrinking Ricci soliton. 


It seems that the assumption on the compactness of the rescaling limit 
is superfluous. We conjecture that any noncompact Type I limit is also a 
gradient shrinking soliton. 


4.4. Ricci Solitons 


We now follow Hamilton to examine the structure of a steady Ricci 
soliton that we get as a Type II limit . The material is from section 20 of 
Hamilton and Hamilton [62]. 


Lemma 4.4.1 (Hamilton [65]). Suppose we have a complete gradient 
steady Ricci soliton g;; with bounded curvature so that 
Rij = ViVyF 
for some function F on M. Assume the Ricci curvature is positive and the 


scalar curvature R attains its maximum Rmax at a point x9 © M. Then 


(4.4.1) |VF|? +R= Rmax 
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everywhere on M, and furthermore F is convex and attains its minimum at 
XO. 


Proof. Recall that, from (1.1.15) and noting our F’ here is —f there, 
the steady gradient Ricci soliton has the property 


\VF/?+R=Co 


for some constant Co. Clearly, Co > Rmax-. 

If Co = Rmax, then VF = 0 at the point x9. Since V;V;F = Rij > 0, 
we see that F' is convex and F attains its minimum at x9. 

If Co > Rmax, consider a gradient path of F in a local coordinate neigh- 
borhood through ao = (#,...,27%) : 


x’ = x*(u), u€ (-6,€), i=1,...,n 
x = 2'(0), 
and 


dri 7 
ye GIV;F, we (e,e). 
U 





Now |VF|? = Cp — R > Co — Rmax > 0 everywhere, while |VF|? is smallest 
at x = Zo since R is largest there. But we compute 
d fd 
—|VF|? = 297 | —V;F |) ViF 
ta | 7 (+ : ) : 
= 29" g'"ViV iF -VeFVIE 
= 29° ¢! RiVEEVIF 
>0 


since Rj; > 0 and |VF|? > 0. Then |VF|? is not smallest at xo, and we 
have a contradiction. O 





We remark that when we are considering a complete expanding gradient 
Ricci soliton on M with positive Ricci curvature and 


Riz + pgiy = ViVi Fk 
for some constant p > 0 and some function F’, the above argument gives 
\VFP? + R-29F =C 


for some positive constant C’. Moreover the function F' is an exhausting and 
convex function. In particular, such an expanding gradient Ricci soliton is 
diffeomorphic to the Euclidean space R”. 
Let us introduce a geometric invariant as follows. Let O be a fixed point 
in a Riemannian manifold M, s the distance to the fixed point O, and R 
the scalar curvature. We define the asymptotic scalar curvature ratio 
A = limsup Rs’. 


8—+00 
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Clearly the definition is independent of the choice of the fixed point O and 
invariant under dilation. This concept is particular useful on manifolds with 
positive sectional curvature. The first type of gap theorem was obtained by 
Mok-Siu- Yau in understanding the hypothesis of the paper of Siu-Yau 
124]. Yau (see [51]) suggested that this should be a general phenome- 
non. This was later conformed by Greene-Wu [52], Eschenberg-Shrader- 
Strake and Drees where they show that any complete noncompact 
n-dimensional (except n = 4 or 8) Riemannian manifold of positive sectional 
curvature must have A > 0. Similar results on complete noncompact Kahler 
manifolds of positive holomorphic bisectional curvature were obtained by 
Chen-Zhu and Ni-Tam [104]. 


Theorem 4.4.2 (Hamilton [65]). For a complete noncompact steady 
gradient Ricci soliton with bounded curvature and positive sectional curva- 
ture of dimension n > 3 where the scalar curvature assume its maximum at 
a point O € M, the asymptotic scalar curvature ratio is infinite, 1.e., 

A = limsup Rs? = +00 


s—+oo 


where s is the distance to the point O. 


Proof. The solution to the Ricci flow corresponding to the soliton exists 
for —oo < t < +oo and is obtained by flowing along the gradient of a 
potential function F’ of the soliton. We argue by contradiction. Suppose 
Rs? < C. We will show that the limit 


Gij(x) = tim gig (x, t) 


exists for z 4 O on the manifold M and is a complete flat metric on M\{O}. 
Since the sectional curvature of M is positive everywhere, it follows from 
Cheeger-Gromoll that M is diffeomorphic to R”. Thus M \ {O} is 
diffeomorphic to S’-! x R. But for n > 3 there is no flat metric on S?-! x R, 
and this will finish the proof. 

To see the limit metric exists, we note that R — 0 as s — +00, so 
|\VF|? — Rmax a8 s — +00 by (4.4.1). The function F itself can be taken 
to evolve with time, using the definition 

OF Ox" 9 

am ViF- Tia |VF|* = AF — Rinax 
which pulls Ff back by the flow along the gradient of F'. Then we continue 
to have V;V;F = Rj; for all time, and |VF|? + Rmax as § > +00 for each 
time. 

When we go backward in time, this is equivalent to flowing outwards 
along the gradient of F’, and our speed approaches /Rmax. So, starting 
outside of any neighborhood of O we have 
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and 
(4.4.2) R(.,t) < en as |t| large enough. 
Rmax * |¢|? 
Hence for |t| sufficiently large, 
0 > -2R,; 

_ oO 

— ats 

> —2Rgi; 

5 ae 

= Bacco |e 
which implies that for any tangent vector V, 

0 < sr llog(as(V'V)) < 


These two inequalities show that gij (t)V'°VI has a limit Gij3V'V? ast — —oo. 

Since the metrics are all essentially the same, it always takes an infinite 
length to get out to the infinity. This shows the limit 9;; is complete at the 
infinity. One the other hand, any point P other than O will eventually be 
arbitrarily far from O, so the limit metric g;; is also complete away from O 
in M \ {O}. Using Shi’s derivative estimates in Chapter 1, it follows that 
gij(-,t) converges in the CR, topology to a complete smooth limit metric gj; 





as t + —oo, and the limit metric is flat by (4.4.2). O 
The above argument actually shows that 
(4.4.3) limsup Rs't® = +00 
S8—-+00 


for arbitrarily small ¢ > 0 and for any complete gradient Ricci soliton with 
bounded and positive sectional curvature of dimension n > 3 where the 
scalar curvature assumes its maximum at a fixed point O. 

Finally we conclude this section with the important result of Hamilton 
on the uniqueness of complete Ricci soliton on two-dimensional Riemannian 
manifolds. 


Theorem 4.4.3 (cf. Theorem 10.1 of Hamilton [62]). The only complete 
steady Ricci soliton on a two-dimensional manifold with bounded curvature 
which assumes its mazimum 1 at an origin is the “cigar” soliton on the 
plane R? with the metric 


ix? dx? + dy? 
3° = —__—.. 
1l+a?+y? 


Proof. Recall that the scalar curvature evolves by 


OR 
— = AR+ R? 
OL + 
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on a two-dimensional manifold M. Denote by Rmin(t) = inf{R(z,t) | x € 
M}. We see from the maximum principle (see for example Chapter 2) that 
Rmin(t) is strictly increasing whenever Rypin(t) 4 0, for —co < t < +00. 
This shows that the curvature of a steady Ricci soliton on a two-dimensional 
manifold M must be nonnegative and Rmin(t) = 0 for all t € (—oo, +00). 
Further by the strong maximum principle we see that the curvature is actu- 
ally positive everywhere. In particular, the manifold must be noncompact. 
So the manifold M is diffiomorphic to R? and the Ricci soliton must be a 
gradient soliton. Let F' be a potential function of the gradient Ricci soliton. 
Then, by definition, we have 


ViVi + ViVi = Roy 


with V; = V;F. This says that the vector field V must be conformal. In 
complex coordinate a conformal vector field is holomorphic. Hence V is 
locally given by Viagg for a holomorphic function V(z). At a zero of V 
there will be a power series expansion 


V(z) =az?+---, (a 40) 


and if p > 1 the vector field will have closed orbits in any neighborhood 

of the zero. Now the vector field is gradient and a gradient flow cannot 

have a closed orbit. Hence V(z) has only simple zeros. By Lemma 4.4.1, we 

know that F is strictly convex with the only critical point being the minima, 

chosen to be the origin of R?. So the holomorphic vector field V must be 
ore = ot, for z € C, 


for some complex number c. 
We now claim that c is real. Let us write the metric as 
ds? = g(x,y) (dx? + dy”) 
with z=a+/—ly. Then VF = coe means that if c=a+/—10, then 
OF OF 
age (ax — by)g, By = (br + ay)g. 


Taking the mixed partial derivatives or and equating them at the origin 





x= y= 0 gives b = 0, so c is real. 


Let 
x=e"cosv, —0o0 <u<+oo, 
y =e“sinv, Os. or: 
Write 
ds” = g(x, y)(dx? + dy”) 


> 


g 
= g(e" cos v, e“ sin v)e”" (du? + dv”) 
g 


(u,v) (du? + dv”). 
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Then we get the equations 
OF | OF | 
= ag, Dv = 


Ou 


since the gradient of F is just ag for a real constant a. The second equation 
shows that F' = F'(u) is a function of u only, then the first equation shows 
that g = g(u) is also a function of u only. Then we can write the metric as 


(4.4.4) ds” = g(u)(du? + dv?) 
= g(uje~*" (dx? + dy?). 


0 


This implies that e~?"g(u) must be a smooth function of x? + y? = e?”. So 
as U— —Od, 
(4.4.5) g(u) = bye” + bo (ce)? +--+. , 


with b; > 0. 
The curvature of the metric is given by 


1 /g\' 
Res2 (<) 
G9\9 
where (-)’ is the derivative with respect to u. Note that the soliton is by 


translation in wu with velocity c. Hence g = g(u + ct) satisfies 


Og 


—=-R 
at 
which becomes ae 
ac 
eg =| = |) 
g 
Thus by (4.4.5), 
/ 
_ cg +2 
and then by integrating 
1 
et (<) = _ © du he by 
g 2 
Le., 
2u 
e 
glu) = bh — $e" 


In particular, we have c < 0 since the Ricci soliton is not flat. Therefore 

dx? + dy? 
Qa, + ag (a? + y?) 
for some constants ay,a2 > 0. By the normalization condition that the 
curvature attains its maximum 1 at the origin, we conclude that 

dx? + dy? 
ds* = a. 
1+ (x? + y?) 


ds? = g(uje 2" (da? + dy”) = 
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Chapter 5. Long Time Behaviors 


Let M be a complete manifold of dimension n. Consider a solution of 
the Ricci flow g;;(x,t) on M and on a maximal time interval [0,7). When 
M is compact, we usually consider the normalized Ricci flow 

O9i; 2 
BE Sit — 2, 
where r = [,, RdV/ J, dV is the average scalar curvature. The factor r 


serves to normalize the Ricci flow so that the volume is constant. To see 
this we observe that dV = ,/det g;; dx and then 


Aa, o tog V/ det Gj = i 15 au = = ii, 


— av = | r—R)dV =0. 
ae ue ) 


As observed by Hamilton [60], the Ricci flow and the normalized Ricci flow 
differ only by a change of scale in space and a change of parametrization 
in time. Indeed, we first assume that g;;(t) evolves by the (unnormalized) 
Ricci flow and choose the normalization factor ~ = y(t) so that 9; = wgi;, 
and [,,dji = 1. Next we choose a new time scale ¢ = [ 7(¢)dt. Then for the 
normalized metric gj; we have 





1 1 
—R,r=—r. 
wy wy 
Because tig dV = 1, we see that oy dV = ye. Then 


d 
ae (-2) Sve f dV 


_ (-2) Sur BV det G55 dx 
n 


Ry = Ry,R= 


Su 
2 
=-T, 
n 
since g Jij = —2R;; for the Ricci flow. Hence it follows that 


0. 0 d 
Bist = 94M + (5 log v) Gij 
2 is 
= 7 oii = 2Rij- 
Thus studying the behavior of the Ricci flow near the maximal time is equiv- 
alent to studying the long-time behavior of the normalized Ricci flow. 
In this chapter we will discuss long-time behavior of the normalized Ricci 
flow for the following special cases: (1) compact two-manifolds (cf. Hamilton 


and Chow [87]); (2) compact three-manifolds with nonnegative Ricci 
curvature (cf. Hamilton [60]); (3) compact four-manifolds with nonnegative 
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curvature operator (cf. Hamilton [61]); and (4) compact three-manifolds 
with uniformly bounded normalized curvature (cf. Hamilton [67]). 


5.1. The Ricci Flow on Two-manifolds 


Let M be a compact surface, we will discuss in this section the evolution 
of a Riemannian metric gj; under the normalized Ricci flow. Most of the 
presentation in this section follows Hamilton [62], as well as Chow [37]. We 
also refer the reader to chapter 5 of Chow-Knopf’s book for an excellent 
description of the subject. 

On a surface, the Ricci curvature is given by 


1 
fig = 5 hoi 


so the normalized Ricci flow equation becomes 


0 
(5.11) oto => Cg = R)gij. 


Recall the Gauss-Bonnet formula says 


/ RdV = 4rx(M), 
M 


where x(M) is the Euler characteristic number of M. Thus the average 
scalar curvature r = 47x(M)/ J, dV is constant in time. 

To obtain the evolution equation of the normalized curvature, we recall a 
simple principle in for converting from the unnormalized to the normal- 
ized evolution equation on an n-dimensional manifold. Let P and Q be two 
expressions formed from the metric and curvature tensors, and let P and Q 
be the corresponding expressions for the normalized Ricci flow. Since they 
differ by dilations, they differ by a power of the normalized factor w = 1(t). 
We say P has degree k if P = W*P. Thus gij has degree 1, Rj; has degree 
0, R has degree —1. 


Lemma 5.1.1 (Hamilton [60]). Suppose P satisfies 


oP 
—=AP 
at we 
for the unnormalized Ricci flow, and P has degree k. Then @ has degree 


k—1, and for the normalized Ricci flow, 


Pe 4 
Ot n 


Proof. We first see Q has degree k — 1 since Ot/Ot = y and A = WA. 
Then 
a - 7 ‘ : 
va “P) = pAb *P) +p **"Q 
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which implies 


Ot tet Da 
os a 2 
=AP+Q+—KFP 
since Slog = (Z log p)p71 = 2F, - 





We now come back to the normalized Ricci flow (5.1.1) on a compact 
surface. By applying the above lemma to the evolution equation of unnor- 
malized scalar curvature, we have 


(5.1.2) CE = AR+R?- rR 


for the normalized scalar curvature R. As a direct consequence, by using 
the maximum principle, both nonnegative scalar curvature and nonpositive 
scalar curvature are preserved for the normalized Ricci flow on surfaces. 

Let us introduce a potential function y as in the Kahler-Ricci flow (see 
for example [12]). Since R —r has mean value zero on a compact surface, 
there exists a unique function y, with mean value zero, such that 





(5.1.3) Agy=R-r. 
Differentiating (5.1.3) in time, we have 
O 0 
—~R= -~(A 
BE Bene 
.. O Op Op 
= (R= FA ay ae 
ETI OCT Gy, i iy a 


=(R-r)ag+a(Z). 


Combining with the equation (5.1.2), we get 


A (32) = A(Ay) +rAg 
at 
which implies that 

a 
(5.1.4) a = Ay try — b(t) 


for some function b(t) of time only. Since {,, dV = 0 for all t, we have 


d 
0=— edu= | (Ag+ re—e)idn+ f g(r — Rody 
dt Jug M M 
LL. 


= -v(¢) | aut f |Vey|7d 
M M 
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Thus the function b(t) is given by 
b(t) = Sug Weld 
Sur te 
Define a function h by 
h= Ag +|Vyl? = (R-r) +|Vel’, 
and set 
Miz = ViV5 9 - 5A QGij 

to be the traceless part of ViVj ¢. 


Lemma 5.1.2 (Hamilton [62]). The function h satisfies the evolution 
equation 


Oh 
(5.1.5) Bp = Ah 2|Mij/? + rh. 
Proof. Under the normalized Ricci flow, 
a , ome fa 
—g" | VipV; 2g | —V; V; 
rr (52) eV ip + 2g (5 v) ( i) 


= (R—r)|Vy|? + 29" Vi(Ay + ry — b(t)) V5 
=(R+ r)|Vyl? ae 2g") (AVip — RirVep)V5¥ 
) 
2 





=(R+r)|Vol? + AlVe)? — 2|V? yp)? — 2967 Ru VeeV 5 
= A|V¢|? — 2/V2y|? + r|Vy)?, 


where Ri, = sRoix on a surface. 
On the other hand we may rewrite the evolution equation (5.1.2) as 


o(R—r) = A(R—r) + (Ay)? +r(R-0). 


Then the combination of above two equations yields 


@ 2 (2 1 2 
rik Ah — 2(|V“¢| (Ay)*) +r 


= Ah— 2|Mi;|? +rh 











as desired. 





As a direct consequence of the evolution equation (5.1.5) and the maxi- 
mum principle, we have 


(5.1.6) R<CQje"+4+r 


for some positive constant C depending only on the initial metric. 
On the other hand, it follows from (5.1.2) that Rmin(t) = minzew R(z, t) 
satisfies 


d 
—Rrmin = = Tenia: Rin =a > 0 
di ( n) 
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whenever Ryin < 0. This says that 
(lt) Rnin(t) > —Co, for all t>0 


for some positive constant C2 depending only on the initial metric. 
Thus the combination of (5.1.6) and (5.1.7) implies the following long 
time existence result. 


Proposition 5.1.3 (Hamilton [62]). For any initial metric on a com- 
pact surface, the normalized Ricci flow (5.1.1) has a solution for all time. 


To investigate the long-time behavior of the solution, let us now divide 
the discussion into three cases: y(M) < 0; x(M) = 0; and x(M) > 0. 
Case (1): x(M) <0 (ie., r < 0). 
From the evolution equation (5.1.2), we have 
d 


— Rmin = Rmin Rin = 
dt ( ") 


>1r(Rmin—7), on M x [0, +00) 
which implies that 
R-—r>-—Cye™, on M x [0,+00) 
for some positive constant C, depending only on the initial metric. Thus by 
combining with (5.1.6) we have 
(5.1.8) =Ce" <R-—r< Cie", on Mx (0, +00). 


Theorem 5.1.4 (Hamilton [62]). On a compact surface with x(M) <0, 
for any initial metric the solution of the normalized Ricci flow (5.1.1) exists 
for all time and converges in the C™ topology to a metric with negative 
constant curvature. 


Proof. The estimate (5.1.8) shows that the scalar curvature R(z, t) 
converges exponentially to the negative constant r as t + +00. 

Fix a tangent vector v € T,M at a point x € M and let |v|? = 
gij(a, t)v'v?. Then we have 


d 0 oo 
qlee = (Faste0) vv! 
= (r — R)lolf 
which implies 
d 
aH 8 Ju|?| << Ce", for all t>0 








for some positive constant C' depending only on the initial metric (by using 
(5.1.8)). Thus |v|? converges uniformly to a continuous function |v|?, as 
t — +00 and |v|2, 4 0 if v 4 0. Since the parallelogram law continues 
to hold to the limit, the limiting norm |v|2, comes from an inner product 
gij(0o). This says, the metrics g;;(t) are all equivalent and as t > +00, the 
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metric gj;(t) converges uniformly to a positive-definite metric tensor g;;(0o) 
which is continuous and equivalent to the initial metric. 

By the virtue of Shi’s derivative estimates of the unnormalized Ricci flow 
in Section 1.4, we see that all derivatives and higher order derivatives of the 
curvature of the solution g;; of the normalized flow are uniformly bounded 
on M x [0,+00). This shows that the limiting metric gj;(0o) is a smooth 
metric with negative constant curvature and the solution g;;(t) converges to 
the limiting metric g;;(0o) in the C™ topology as t > +00. oO 





Case (2): x(M) =0, ie, r =0. 


The following argument of dealing with the case x(/) = 0 is adapted 
from Chow-Knopf’s book (cf. section 5.6 of [41]). From (5.1.6) and (5.1.7) 
we know that the curvature remains bounded above and below. To get 
the convergence, we consider the potential function y of (5.1.3) again. The 
evolution of y is given by (5.1.4). We renormalize the function y by 


P(x, t) = y(a, t) + f o(eae on M x [0, +00). 


Then, since r = 0, ¢ evolves by 


(5.1.9) ve = Ag, on M x [0, +00). 


From the proof of Lemma 5.1.2, we get 
0. . 2 = 
(5.1.10) alVer =AlVorP =2V7eP. 


Clearly, we have 


a. _ : 
a = AP’ - 2|VE)’. 


(5.1.11) - 


Thus it follows that 
0 7 “i 7 S 
RtlVel +B) < AVG) + #"). 


Hence by applying the maximum principle, there exists a positive constant 
C’3 depending only on the initial metric such that 


C: 
(5.1.12) |Vel2(x,t) << —%, on M x [0, +00). 
1+t 
In the following we will use this decay estimate to obtain a decay estimate 
for the scalar curvature. 


By the evolution equations (5.1.2) and (5.1.10), we have 


0 “ “ i 
rics 2|VAl?) = A(R + 2|/VG|?) + R? — 4|V7G)? 


< A(R + 2|V¢l?) — R? 
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since R? = (Ag)? < 2|/V?|?. Thus by using (5.1.12), we have 


S ((R + 2IV6?)) 
< Alt(R + 2|V¢l?)] —tR? + R + 2|VG)? 
< Ali(R + 2|VG|?)] — (B+ 2|VGl*)? + (1 + 4t/VEI?)(R + 2|VGI’) 
< Ali(R + 2|VGl?)] — [t(R + 2|VG|*) — (1 + 4C3)](R + 2/VG)?) 
< Ali(R + 2|V¢)?)] 
wherever t(R+2|V@|?) > (1+4C3). Hence by the maximum principle, there 


holds 


C 
(5.1.13) R+2/V@l? < ; a on M x [0, +c0) 





for some positive constant Cy, depending only on the initial metric. 
On the other hand, the scalar curvature satisfies 


“ ZABUR? on Ase 10, des). 
It is not hard to see that 
Fenin( 0) 
5.1.14 R> —— M 
( ) _ 1 _ Rymin(0)t’ on x (0, +00), 


by using the maximum principle. So we obtain the decay estimate for the 
scalar curvature 


C 
(5.1.15) |R(a,t)| < 7 on M x [0, +00), 





for some positive constant C's depending only on the initial metric. 


Theorem 5.1.5 (Hamilton [62]). On a compact surface with x(M) = 0, 
for any initial metric the solution of the normalized Ricci flow (5.1.1) exists 
for all time and converges in C™ topology to a flat metric. 


Proof. Since oe = Ag, it follows from the maximum principle that 
|p(z, t)| < Ce, on M x [0, +oo) 


for some positive constant Cg depending only on the initial metric. Recall 
that Ag = R. We thus obtain for any tangent vector v € T;,M at a point 
creEeM, 


d, 2 (90 iJ 
alle = (Fate 0) vv 
= —R(a,t)|v|? 
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lol? [ d 
log —t|=|/ —1 
los 8 ae 
t 


i R(a, t)dt 


= |2(a, t) _ p(x, 0)| 
< 2Cé¢, 


and then 


v,|7dt| 











for all « € M and t € [0,+00). This shows that the solution g;;(t) of the 
normalized Ricci flow are all equivalent. This gives us control of the diameter 
and injectivity radius. 

As before, by Shi’s derivative estimates of the unnormalized Ricci flow, 
all derivatives and higher order derivatives of the curvature of the solution 9;; 
of the normalized Ricci flow (5.1.1) are uniformly bounded on M x [0, +00). 
By the virtue of Hamilton’s compactness theorem (Theorem 4.1.5) we see 
that the solution g;;(t) subsequentially converges in C°° topology. The decay 
estimate (5.1.15) implies that each limit must bea flat metric on M. Clearly, 
we will finish the proof if we can show that limit is unique. 

Note that the solution g;;(t) is changing conformally under the Ricci 
flow (5.1.1) on surfaces. Thus each limit must be conformal to the initial 
metric, denoted by 9;. Let us denote gj;(0o) = e“ Gj to be a limiting metric. 
Since gj;(0o) is flat, it is easy to compute 

0=e “(R— Au), on M, 
where R is the curvature of g;; and A is the Laplacian in the metric gj;. 
The solution of Poission equation 


Au = R, on M 


is unique up to constant. Moreover the constant must be also uniquely 
determined since the area of the solution of the normalized Ricci flow (5.1.1) 
is constant in time. So the limit is unique and we complete the proof of 
Theorem 5.1.5. 














Case (3): x(M) > 0, ie., r > 0. 


This is the most difficult case. The first proof is due to Ben Chow[87], 
based on the important work of Hamilton [62]. By now there exist several 
proofs (cf. Bartz-Struwe-Ye [6] and Struwe [125], etc). But, in contrast 
to the previous two cases, none of the proofs depends only on maximum 
principle type argument. In fact, all the proofs rely on some kind of combi- 
nation of the maximum principle argument and certain integral estimate of 
the curvature. 

In the pioneer work [62], Hamilton considered the important special 
case when the initial metric is of positive scalar curvature. He introduced 
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an integral quantity 


E= Rilog R dV, 
M 

which he called entropy, for the (normalized) Ricci flow on a surface M 
with positive curvature, and showed that the entropy is monotone decreasing 
under the flow. By combining this entropy estimate with the Harnack in- 
equality for the curvature (Corollary 2.5.3), Hamilton obtained the uniform 
bound on the curvature of the normalized Ricci flow on M with positive 
curvature. Furthermore, he showed that the evolving metric converges to 
a shrinking Ricci soliton on M and that the shrinking Ricci soliton must 
be a round metric on the 2-sphere S?. Subsequently, Chow extended 
Hamilton’s work to the general case when the curvature may change signs. 
More precisely, he proved that given any initial metric on a compact sur- 
face M with y(M) > 0, the evolving metric under the (normalized) Ricci 
flow will have positive curvature after a finite time. Hence, when combined 
with Hamilton’s result, B. Chow’s result implies that the solution under the 
normalized flow on M converges to the round metric on S?. 

In the following we will basically follow the arguments of Hamilton 
and Chow [87], except when we prove the uniform bound of the evolving 
scalar curvature we will present a new argument using the Harnack inequal- 
ity of Chow and Perelman’s no local collapsing theorem I’ (as was done 
in the joint work of Bing-Long Chen and the authors where they con- 
sidered the Kahler-Ricci flow of nonnegative holomorphic bisectional curva- 
ture). 

Given any initial metric on M with y(M) > 0, we consider the solution 
gij(t) of the normalized Ricci flow (5.1.1). Recall that the (scalar) curvature 
R satisfies the evolution equation 


a 
—R=A 2 _ rR. 
apR= ART R?—rR 


The corresponding ODE is 


d 
(5.1.16) — = 5? rs. 


Let us choose c > 1 and close to 1 so that r/(1 — c) < minzey R(z, 0). 

It is clear that the function s(t) = r/(1 —ce™) < 0 is a solution of the ODE 

(5.1.16) with s(0) < min R(«,0). Then the difference of R and s evolves by 
rE 


o(R-s) = A(R-s)+(R—-r+s)(R-s). 
Since minzey R(x,0)—s(0) > 0, the maximum principle implies that R—s > 
0 for all times. 

First, we need the Harnack inequality obtained by B. Chow [37], which is 
an extension of Theorem 2.5.2, for the normalized Ricci flow whose curvature 
may change signs. 


(5.1.17) 
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Consider the quantity 
= log(R — s). 
It is easy to compute 


OL 


Fr TAL HIVEP + R—r+s. 


Set 
q=2 = (Vil? —s=AL+R-r. 


By a direct computation and using the estimate (5.1.8), we have 
og=A (=) + +(R-n)aL+ Se 
= AQ +4 2|V?L|? + 2(VL, V(AL)) + RIVL|? 
+(R-r)AL+AR+ R(R-1) 
=AQ+2V7L)? £2VE, VO) 42(R = 1) ALS (R—rP 
+ (r—s)AL+4+s|VL/?+r(R-r) 
= AQ +2(VL, VQ) + 2|/V7L|? + 2(R—r)AL+(R-r)? 
+ (r-8)Q+s|VEP + 5(R-1) 
> AQ + AVL, VQ) + Q? + (r— 8)Q+8|VL|? — 








Here and below C is denoted by various positive constants depending only 
on the initial metric. 
In order to control the bad term s|VL|?, we consider 
0 2 
31 sh) = A(sL)4+s|VL|°+s(R—rt+s)+s(s—r)L 
SAL) + 2VL, V(6b)) = s|VEP— 





by using the estimate (5.1.8) again. Thus 


2@ + sL) > A(Q+sL)+2(VL,V(Q4+sL)) +Q?4+(r—s)Q-C 








> A(Q+ sL)+2XVL,V(Q+sL)) + sl(@ +s)? —C*], 


since sL is bounded by (5.1.8). This, by the maximum principle, implies 
that 


Q>-C, for all t € [0,+00). 
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Then for any two points 71,72 € M and two times tg > ty > 0, and a path 
y: [t1,t2] ~ M connecting x1 to x2, we have 
to d 


L(x, tz) = L(x, ti) = : Freaelr t)dt 


2 (OL ; 
—— : (> + (vt,4)) dt 


IV 
| 
| 
> 
| 
oI 
| 
o 


where 


A= Alaa ti5 £2, t2) 


ta 
= inf | OI5,5 ca |y: [t1, te] — M with y(t1) = 21, y(te) = va} : 


t1 


Thus we have proved the following Harnack inequality of B. Chow. 


Lemma 5.1.6 (Chow [37]). There exists a positive constant C' depend- 
ing only on the initial metric such that for any x1, t2 € M andtg >t, > 0, 


R(a1,t1) — s(t) < e+) (Rao, te) — 8(t2)) 


where 


te 

A = inf {| |4(t)|?dt | 7: [t1,t2] > M with y(t1) = 21, 7(te) = ra} : 
ty 

We now state and prove the following uniform bound estimate for the 

curvature, a consequence of the results of Hamilton and Chow [37]. We 

remark the special case when the scalar curvature R > 0 is first proved by 

Hamilton [62]. As we mentioned before, the proof here is adapted from [16]. 


Proposition 5.1.7 (cf. Lemma 5.74 and Lemma 5.76 of {41]). Let 
(M, gi;(t)) be a solution of the normalized Ricci flow on a compact surface 
with x(M) > 0. Then there exist a time tp > 0 and a positive constant C 
such that the estimate 

Gl = Rat) <C 
holds for alla € M andt € [to, +00). 


Proof. Recall that 


R(z,t) > s(t)=———, — on M x (0, too). 
1 — cert 
For any € € (0,7), there exists a large enough to > 0 such that 
(5.1.18) R(z,t) >—e?, on M x [tg, +00). 


Let t be any fixed time with t > to +1. Obviously there is some point 
xo € M such that R(xzo,t +1) =r. 

Consider the geodesic ball B;(ao,1), centered at x and radius 1 with 
respect to the metric at the fixed time ¢. For any point x € B;(ao,1), we 
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choose a geodesic y: [t,t-+ 1] — M connecting x and zp with respect to the 
metric at the fixed time t. Since 


6) 
agi =(r — R)gi < 2g; on M x [tp, +00), 


we have 
t+1 t+1 
i W(r) Badr < & / Wr)Bar < 2. 
t t 


Then by Lemma 5.1.6, we have 


1 
(5.1.19) R(x,t) < s(t) + exp {ze - c} -(R(ao,t+ 1) — s(t + 1)) 
Ci, as x € B;(x0, 1), 


for some positive constant C, depending only on the initial metric. Note the 
the corresponding unnormalized Ricci flow in this case has finite maximal 
time since its volume decreases at a fixed rate —47y(M) < 0. Hence the 
no local collapsing theorem I’ (Theorem 3.3.3) implies that the volume of 
B,(xo,1) with respect to the metric at the fixed time t is bounded from 
below by 


(5.1.20) Vol +( Bi (xo, 1)) > Co 


for some positive constant C2 depending only on the initial metric. 

We now want to bound the diameter of (M,9;;(t)) from above. The 
following argument is analogous to Yau in [132] where he got a lower bound 
for the volume of geodesic balls of a complete Riemannian manifold with 
nonnegative Ricci curvature. Without loss of generality, we may assume 
that the diameter of (IM, gi;(t)) is at least 3. Choose a point 2; € M such 
that the distance d;(xo, 21) between x; and zo with respect to the metric at 
the fixed time t is at least a half of the diameter of (M, gi;(t)). By (5.1.18), 
the standard Laplacian comparison theorem (c.f. [116]) implies 


Ap? = 2pAp +2 < 2(1+ep) +2 


in the sense of distribution, where p is the distance function from 21 (with 
respect to the metric gj;(t)). That is, for any y € Cp°(M), y > 0, we have 


(5.4191) - [, Vp? -Vo< [ea +ep) + 2ly. 


Since C5°(M) functions can be approximated by Lipschitz functions in the 
above inequality, we can set v(x) = w(p(x)), « € M, where 7(s) is given by 


1, 0<s<d(xo0,21) -1, 
w(s) = w'(s) = —5, d(x, 21) =I < s < d(x, £1) + Li 
0, se di (xo, 71) +1. 
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Thus, by using (5.1.20), the left hand side of (5.1.21) is 
i Vp? - Vy 
M 


 acameeteanacs ‘ 

> (di(%o0, 1) — 1) Vols ( Bi (x1, di(xo, 21) + 1) \ Bi (ai, d(x, 21) — 1)) 
> (di(%o, 21) — 1) Vol4( Bi (a0, 1)) 

> (dt(xo, 21) — 1)C2, 

and the right hand side of (5.1.21) is 

[eare+avs f (1 +ep) + 


Be(x1,dt(x0,21)+1) 
< [2(1 + ed:(ao, 71)) + 4] Vol ¢( Bi (21, dk(vo, 21) + 1)) 
< [2(1 ane Edt(Xo, L1)) =e 4|A 
where A is the area of M with respect to the initial metric. Here we have 


used the fact that the area of solution of the normalized Ricci flow is constant 
in time. Hence 


C2(dt (xo, £1) = 1) = [2(1 + ed;(x0, #1)) a AJA, 
which implies, by choosing ¢ > 0 small enough, 


di(xo, 21) < C3 








for some positive constant C'3 depending only on the initial metric. There- 
fore, the diameter of (IM, 9;;(¢)) is uniformly bounded above by 


(5.1.22) diam (M, gij(t)) < 2C3 


for all t € [to, +00). 
We then argue, as in deriving (5.1.19), by applying Lemma 5.1.6 again 
to obtain 
R(x,t) < C4, on M x [to, +00) 


for some positive constant C4, depending only on the initial metric. 

It remains to prove a positive lower bound estimate of the curvature. 
First, we note that the function s(t) + 0 as t — +00, and the average 
scalar curvature of the solution equals to r, a positive constant. Thus the 
Harnack inequality in Lemma 5.1.6 and the diameter estimate (5.1.22) imply 
a positive lower bound for the curvature. Therefore we have completed the 
proof of Proposition 5.1.7. O 





Next we consider long-time convergence of the normalized flow. 
Recall that the trace-free part of the Hessian of the potential y of the 
curvature is the tensor M;; defined by 


1 
Mi = ViVi9 - rand Jigs 
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where by (5.1.3), 
Ag=R-r. 


Lemma 5.1.8 (Hamilton [62]). We have 


0 
(5.1.23) 5p Mil” = A|Mi;|? = 2|V.M;,\" _ 2R|M;;|, on Mx (0, +00). 


Proof. This follows from a standard computation (e.g., cf. Editors’ 
note on p. 217 of {18]). 
First we note the time-derivative of the Levi-Civita connection is 
a 7 5a (Vion = Vin git = visa) 
_ il 
so 


By using this and (5.1.4), we have 
O Op Ou, 10 
SMa Ve == A= Page 
FM = VV; (2) = (Sr) vie STIR ra 


1 
= ViVjAy + (Vik E Viv + VjR . Viv = (VR, Vey) 9:3) 


(-Vik- of —VjR-OF + VER- gis). 


a 5AR Gig +7 Mij. 
Since on a surface, 
Rij = 5 Rouge = Gigi) 

we have 

ViVjAy 

= ViV.ViV'o — Vil Ra V'¥) 

= ViViV;V' 0 — Rij ViV 9 — RuVjV'o — RaiViV' 9 — ViRjaV'¢ 

= AViV;y — V*(Rinj Viv) — Ring ViIV'G 

— RaVjV'e — RaViV'9 — ViRaV'y 


1 
= AVIVip — 5(ViR- Vip + ViR- Vip — (VR, V9) 99) 
1 
—2R (V.¥59 — gh” . a) : 


Combining these identities, we get 


O 1 
ayia = AViV5¢ a ghk “Gig + (r— 2R) Mi; 


1 
=A (¥.¥59 - alk = ras) + (r — 2R)Mi;. 
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Thus the evolution M;; is given by 
OMi; 
Ot 


Now the lemma follows from (5.1.24) and a straightforward computation. 0 





(5.1.24) = AMi; + (r = 2R)Mij- 





Proposition 5.1.7 tells us that the curvature R of the solution to the 
normalized Ricci flow is uniformly bounded from below by a positive con- 
stant for t large. Thus we can apply the maximum principle to the equation 
(5.1.23) in Lemma 5.1.8 to obtain the following estimate. 


Proposition 5.1.9 (Hamilton and Chow [37]). Let (M, gi;(t)) be a 
solution of the normalized Ricci flow on a compact surface with x(M) > 0. 
Then there exist positive constants c and C depending only on the initial 
metric such that 


|[Mij|? <Ce~%, on M x [0, +00). 


Now we consider a modification of the normalized Ricci flow. Consider 
the equation 


a 
(5.1.25) pis = 2Mig = (r — R) giz + 2ViVy¢. 


As we saw in Section 1.3, the solution of this modified flow differs from that 
of the normalized Ricci flow only by a one parameter family of diffeomor- 
phisms generated by the gradient vector field of the potential function y. 
Since the quantity |Mj,;|? is invariant under diffeomorphisms, the estimate 
|Mi;|? < Ce~@ also holds for the solution of the modified flow (5.1.25). This 
exponential decay estimate then implies the solution g;;(a,t) of the mod- 
ified flow (5.1.25) converges exponentially to a continuous metric gj;;(0o) 
as t — +o0. Furthermore, by the virtue of Hamilton’s compactness theo- 
rem (Theorem 4.1.5) we see that the solution g;;(a,t) of the modified flow 
actually converges exponentially in C° topology to gj;(0o). Moreover the 
limiting metric 9;;(00) satisfies 
Mij = (r _ R) gi; + 2ViVGe =0, on M. 

That is, the limiting metric is a shrinking gradient Ricci soliton on the 
surface M. 

The next result was first obtained by Hamilton in [62]. The following 


simplified proof by using the Kazdan-Warner identity has been widely known 
to experts in the field (e.g., cf. Proposition 5.21 of [41]). 


Proposition 5.1.10 (Hamilton [62]). On a compact surface there are 
no shrinking Ricci solitons other than constant curvature. 

Proof. By definition, a shrinking Ricci soliton on a compact surface M 
is given by 


(5.1.26) Vi; + Vj Xi = (R- 1) 943 
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for some vector field X = X;. By contracting the above equation by Ro. 
we have 


2R(R—-r) = 2R divx, 
and hence 
| @-npav = | Re-nav = R div XdV. 
M M M 
Since X is a conformal vector field (by the Ricci soliton equation (5.1.26)), 
by integrating by parts and applying the Kazdan-Warner identity [79], we 
obtain 


| (a-rpav =- f (wR, xyav =o. 
M M 





Hence R =r, and the lemma is proved. Oo 


Now back to the solution of the modified flow (5.1.25). We have seen the 
curvature converges exponentially to its limiting value in the C™ topology. 
But since there are no nontrivial soliton on M, we must have R converging 
exponentially to the constant value r in the C™ topology. This then implies 
that the unmodified flow (5.1.1) will converge to a metric of positive constant 
curvature in the C™ topology. 

In conclusion, we have proved the following main theorem of this section. 


Theorem 5.1.11 (Hamilton and Chow [37]). On a compact surface 
with y(M) > 0, for any initial metric, the solution of the normalized Ricci 
flow (5.1.1) exists for all time, and converges in the C® topology to a metric 
with positive constant curvature. 


5.2. Differentiable Sphere Theorems in 3-D and 4-D 


An important problem in Riemannian geometry is to understand the in- 
fluence of curvatures, in particular the sign of curvatures, on the topology of 
underlying manifolds. Classical results of this type include sphere theorem 
and its refinements stated below (e.g., cf. Theorem 6.1, Theorem 7.16, and 
Theorem 6.6 of [23]). In this section we shall use the long-time behavior of 
the Ricci flow on positively curved manifolds to establish Hamilton’s differ- 
entiable sphere theorems in dimensions three and four. Our presentation is 
based on Hamilton [61]. 

Let us first recall some classical sphere theorems. Given a Remannian 
manifold M, we denote by Ky, the sectional curvature of M. 


Classical Sphere Theorems (cf. [23]). Let M be a complete, simply 
connected n-dimensional manifold. 
(i) If + < Ky <1, then M is homeomorphic to the n-sphere S”. 
(ii) There exists a positive constant 6 € (Z. 1) such that ifd < Ky <1, 
then M is diffeomorphic to the n-sphere S”. 
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Result (ii) is called the differentiable sphere theorem. If we relax the 
assumptions on the strict lower bound in (i), then we have the following 
rigidity result. 


Berger’s Rigidity Theorem (cf. [23]). Let M be a complete, 
simply connected n-dimensional manifold with ; < Ky <1. Then either 
M is homeomorphic to S” or M is isometric to a symmetric space. 


We remark that it follows from the classification of symmetric spaces 
(see for example [70]) that the only simply connected symmetric spaces 
with positive curvature are S”, CP2, QP7, and the Cayley plane. 

In early and mid 80’s respectively, Hamilton used the Ricci flow 
to prove the following differential sphere theorems. 


Theorem 5.2.1 (Hamilton [60]). A compact three-manifold with posi- 
tive Ricci curvature must be diffeomorphic to the three-sphere S? or a quo- 
tient of it by a finite group of fixed point free isometries in the standard 
metric. 


Theorem 5.2.2 (Hamilton [61]). A compact four-manifold with pos- 
itive curvature operator is diffeomorphic to the four-sphere S* or the real 
projective space RE*. 


Note that in above two theorems, we only assume curvatures to be 
strictly positive, but not any strong pinching conditions as in the classical 
sphere theorems. In fact, one of the important special features discovered by 
Hamilton is that if the initial metric has positive curvature, then the metric 
will get rounder and rounder as it evolves under the Ricci flow, at least in 
dimension three and four, so any small initial pinching will get improved. 
Indeed, the pinching estimate is a key step in proving both Theorem 5.2.1 
and 5.2.2. 

The following results are concerned with compact three-manifolds or 
four-manifolds with weakly positive curvatures. 


Theorem 5.2.3 (Hamilton {61]). 


(i) A compact three-manifold with nonnegative Ricci curvature is dif- 
feomorphic to S*, or a quotient of one of the spaces S* or S? x R! or 
R® by a group of fixed point free isometries in the standard metrics. 

(ii) A compact four-manifold with nonnegative curvature operator is 
diffeomorphic to S* or CP? or S? x S?, or a quotient of one of the 
spaces S* or CP? or S? x R! or S? x S? or S? x R? or R* by a group 
of fixed point free isometries in the standard metrics. 





The rest of the section will be devoted to prove Theorems 5.2.1-5.2.3 
and the presentation follows Hamilton (also cf. [65}). 
Recall that the curvature operator Mag evolves by 


0 
(5.2.1) 5p Mas = AMog + Mag + M5: 


HAMILTON-PERELMAN’S PROOF 173 


where (see Section 1.3 and Section 2.4) M a8 is the operator square 
Mie = MoyMpy 
and Mi, is the Lie algebra so(n) square 
# 0 
Mi = CYCP My, Meo. 


We begin with the curvature pinching estimates of the Ricci flow in three 
dimensions. In dimension n = 3, we know that Mi, is the adjoint matrix 
of Mag. If we diagonalize M,g with eigenvalues A > pp > v so that 


(Ma ) = Lt ’ 
Vy 
then Mig and Mi, are also diagonal, with 
Pe py 
(M2,) = we and (Mi) = Av 
vy? Aft 


and the ODE corresponding to PDE (5.2.1) is then given by the system 


oy = \? + py, 
(5.2.2) fu =p? +d, 
fy =v" + dp. 


Lemma 5.2.4 (Hamilton [65]). For any e € (0, a], the pinching 
condition 


Rij > 0 and Rij = ERgi; 
is preserved by the Ricci flow. 


Proof. If we diagonalize the 3 x 3 curvature operator matrix M,g with 
eigenvalues 4 > pw > v, then nonnegative sectional curvature corresponds 
to vy > 0 and nonnegative Ricci curvature corresponds to the inequality 
t+v>0. Also, the scalar curvature R = \+ 4+ v. So we need to show 


wt+v>0 and wt+v>dA, with 6 = 2e/(1— 2e), 


are preserved by the Ricci flow. By Hamilton’s advanced maximum principle 
(Theorem 2.3.1), it suffices to show that the closed convex set 


K={Moag|ut+tv>0 and wt+v> da} 
is preserved by the ODE system (5.2.2). 
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Now suppose we have diagonalized Mag with eigenvalues \ > ps > v at 
t = 0, then both Mig and M*, are diagonal, so the matrix M,g remains 
diagonal for t > 0. Moreover, since 


d 

ait ¥) = (Huu ty — A), 
it is clear that w > v for t > 0 also. Similarly, we have A > yp for t > 0. 
Hence the inequalities \ > 4 > v persist. This says that the solutions of the 
ODE system (5.2.2) agree with the original choice for the eigenvalues of the 
curvature operator. 

The condition 4 + v > 0 is clearly preserved by the ODE, because 

d 
qiety) =e ty + Au +v) 20. 


It remains to check P ; 
ae > §— 
gi ty) 2 oa 
or 


je ea ha SS OO a) 
on the boundary where 
ptv=dr\> 0. 
In fact, since 
(A—v)w? + (A— p)v? > 0, 
we have 
Mp? +?) > (w+ v) pw. 
Hence 


pet p+? +pA> (H*) (A? + pv) 


= 6(A? + pv). 


So we get the desired pinching estimate. 














Proposition 5.2.5 (cf. Hamilton or [65]). Suppose that the initial 
metric of the solution to the Ricci flow on M®? x [0,T) has positive Ricci 
curvature. Then for any ¢ > 0 we can find Cz < +c0o such that 


1 
Rij = 3 ft9ig < eR+ Cz 








for all subsequent t € [0,T). 


Proof. Again we consider the ODE system (5.2.2). Let Mag be diago- 
nalized with eigenvalues A > > v at t = 0. We saw in the proof of Lemma 
5.2.4 the inequalities A > uw > v persist for t > 0. We only need to show 
that there are positive constants 6 and C’ such that the closed convex set 


K ={ Mag |A-v <C(A+ uty) } 
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is preserved by the ODE. 


We compute 


d 
ao YWa=OYOte =) 
and 


d 
qartuty) =Atetyarty- wt ey 


+ p(w + vy) + A(u— v) 


> AtptvyAty—p) +p. 
Thus, without loss of generality, we may assume A — v > 0 and get 
d 
qy los ¥)=Atv—p 


and 
2 


d LL 
—] > — ——_—_.. 
qos Atty 2Aty ae array 


By Lemma 5.2.4, there exists a positive constant C’ depending only on the 
initial metric such that 
MeN CU yy IC i: 


Atv-wsrAtptv< 6Ch, 
and hence with ¢ = 1/36C?, 
Slog(\ tu +) >(1+e6)(A+tv—yp). 
Therefore with (1 — 6) =1/(1+e), 
Slog((d—r)/(A Fu ty)?) <0. 
This proves the proposition. O 





We now are ready to prove Theorem 5.2.1. 


Proof of Theorem 5.2.1. Let M be a compact three-manifold with 
positive Ricci curvature and let the metric evolve by the Ricci flow. By 
Lemma 5.2.4 we know that there exists a positive constant @ > 0 such that 


Ri > BRgi; 
for all t > 0 as long as the solution exists. The scalar curvature evolves by 
OR 


— = AR+2|R;;|’ 
Ot | jl 





SAR+ 5h, 


which implies, by the maximum principle, that the scalar curvature remains 
positive and tends to +oo in finite time. 
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We now use a blow up argument as in Section 4.3 to get the following 
gradient estimate. 


Claim. For any « > 0, there exists a positive constant C, < +00 such 
that for any time 7 > 0, we have 


3 
2 


max max |V Rm/(z, t)| < ¢ max max |Rm(x,t)| +Cz. 


t<r ceEM t<T rE 
We argue by contradiction. Suppose the above gradient estimate fails 
for some fixed é9 > 0. Pick a sequence C; — +00, and pick points 7; © M 
and times 7; such that 


|VRm(x;,7;)| > €0 max max |Rm(a,t)|2 a or en ee een 
t<t; ceM 


Choose x; to be the origin, and pull the metric back to a small ball on the 
tangent space T;,, M of radius r; proportional to the reciprocal of the square 
root of the maximum curvature up to time 7; (i.e., maxy<;, Maxzeu |Rm(z, 
t)|). Clearly the maximum curvatures go to infinity by Shi’s derivative esti- 
mate of curvature (Theorem 1.4.1). Dilate the metrics so that the maximum 
curvature 


max max |Rm(z, t)| 
t<r; xeM 


becomes 1 and translate time so that 7; becomes the time 0. By Theorem 
4.1.5, we can take a (local) limit. The limit metric satisfies 


|VRm(0,0)| > eo > 0. 


However the pinching estimate in Proposition 5.2.5 tells us the limit metric 
has 


1 
ae ee 39s =, 
By using the contracted second Bianchi identity 
1 . . 1 1 
gilt = WAR =WV! (x a jas) + 3 Vik, 


we get 
V;R=0 andthen V;Rj, = 0. 
For a three-manifold, this in turn implies 
VRm=0 


which is a contradiction. Hence we have proved the gradient estimate 
claimed. 

We can now show that the solution to the Ricci flow becomes round 
as the time ¢ tends to the maximal time T. We have seen that the scalar 
curvature goes to infinity in finite time. Pick a sequence of points x; € M 
and times 7; where the curvature at x; is as large as it has been anywhere 
for 0 <¢ <7; and 7; tends to the maximal time. Since |V Rm| is very small 
compared to |Rm(x;,7;)| by the above gradient estimate and |Rjj — $Rgi;| 
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is also very small compared to |Rm(axj;,7;)| by Proposition 5.2.5, the cur- 
vature is nearly constant and positive in a large ball around 2; at the time 
7;. But then the Bonnet-Myers’ theorem tells us this is the whole manifold. 
For j large enough, the sectional curvature of the solution at the time 7; 
is sufficiently pinched. Then it follows from the Klingenberg injectivity ra- 
dius estimate (see Section 4.2) that the injectivity radius of the metric at 
time 7; is bounded from below by c/\/|Rm(a;,7;)| for some positive con- 
stant c independent of 7. Dilate the metrics so that the maximum curvature 
|Rm(x;,7;)| = maxr<,, MaXzeyy |Rm(zx,t)| becomes 1 and shift the time 7; 
to the new time 0. Then we can apply Hamilton’s compactness theorem 
(Theorem 4.1.5) to take a limit. By the pinching estimate in Proposition 
5.2.5, we know that the limit has positive constant curvature which is either 
the round S* or a metric quotient of the round S?. Consequently, the com- 
pact three-manifold M is diffeomorphic to the round S? or a metric quotient 
of the round S?. Oo 





Next we consider the pinching estimates of the Ricci flow on a compact 
four-manifold M with positive curvature operator. The arguments are taken 
Hamilton [61]. 

In dimension 4, we saw in Section 1.3 when we decompose orthogonally 
MS A? ® A2 into the eigenspaces of Hodge star with eigenvalue +1, we 
have a block decomposition of Mag as 


A B 
Moa= (i a 


# BH 
a A B 
Mop = 2( ‘Bi C# ) 





and then 


where A#, B#, C# are the adjoints of 3 x 3 submatrices as before. 
Thus the ODE 


d 2 # 


corresponding to the PDE (5.2.1) breaks up into the system of three equa- 
tions 


fA=A?+ BB+ 2A*, 
(5.2.3) 4B = AB + BC + 2B*, 
£C =C? +'BB + 2C*%. 


As shown in Section 1.3, by the Bianchi identity, we know that tr A = trC. 
For the symmetric matrices A and C’, we can choose an orthonormal basis 
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1, X2, 23 Of A such that 


at 0 0 
A= 0 ag 0 5 
0 0 a3 


ca =6~0) OO 
C= 0 C2 0 
0 0 C3 


For matrix B, we can choose orthonormal basis yj’, y3 , ys of A? and y; , Yo 5 
y3 of A? such that 


bh} O O 
B= 0 b. O 
0 0. bg 


with 0 < b; < bo < b3. We may also arrange the eigenvalues of A and C 
as ay < ag < a3 and cy < co < cg. In view of the advanced maximum 
principle Theorem 2.3.1, we only need to establish the pinching estimates 
for the ODE (5.2.3). 
Note that 

inf{A(z,z) | xe AG and |z| = 1}, 

a3 =sup{A(a,x)|2eEA% and |2|=1}, 

cy = inf{C(z,z) | z<€A% and |z|=1}, 

cz = sup{C(z,z)|z¢€A2 and |z| = 1}. 


ay 


We can compute their derivatives by Lemma 2.3.3 as follows: 


d 242 
a1 = ay + bf + 2a2a3, 














(5.2.4) a3 < aa b3 2a1a2, 
ma > G + b + 2c9c3, 





d 2, 22 
C3 S cg + 63 + 2c1C2. 


We shall make the pinching estimates by using the functions by + b3 and 
a—2b+c, where a = aj +02 +43 =C=cy +c24+c¢3 and b = by + bo + bz. 
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Since 
by + b3 = B(yf ya) + Blyt, 95 ) 
=sup{B(yt,y)+ Ba. 7 )lyt. gt EAL with lyt| =|gt] =1, 
ytlgt, and y~,g7 € A? with |y-| =|g-| =1,y7~ 197}, 
We compute by Lemma 2.3.3, 


d d eyes _ 
(5.2.5) (be +bs) < FBlus v2) + B(us sys) 


= AB(ys yp) + BC(yt , yz) + 2B* (ys, 5) 
+ AB(yt,y3) + BC(yz, yz) + 2B (yd, y5) 
= bo A(ys , yt) + bo (ys ys) + 2b1b3 
+ b3A(yt, yt) + b3C (ys ,¥3 ) + 2bib2 
< agb2 + a3b3 + bec + bgcg + 2b1b2 + 2b1bs, 














where we used the facts that A(y3, yf )+A(ys,y3 ) < aa+az and C(y3 , yo )+ 


C(y3 .¥3 ) < c2 +3. 
Note also that the function a = trA = c = trC is linear, and the function 
b is given by 


b= By, yy) + Blur. ya) + Bus. 95) 
= sup {B(Tyt. Ty) + B(Tyf,Tyy) + B(Tyf,Tys) |T,T are 
othogonal transformations of Aa and A? respectively }. 


Indeed, 
B(Tyt, Ty, ) + B(Tys ,Tyz) + B(Tyf, Ty5) 
= Biyf ,T'T(y,)) + By, T 'T(yz)) + Byt . TT (y5)) 
= bi ty + bate2 + b3ts3 


where t41, t22,t33 are diagonal elements of the orthogonal matrix T-!T with 
ty1, to2, #33 < 1. Thus by using Lemma 2.3.3 again, we compute 


d d d d 
—(a — 2b >tr (—A-2—B+—C 
ge (4 a dt ) 

=t0((A = BY 46 = BY 2 2(Ar = ORF 4-6") 
evaluated in those coordinates where B is diagonal as above. Recalling the 
definition of Lie algebra product 


1 
PHO = FE abyE(ne an 0 
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with €,g, being the permutation tensor, we see that the Lie algebra product 
# gives a symmetric bilinear operation on matrices, and then 


tr (2(A* — 2B% + C*)) 
=tr((A—C)# + (4+2B+C)#(A-—2B+4+C)) 
= —str (A-C)2 + (tr (A—c)) 
+ tr((A+2B +C)#(A — 2B +C)) 
= —Ftr(A— CO)? + tr((A +2B + 0) #(A ~ 2B + 0) 


by the Bianchi identity. It is easy to check that 





1 
tr (A — B)*? +tr(C — BY tr (A-CyY= 5 (A—2B+C)*>0. 


Thus we obtain 


d 
FAC —2b+c)>tr((A+2B+C)#(A-2B+0C)) 
Since Myg > 0 and 
A B 
Mas = ’ 
‘BC 


we see that A+ 2B+C >0 and A—2B+C > 0, by applying Mag to the 
vectors (x,xz) and (z,—a). It is then not hard to see 


tr((A+2B+C)#(A—-—2B+4+C)) > (a1 + 2b) + c1)(a — 2b +c). 


Hence we obtain 
d 
(5.2.6) ya 2b + ¢) > (a, + 2b; + c1)(a — 264+ c). 


We now state and prove the following pinching estimates of Hamilton 
for the associated ODE (5.2.3). 


Proposition 5.2.6 (Hamilton [61]). If we choose successively positive 
constants G large enough, H large enough, 6 small enough, J large enough, 
e€ small enough, K large enough, 0 small enough, and L large enough, with 
each depending on those chosen before, then the closed convex subset X of 
{Mag = 0} defined by the inequalities 

(1) (b2 + b3)? < Gaier, 

(2) ag < Ha, and c3 < Hc, 

(3) (bg + b3)2+6 < Jayc1(a —2b+ c)9, 

(4) (bo + b3)?t* < Kare, 

(5) ag <a, t+ La, * and c3 <¢cy + le, 
is preserved by ODE (5.2.3). Moreover every compact subset of {Mag > 0} 
lies in some such set X. 
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Proof. Clearly the subset X is closed and convex. We first note that 
we may assume b2 + b3 > 0 because if b2 + bz = 0, then from (5.2.5), bz + b3 
will remain zero and then the inequalities (1), (3) and (4) concerning b2 + b3 
are automatically satisfied. Likewise we may assume a3 > 0 and c3 > 0 from 
(5:2:4). 

Let G be a fixed positive constant. To prove the inequality (1) we only 
need to check 
d ay,C, 
dt log (be + b3)? = 


whenever (b2 + b3)? = Gaye, and bp + b3 > 0. Indeed, it follows from (5.2.4) 
and (5.2.5) that 


(5.2.7) 





d (ay nw: b,)? a3 
: ane > 2b) + A Eee (Gace 
(5 2 8) di log ay > 2b; + 2a3 + oa + th (a2 a1), 
d (c, — bi)? 3 
2: = > 2b, + 2 —__—_—— + 2— _ 
(5 9) a ogc, = by c3 + a + eS (c2 C1), 
and 
(5.2.10) ae (by + b3) < 2b, +a yee eo — az) + (c3 — c2)] 
4. di S52 3) S 401 3 3 ae 3 2 3 2)I; 


which immediately give the desired inequality (5.2.7). 
By (5.2.4), we have 
d be: 2 
(5.2.11) — loras < os + Wan — = uve — ag). 
dt a3 az 
From the inequality (1) there holds b3 < Ga,cy. Since tr A = trC, cy < 
Cy + eg +c3 = ay + a2 + a3 < 3a3 which shows 


b 
= < 3Ga, . 
a3 


Thus by (5.2.8) and (5.2.11), 
tl log oe (3G + 2)a, — a3. 
dt ay 
So if H > (3G + 2), then the inequalities ag < Ha, and likewise cg < Hcy 
are preserved. 
For the inequality (3), we compute from (5.2.8)-(5.2.10) 
d aycy (a,—61)? | (1-61)? , 5 a3 C3 
we je e  e  e 9 BiG a 
7 Woe (eth = 7s + 5 + rs (ag — a1) + 7 (co — ¢1) 
2bo 


he [(ag — a2) + (es — c2)]. 





If by < a; /2, then 
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and if b} > a;/2, then 
2bo Re 2bo 2bo 2 2bo > 1 


> —_————. ‘ 
bog + b3 ~ VGaicq, ~~ V3Ga\a3.— ~V3GH - ay 3GH 


Thus by combining with 3a3 > c3, we have 











d a,c, 
= eS a 5(c3 — 
rs (Ci 


provided 6 < min(347, son): On the other hand, it follows from (5.2.6) 
and (5.2.10) that 

d bz + b3 

— log —~——-_ < — —¢}4). 

dt Oe ese < (a3 — a1) + (cg — e1) 
Therefore the inequality (3) 

(bg + b3)*+4 < Jaic1(a — 2b+ c) 

will be preserved by any positive constant J. 


To verify the inequality (4), we first note that there is a small 7 > 0 
such that 





b (1 = n)a, 
on the set defined by the inequality (3). Indeed, if b < §, this is trivial and 
if b > $, then 
a 


2+6 
(5) < (ba + b3)*** < 25.Ja?(a — 0)? 


which makes b < (1 — 7)a for some 7 > 0 small enough. Consequently, 
na<a—b< 3(a3 — by) 
which implies either 


1 
a3 — a, 2 a 


or 
1 
aj —b, > gt 
Thus as in the proof of the inequality (3), we have 
d aycy, 
Gps eis = 
Gee Tip t bee = 0603 — 1) 
and 
d a1cy (a; — b,)? 
jog 1 5 
dt (be + b3) ay 


which in turn implies 


d ayCcy 1 1 9 

— log ———_,, > =, — a. 

a Geis (max = 1 36" fe 
On the other hand, it follows from (5.2.10) that 


< toabs + b3) < 2b; +a3 +3 < 4a 
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since Myg > 0. Then if ¢ > 0 is small enough 


d atzC, 
ce a a 
dt” (b) + b3)24= = 


and it follows that the inequality (4) is preserved by any positive K. 
Finally we consider the inequality (5). From (5.2.8) we have 


og a a a. 
It gs La @] 3 


and then for 6 € (0,1), 
aj +0 =6)Lat* 
a, + La, 


On the other hand, the inequality (4) tells us 


= (a1 + 2a3). 


d = 
i log(a1 + La}~*) > 


b2 < Kal *a3 
for some positive constant K large enough with @ to be fixed small enough. 


And then 


d z 
rr log a3 < a3 + 2a, + kas, 


by combining with (5.2.11). Thus by choosing 0 < oH and L > 2K, 


d a Len * La,” ~ 19 
Sg Sea oe 
(a Ce) a +La? a | 
Lai~? 7 
> (a3 — a1) — = -3Ha, — Kat~® 
a, + La; 


> (a3 _ a1) -_ (30HL + K)al® 
= |[L — (30HL + K)|ai~® 
0 


IV 


whenever a, + ca = a3. Consequently the set {a + Lan > a3} is 
preserved. A similar argument works for the inequality in C’. This completes 
the proof of Proposition 5.2.6. 














The combination of the advanced maximum principle Theorem 2.3.1 and 
the pinching estimates of the ODE (5.2.3) in Proposition 5.2.6 immediately 
gives the following pinching estimate for the Ricci flow on a compact four- 
manifold. 


Corollary 5.2.7 (Hamilton |61]). Suppose that the initial metric of the 
solution to the Ricci flow on a compact four-manifold has positive curvature 
operator. Then for any ¢ > 0 we can find positive constant Cz < +00 such 
that 


|Rm| <eR+C; 
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fe} 
for allt > 0 as long as the solution exists, where Rm is the traceless part of 
the curvature operator. 


Proof of Theorem 5.2.2. Let M be a compact four-manifold with 
positive curvature operator and let us evolve the metric by the Ricci flow. 
Again the evolution equation of the scalar curvature tells us that the scalar 
curvature remains positive and becomes unbounded in finite time. Pick a 
sequence of points x; € M and times 7; where the curvature at x; is as large 
as it has been anywhere for 0 < ¢ < 7;. Dilate the metrics so that the max- 
imum curvature |Rm(2x;,7;)| = max¢<7, Maxey |Rm(x,t)| becomes 1 and 
shift the time so that the time 7; becomes the new time 0. The Klingenberg 
injectivity radius estimate in Section 4.2 tells us that the injectivity radii of 
the rescaled metrics at the origins x; and at the new time 0 are uniformly 
bounded from below. Then we can apply the Hamilton’s compactness theo- 
rem (Theorem 4.1.5) to take a limit. By the pinching estimate in Corollary 
5.2.7, we know that the limit metric has positive constant curvature which is 
either S* or RP*. Therefore the compact four-manifold M is diffeomorphic 
to the sphere S* or the real projective space RP‘. O 





Remark 5.2.8. The proofs of Theorem 5.2.1 and Theorem 5.2.2 also 
show that the Ricci flow on a compact three-manifold with positive Ricci 
curvature or a compact four-manifold with positive curvature operator is 
subsequentially converging (up to scalings) in the C'™ topology to the same 
underlying compact manifold with a metric of positive constant curvature. 
Of course, this subsequential convergence is in the sense of Hamilton’s com- 
pactness theorem (Theorem 4.1.5) which is also up to the pullbacks of diffeo- 
morphisms. Actually in and [61], Hamilton obtained the convergence in 
the stronger sense that the (rescaled) metrics converge (in the C® topology) 
to a constant (positive) curvature metric. 


In the following we use Hamilton’s strong maximum principle (Theorem 
2.2.1) to prove Theorem 5.2.3. 


Proof of Theorem 5.2.3. In views of Theorem 5.2.1 and Theorem 
5.2.2, we may assume the Ricci curvature (in dimension 3) and the curvature 
operator (in dimension 4) always have nontrivial kernels somewhere along 
the Ricci flow. 


(i) In the case of dimension 3, we consider the evolution equation (1.3.5) 
of the Ricci curvature 


ORab 


= AR + 2RacbaRe 
Ot b+ bd Led 
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in an orthonormal frame coordinate. At each point, we diagonalize Rg» with 
eigenvectors e€1,e2,e3 and eigenvalues A; < Ag < A3. Since 


RicidRea = R212 R22 + Ri3i3.33 
1 
= 5 (Os — 2)? + A1(A2 +3), 


we know that if Ray > 0, then Ran¢Req > 0. By Hamilton’s strong maximum 
principle (Theorem 2.2.1), there exists an interval 0 < t < 6 on which the 
rank of R,, is constant and the null space of Rap is invariant under parallel 
translation and invariant in time and also lies in the null space of Racpq Req. 
If the null space of R,, has rank one, then A; = 0 and A» = Ag > O. 
In this case, by De Rham decomposition theorem, the universal cover M 
of the compact M splits isometrically as R x 4? and the curvature of ¥? 
has a positive lower bound. Hence »? is diffeomorphic to S?. Assume 
M = Rx »?/T, for some isometric subgroup I of R x 4?. Note that T 
remains to be an isometric subgroup of R x ©? during the Ricci flow by the 
uniqueness (Theorem 1.2.4). Since the Ricci flow on R x ©?/T converges to 
the standard metric by Theorem 5.1.11, [ must be an isometric subgroup 
of R x S? in the standard metric. If the null space of Ray has rank greater 
than one, then Rg, = 0 and the manifold is flat. This proves Theorem 5.2.3 
part (i). 

(ii) In the case of dimension 4, we classify the manifolds according to 
the (restricted) holonomy algebra G. Note that the curvature operator has 
nontrivial kernel and G is the image of the the curvature operator, we see 
that G is a proper subalgebra of so(4). We divide the argument into two 
cases. 


Case 1. G is reducible. 


In this case the universal cover M splits isometrically as M, x Mo. By 
the above results on two and three dimensional Ricci flow, we see that M 
is diffeomorphic to a quotient of one of the spaces R*, R x S?, R? x S?, 
S? x S? by a group of fixed point free isometries. As before by running the 
Ricci flow until it converges and using the uniqueness (Theorem 1.2.4), we 
see that this group is actually a subgroup of the isometries in the standard 
metrics. 


Case 2. G is not reducible (i.e., irreducible). 


If the manifold is not Einstein, then by Berger’s classification theorem 
for holonomy groups [7], G = so(4) or u(2). Since the curvature operator is 
not strictly positive, G = u(2), and the universal cover M of M is Kahler 
and has positive bisectional curvature. In this case M is biholomorphic to 
CP? by the result of Andreotti-Frankel (also cf. Mori and Siu-Yau 
124]). 

If the manifold is Einstein, then by the block decomposition of the cur- 
vature operator matrix in four-manifolds (see the third section of Chapter 
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1), 
Rm(A2., A2.) = 0. 
Let y £ 0, and 
yp=yity_EN @Ad?, 


lies in the kernel of the curvature operator, then 


0 = Rm(p+, 9+) + Rm(y_, y-). 
It follows that 


Rm(y+,9+) =0, and Rm(p_, y_) = 0. 


We may assume y; # 0 (the argument for the other case is similar). We 
consider the restriction of Rm to Aa since AG is an invariant subspace of 
Rm and the intersection of A? with the null space of Rm is nontrivial. By 
considering the null space of Rm and its orthogonal complement in Lowe we 
obtain a parallel distribution of rank one in As This parallel distribution 
gives a parallel translation invariant two-form w € A? on the universal cover 
M of M. This two-form is nondegenerate, so it induces a KGhler structure 
of M. Since the Kahler metric is parallel with respect to the original metric 
and the manifold is irreducible, the Kahler metric is proportional to the 
original metric. Hence the manifold M is Kahler-Einstein with nonnegative 
curvature operator. Taking into account the irreducibility of G, it follows 
that M is biholomorphic to CP?. Therefore the proof of Theorem 5.2.3 is 
completed. O 





To end this section, we mention some generalizations of Hamilton’s dif- 
ferential sphere theorem (Theorem 5.2.1 and Theorem 5.2.2) to higher di- 
mensions. 

It is well-known that the curvature tensor Rm = {Rix} of a Riemannian 
manifold can be decomposed into three orthogonal components which have 
the same symmetries as Rm: 


Rm=W+V+U. 


Here W = {Wijxi} is the Weyl conformal curvature tensor, whereas V = 
{Vijki} and U = {Ujjx1} denote the traceless Ricci part and the scalar cur- 
vature part respectively. The following pointwisely pinching sphere theorem 
under the additional assumption that the manifold is compact was first ob- 
tained by Huisken [73], Margerin [86], and Nishikawa by using 
the Ricci flow. The compactness assumption was later removed by Chen 
and the second author in [31]. 


Theorem 5.2.9. Let n > 4. Suppose M is a complete n-dimensional 
manifold with positive and bounded scalar curvature and satisfies the point- 
wisely pinching condition 


WP + IVP < bn(1 —€)*|UI?, 
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where € > 0,64 = +, 55 = “ar and 

2 
(n — 2)(n +1) 
Then M is diffeomorphic to the sphere S” or a quotient of it by a finite 
group of fixed point free isometries in the standard metric. 


Jn = 


,n= 6. 


Also, using the minimal surface theory, Micallef and Moore [91] proved 
any compact simply connected n-dimensional manifold with positive curva- 
ture operator is homeomorphid] to the n-sphere S”. 

Finally, in [31], Chen and the second author also used the Ricci flow to 
obtain the following flatness theorem for noncompact three-manifolds. 


Theorem 5.2.10. Let M be a three-dimensional complete noncompact 
Riemannian manifold with bounded and nonnegative sectional curvature. 
Suppose M satisfies the following Ricci pinching condition 


Rij = ERGi;, on M, 
for somee>0. Then M is flat. 


5.3. Nonsingular Solutions on Three-manifolds 


We have seen in the previous section that a good understanding of the 
long time behaviors for solutions to the Ricci flow could lead to remarkable 
topological or geometric consequences for the underlying manifolds. Since 
one of the central themes of the Ricci flow is to study the geometry and 
topology of three-manifolds, we will start to analyze the long time behavior 
of the Ricci flow on a compact three-manifold. Here, we shall first consider a 
special class of solutions, the nonsingular solutions (see the definition below). 
The main purpose of this section is to present Hamilton’s important result 
in that any compact three-manifold admitting a nonsingular solution 
is geometrizable in the sense of Thurston{126]. Most of the presentation is 
based on Hamilton [67]. 

Let M be a compact three-manifold. We will consider the (unnormal- 
ized) Ricci flow 


O 
asia = — Rig, 
and the normalized Ricci flow 
0 2 
aps = 3° 95 — 2Rij 


Very recently, Bohm and Wilking have proved, by using the Ricci flow, that a 
compact simply connected n-dimensional manifold with positive (or 2-positive) curvature 
operator is diffeomorphic to S". This gives an affirmative answer to a long-standing 
conjecture of Hamilton. 
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where r = r(t) is the function of the average of the scalar curvature. Recall 
that the normalized flow differs from the unnormalized flow only by rescaling 
in space and time so that the total volume V = [ vy de remains constant. 
As we mentioned before, in this section we only consider a special class of 
solutions that we now define. 


Definition 5.3.1. A nonsingular solution of the Ricci flow is one 
where the solution of the normalized flow exists for all time 0 < t < oo, and 
the curvature remains bounded |Rm| < C < +oo for all time with some 
constant C’ independent of t. 


Clearly any solution to the Ricci flow on a compact three-manifold with 
nonnegative Ricci curvature is nonsingular. Currently there are few condi- 
tions which guarantee a solution will remain nonsingular. Nevertheless, the 
ideas and arguments of Hamilton [67] as described below is extremely im- 
portant. One will see in Chapter 7 that these arguments will be modified to 
analyze the long-time behavior of arbitrary solutions, or even the solutions 
with surgery, to the Ricci flow on three-manifolds. 

We begin with an improvement of Hamilton-Ivey pinching result (The- 
orem 2.4.1). 


Theorem 5.3.2 (Hamilton |67]|). Suppose we have a solution to the 
(unnormalized) Ricci flow on a three-manifold which is complete with 
bounded curvature for each t > 0. Assume at t = 0 the eigenvalues \ > 
> v of the curvature operator at each point are bounded below by v > —1. 
Then at all points and all times t > 0 we have the pinching estimate 


R> (—v)|log(—v) + log(1 + t) — 3] 


whenever v < 0. 


Proof. As before, we study the ODE system 





——! = 2 aS 
rE oe 
dy 2 
alae +) 
dt LU V, 
dv 9 

— = ALL. 
di y+ Ap 


Consider again the function 
y= f(xz)=azllogz —3) 
for e? < x < +00, which is increasing and convex with range —e? < y < +00. 
Its inverse function 2 = f—+(y) is increasing and concave on —e? < y < +00. 


For each t > 0, we consider the set A(t) of 3x 3 symmetric matrices defined 
by the inequalities: 


3 
JL a 
(5.3.1) At+ptued Tat! 
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and 
(5.3.2) vithnt+f(Atpt+vy(1+t)) >0, 


which is closed and convex (as we saw in the proof of Theorem 2.4.1). By the 
assumptions at t = 0 and the advanced maximum principle Theorem 2.3.5, 
we only need to check that the set K(t) is preserved by the ODE system. 
Since R= A+ p+ Vv, we get from the ae that 
dR _ 2 2, 1,2 
dt — 23% 2 ir 
which implies that 
R> ey for all t>0. 
1+t 
Thus the first inequality (5.3.1) is preserved. Note that the second inequality 
(5.3.2) is automatically satisfied when (—v) < 3/(1+t). Now we compute 
from the ODE system, 


dR i dR av) 
aD — log(—v)) = =ay (=p). a (A+ (=7)) ‘ 











- pl + (—v)p2 + 2((=v) + 4) — uly = 1) 
> (-») 
= 3 
~ (Leg) 
> Flog’ +t) — 3 
whenever R = (—v)|log(—v) + log(1 + t) — 3] and (—v) > 3/(1+t). Thus 


the second inequality (5.3.2) is also preserved under the system of ODE. 
Therefore we have proved the theorem. O 





Denote by 
A(t) = miaoc{inj (w, gej(8)) | @ € DA) 
where inj (a, 9:;(t)) is the injectivity radius of the manifold M at x with 
respect to the metric gj; (t). 


Definition 5.3.3. We say a solution to the normalized Ricci flow is 
collapsed if there is a sequence of times t, — +00 such that f(t,) — 0 as 
k — +00. 


When a nonsingular solution of the Ricci flow on M is collapsed, i 
follows from the work of Cheeger-Gromov {25} [26] or Cheeger- a. 
Fukaya [27| that the manifold M has an f-structure and then its topology 
is completely understood. Thus, in the following, we always assume our 
nonsingular solutions are not collapsed. 

Now suppose that we have a nonsingular solution which does not col- 
lapse. Then for arbitrary sequence of times t; — oo, we can find a sequence 
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of points x; and some 6 > 0 so that the injectivity radius of M at x; in the 
metric at time t; is at least 6. Clearly the Hamilton’s compactness theorem 
(Theorem 4.1.5) also holds for the normalized Ricci flow. Then by taking 
the x; as origins and the ¢; as initial times, we can extract a convergent 
subsequence. We call such a limit a noncollapsing limit. Of course the 
limit has also finite volume. However the volume of the limit may be smaller 
than the original one if the diameter goes to infinity. 

The main result of this section is the following theorem of Hamilton [67]. 


Theorem 5.3.4 (Hamilton [67]|). Let gj;;(t), 0 < t < +00, be a non- 
collapsing nonsingular solution of the normalized Ricci flow on a compact 
three-manifold M. Then either 


(i) there exist a sequence of times tz — +00 and a sequence of diffeo- 
morphisms yp: M — M so that the pull-back of the metric gi; (tk) 
by pe converges in the C™ topology to a metric on M with constant 
sectional curvature; or 

we can find a finite collection of complete noncompact hyperbolic 
three-manifolds Hy,...,Hm with finite volume, and for all t be- 
yond some time T < +00 we can find compact subsets Ky,..., Km 
of Hy,...,Hm respectively obtained by truncating each cusp of the 
hyperbolic manifolds along constant mean curvature torus of small 
area, and diffeomorphisms yi(t), 1 <1 <m, of Kk, into M so that 
as long as t sufficiently large, the pull-back of the solution metric 
gij(t) by pi(t) is as close as to the hyperbolic metric as we like on 
the compact sets K1,...,Km; and moreover if we call the excep- 
tional part of M those points where they are not in the image of 
any yi, we can take the injectivity radii of the exceptional part at 
everywhere as small as we like and the boundary tori of each kK; 
are incompressible in the sense that each y, injects 7(O0K,) into 
TY (M) ‘ 


= 
ee 
ar 


Remark 5.3.5. The exceptional part has bounded curvature and arbi- 
trarily small injectivity radii everywhere as t large enough. Moreover the 
boundary of the exceptional part consists of a finite disjoint union of tori with 
sufficiently small area and is convex. Then by the work of Cheeger-Gromov 
[25], or Cheeger-Gromov-Fukaya [27], there exists an F-structure on 
the exceptional part. In particular, the exceptional part is a graph manifold, 
which have been topologically classified. Hence any nonsingular solution 
to the normalized Ricci flow is geometrizable in the sense of Thurston 
(see the last section of Chapter 7 for details). 


The rest of this section is devoted to the proof of Theorem 5.3.4. We 
now present the proof given by Hamilton and will divide his arguments 
in into the following three parts. 


Part I: Subsequence Convergence 
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According to Lemma 5.1.1, the scalar curvature of the normalized flow 
evolves by the equation 


2 
(33.3) < R= AR+ Riel? — rR 


° y) 
= AR+2| Ric)? + 2 R(R-1) 


fe} 
where Ric is the traceless part of the Ricci tensor. As before, we denote by 
Rmin(t) = minzey R(x,t). It then follows from the maximum principle that 


d 2 

amin > 3 min (Rin _ i, 

which implies that if Rmin <0 it must be nondecreasing, and if Rmin > 0 it 
cannot go negative again. We can then divide the noncollapsing solutions 


of the normalized Ricci flow into three cases. 
Case (1): Rmin(t) > 0 for some t > 0; 
Case (2): Rmin(t) < 0 for all t € [0, +00) and jim Rainlt) = 0; 


(5.3.4) 





Case (3): Rmin(t) < 0 for all t € [0, +00) and jim. Fenintt) <0. 


Let us first consider Case (1). In this case the maximal time interval 
(0,7) of the corresponding solution of the unnormalized flow is finite, since 
the unnormalized scalar curvature R satisfies 


O ~ “ “i 
Hp = AR + 2|Ric|” 
> AR+ she 

which implies that the curvature of the unnormalized solution blows up in 
finite time. Without loss of generality, we may assume that for the initial 
metric at t = 0, the eigenvalues \ > ji > 7 of the curvature operator are 
bounded below by v > —1. It follows from Theorem 5.3.2 that the pinching 
estimate 

R > (—v){log(—v) + log(1 + t) — 3} 
holds whenever v < 0. This shows that when the unnormalized curvature 
big, the negative ones are not nearly as large as the positive ones. Note that 
the unnormalized curvature becomes unbounded in finite time. Thus when 
we rescale the unnormalized flow to the normalized flow, the scaling factor 
must go to infinity. In the nonsingular case the rescaled positive curvature 
stay finite, so the rescaled negative curvature (if any) go to zero. Hence we 
can take a noncollapsing limit for the nonsingular solution of the normalized 
flow so that it has nonnegative sectional curvature. 

Since the volume of the limit is finite, it follows from a result of Calabi 
and Yau (cf. [116]) that the limit must be compact and the limiting manifold 
is the original one. Then by the strong maximum principle as in the proof of 
Theorem 5.2.3 (i), either the limit is flat, or it is a compact metric quotient 
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of the product of a positively curved surface ©? with R, or it has strictly 
positive curvature. By the work of Schoen-Yau [114], a flat three-manifold 
cannot have a metric of positive scalar curvature, but our manifold does in 
Case (1). This rules out the possibility of a flat limit. Clearly the limit is also 
a nonsingular solution to the normalized Ricci flow. Note that the curvature 
of the surface 5? has a positive lower bound and is compact since it comes 
from the lifting of the compact limiting manifold. From Theorem 5.1.11, 
we see the metric of the two-dimensional factor 5? converges to the round 
two-sphere S? in the normalized Ricci flow. Note also that the normalized 
factors in two-dimension and three-dimension are different. This implies that 
the compact quotient of the product ©? x R cannot be nonsingular, which 
is also ruled out for the limit. Thus the limit must have strictly positive 
sectional curvature. Since the convergence takes place everywhere for the 
compact limit, it follows that as ¢ large enough the original nonsingular 
solution has strictly positive sectional curvature. This in turn shows that 
the corresponding unnormalized flow has strictly positive sectional curvature 
after some finite time. Then in views of the proof of Theorem 5.2.1, in 
particular the pinching estimate in Proposition 5.2.5, the limit has constant 
Ricci curvature and then constant sectional curvature for three-manifolds. 
This finishes the proof in Case (1). 

We next consider Case (2). In this case we only need to show that we 
can take a noncollapsing limit which has nonnegative sectional curvature. 
Indeed, if this is true, then as in the previous case, the limit is compact and 
either it is flat, or it splits as a product (or a quotient of a product) of a 
positively curved S? with a circle S', or it has strictly positive curvature. 
But the assumption Rypin(t) < 0 for all times ¢ > 0 in this case implies the 
limit must be flat. 

Let us consider the corresponding unnormalized flow 9;;(t) associated to 
the noncollapsing nonsingular solution. The pinching estimate in Theorem 
5.3.2 tells us that we may assume the unnormalized flow g;;(t) exists for 
all times 0 < t < +co, for otherwise, the scaling factor approaches infinity 
as in the previous case which implies the limit has nonnegative sectional 
curvature. The volume V(t) of the unnormalized solution gij(t) now changes. 
We divide the discussion into three subcases. 

Subcase (2.1): there is a sequence of times ¢, — -+oo such that V(#,) > 
+00; 

Subcase (2.2): there is a sequence of times ¢, — -+oo such that V(#,) > 





0; 
- Subcase (2.3): there exist two positive constants C1, C2 such that C) < 
V(t) < Co for all 0 <t < +00. 

For Subcase (2.1), because 


—=-rV 


HAMILTON-PERELMAN’S PROOF 193 


we have aes 
V (te) 
V(0) 
which implies that there exists another sequence of times, still denoted by 
tz, such that t, — +00 and r(t,) < 0. Let tz, be the corresponding times for 
the normalized flow. Thus there holds for the normalized flow 





tk 
= -{ r(t)dt + +00, as k— +00, 
0 


r(t,) 30, as ko, 


since 0 > r(t,) > Rmin(t,) > 0 as k — +00. Then 
| (sane) he) LEO Os Bakke. 
M 


As we take a noncollapsing limit along the time sequence tz, we get 


| Rdu~ = 0 


for the limit of the normalized solutions at the new time t = 0. But R> 0 
for the limit because _lim Rmin(t) = 0 for the nonsingular solution. So 
— +00 


R=0 at t = 0 for the limit. Since the limit flow exists for —co < t < +00 
and the scalar curvature of the limit flow evolves by 


O 2 
ae = AR + 2\Ric |? — 3” 2 t € (—oo, +00) 


where r®© is the limit of the function r(t) by translating the times t, as the 
new time t = 0. It follows from the strong maximum principle that 


R=0, on M® x (—oo, +00). 
This in turn implies, in view of the above evolution equation, that 

Ric =0, on M®™ x (—oo, +00). 
Hence this limit must be flat. Since the limit M™ is complete and has 
finite volume, the flat manifold M° must be compact. Thus the underlying 
manifold M@° must agree with the original M (as a topological manifold). 
This says that the limit was taken on M. 

For Subcase (2.2), we may assume as before that for the initial metric 


at t = 0 of the unnormalized flow g;;(t), the eigenvalues \ > ji > i of the 
curvature operator satisfy v > —1. It then follows from Theorem 5.3.2 that 


R > (—v)flog(—v) + log(1 +t) — 3], for all t>0 


whenever v < 0. 

Let t, be the sequence of times in the normalized flow which corresponds 
to the sequence of times t,. Take a noncollapsing limit for the normalized 
flow along the times t,. Since V(t,) > 0, the normalized curvatures at the 





times t;, are reduced by multiplying the factor (V (é&))3. We claim the non- 
collapsing limit has nonnegative sectional curvature. Indeed if the maximum 
value of (—/) at the time t; does not go to infinity, the normalized eigenvalue 
—v at the corresponding time t, must get rescaled to tend to zero; while if 
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the maximum value of (—7) at the time ¢, does go to infinity, the maximum 
value of R at t, will go to infinity even faster from the pinching estimate, 
and when we normalize to keep the normalized scalar curvature R bounded 
at the time t, so the normalized (—v) at the time t, will go to zero. Thus 
in either case the noncollapsing limit has nonnegative sectional curvature at 
the initial time t = 0 and then has nonnegative sectional curvature for all 
times t > 0. 

For Subcase (2.3), normalizing the flow only changes quantities in a 
bounded way. As before we have the pinching estimate 


R> (—v)[log(—v) + log(1 + t) — C] 


for the normalized Ricci flow, where C’ is a positive constant depending only 
on the constants C, C2 in the assumption of Subcase (2.3). If 
A 
(“") s 1+t 
for any fixed positive constant A, then (—v) — 0 as t > +00 and we can 
take a noncollapsing limit which has nonnegative sectional curvature. On 
the other hand if we can pick a sequence of times t, — oo and points xz 
where (—v) (xx, th) = max(—V) (x, ti) satisfies 
re 


(—v)(rp,te)(1 + te) + +00, as k — +00, 
then from the pinching estimate, we have 
Hip ty) 
(=) (aij, te) 


But R(x, tx) are uniformly bounded since normalizing the flow only changes 
quantities in bounded way. This shows sup(—v)(-,t,) — 0 as k — +00. 
Thus we can take a noncollapsing limit along t, which has nonnegative 
sectional curvature. Hence we have completed the proof of Case (2). 

We now come to the most interesting Case (3) where Ryn increases 
monotonically to a limit strictly less than zero. By scaling we can assume 
Rmin(t) > —6 as t > +00. 


—+-+oo, as k—+0oo. 





Lemma 5.3.6 (Hamilton [67]). In Case (3) where Rmin > —6 as t > 
+oo, all noncollapsing limit are hyperbolic with constant sectional curvature 
—1. 


Proof. By (5.3.4) and the fact Rmin(t) < —6, we have 


d 


Giimin(t) > 4(r(t) — Rmin(t)) 


and 


[ow = Rmin(t))dt < +00. 
0 
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Since r(t) — Rmin(t) > 0 and Rmin(t) - —6 as t > +00, it follows that the 
function r(t) has the limit 
r=—6, 


for any convergent subsequence. And since 


[ie ~ Rrnin(t))dje = (r(£) — Rmin(t)) + V, 
it then follows that 
= —6 for the limit. 


The limit still has the following evolution equation for the limiting scalar 
curvature 


° 2 
oR = AR + 2\Ric|? + gh(R —r). 


ot 
Since R = r = —6 in space and time for the limit, it follows directly that 
fe} 
|Ric| = 0 for the limit. Thus the limit metric has \ = wy = v = —2, so it has 
constant sectional curvature —1 as desired. O 





If in the discussion above there exists a compact noncollapsing limit, then 
we know that the underlying manifold M is compact and we fall into the 
conclusion of Theorem 5.3.4(i) for the constant negative sectional curvature 
limit. Thus it remains to show when every noncollapsing limit is a complete 
noncompact hyperbolic manifold with finite volume, we have conclusion (ii) 
in Theorem 5.3.4. 

Now we first want to find a finite collection of persistent complete non- 
compact hyperbolic manifolds as stated in Theorem 5.3.4 (ii). 


Part II: Persistence of Hyperbolic Pieces 


We begin with the definition of the topology of C™ convergence on 
compact sets for maps F' : M — N of one Riemannian manifold to another. 
For any compact set kK CC M and any two maps F,G: M — N, we define 


dx (F,G) = uP d( F(x), G(2)) 


where d(y,z) is the geodesic distance from y to z on N. This gives the 
C® topology for maps between M and N. To define C*. topology for any 


loc loc 


positive integer k > 1, we consider the k-jet space J*M of a manifold M 
which is the collection of all 


ee) 


where x is a point on M and J tis a tangent vector for 1 <i<k defined by 
the i” covariant derivative J’ = V‘a 7(0) for a path y passing through the 


point x with y(0) =a. A smooth map F': M —N induces a map 
JeF: JKM IPN 
defined by 
J® F(a, J',...,J*) = (F(2),V a 


Qe 
yg 
2 
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where ¥ is a path passing through the point « with J’ = V’, y(0),1<i<k. 
ot 

Define the k-jet distance between F' and G on a compact set K CC M 

by 
dcr K)(F, G) = dg jeg (J*F, J*G) 
where BJ*K consists of all k-jets (a, J',..., J") with a € K and 
Plo? deal ger <1. 

Then the convergence in the metric dcx (K) for all positive integers & and all 
compact sets K defines the topology of C' convergence on compact sets for 


the space of maps. 
We will need the following Mostow type rigidity result (cf. Corollary 


8.3 of [67]). 


Lemma 5.3.7. For any complete noncompact hyperbolic three-manifold 
H with finite volume with metric h, we can find a compact set K of H such 
that for every integer k and every € > O, there exist an integer q andadé > 0 
with the following property: if F is a diffeomorphism of K into another 
complete noncompact hyperbolic three-manifold H with no fewer cusps (than 
H), finite volume with metric h such that 


|F*h — Alloa) <6 
then there exists an isometry I of H to H such that 
dor cy (F; I) <E. 


Proof. This version of Mostow rigidity is given by Hamilton (cf. section 
8 of [67]). The following argument is in part based on the Editors’ notes in 
p.323-324 of [18]. 

First we claim that H is isometric to H for an appropriate choice of 
compact set K, positive integer g and positive number 6. Let 1:7— Rbea 
function defined at each point by the length of the shortest non-contractible 
loop starting and ending at this point. Denote the Margulis constant by w. 
Then by Margulis lemma (see for example or [78]), for any 0 < €9 < SH, 
the set 1~1({0,e0]) C H consists of finitely many components and each of 
these components is isometric to a cusp or to a tube. Topologically, a tube 
is just a solid torus. Let eg be even smaller than one half of the minimum 
of the lengths of the all closed geodesics on the tubes. Then 1~1({0, €o]) 
consists of finite number of cusps. Set Ky = I~!([e9,00)). The boundary 
of Ko consists of flat tori with constant mean curvatures. Note that each 
embedded torus in a complete hyperbolic three-manifold with finite volume 
either bounds a solid torus or is isotopic to a standard torus in a cusp. 
The diffeomorphism F' implies the boundary F'(OK 9) are embedded tori. If 
one of components bounds a solid torus, then as 6 sufficiently small and q 
sufficiently large, H would have fewer cusps than H, which contradicts with 

oO 


a oO 
our assumption. Consequently, 1 is diffeomorphic to F(Ko). Here Ko is the 
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interior of the set Ko. Since 1 is diffeomorphic to a H is diffeomorphic to 
H. Hence by Mostow’s rigidity theorem (see and [111]}), 1 is isometric 
to H. 

So we can assume H = H. For K = Ko, we argue by contradiction. 
Suppose there is some k > 0 and € > 0 so that there exist sequences of 
integers g; — oo, 6; > 0* and diffeomorphisms F mapping K into H with 


FF — Allow ey < 45 


and 
donc) (#5, 1) 2 € 
for all isometries I of H to itself. We can extract a subsequence of F; 
convergent to a map Fy with Fh =hon K. 
We need to check that F, is still a diffeomorphism on K. Since Fy, is 


a local diffeomorphism and is the limit of diffeomorphisms, we can find an 
oO oO 


inverse of F, on Fy.(K). So Fy is a diffeomorphism on K. We claim the 
image of the boundary can not touch the image of the interior. Indeed, if 


Foo(@1) = Fo(x2) with x; € OK and x2 € K, then we can find z3 € K 


near 2; and x4 € K near xq with F..(%3) = Foo(x4), since Fy, is a local 
diffeomorphism. This contradicts with the fact that F, is a diffeomorphism 
oO 


on K. This proves our claim. Hence, the only possible overlap is at the 
boundary. But the image F,(0K) is strictly concave, this prevents the 
boundary from touching itself. We conclude that the mapping Fy is a 
diffeomorphism on K, hence an isometry. 

To extend F, to a global isometry, we argue as follows. For each trun- 
cated cusp end of K, the area of constant mean curvature flat torus is strictly 
decreasing. Since F,, takes each such torus to another of the same area, we 
see that F, takes the foliation of an end by constant mean curvature flat 
tori to another such foliation. So Ff, takes cusps to cusps and preserves 
their foliations. Note that the isometric type of a cusp is just the isometric 
type of the torus, more precisely, let (IV, dr? + e~?" gy) be a cusp (where gy 
is the flat metric on the torus V), 0 < a < b are two constants, any isometry 
of NOI~"{a, bj to itself is just an isometry of V. Hence the isometry F, can 
be extended to the whole cusps. This gives a global isometry J contradicting 
our assumption when j large enough. 

The proof of the Lemma 5.3.7 is completed. O 





In order to obtain the persistent hyperbolic pieces stated in Theorem 
5.3.4 (ii), we will need to use a special parametrization given by harmonic 
maps. 


Lemma 5.3.8 (Hamilton |67]). Let (X, g) be a compact Riemannian 
manifold with strictly negative Ricci curvature and with strictly concave 
boundary. Then there are positive integer lo and small number €9 > 0 such 
that for each positive integer | > lo and positive number € < €9 we can find 
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positive integer q and positive number 6 > 0 such that for every metric g on 
X with ||g — gllca(x) < 6 we can find a unique diffeomorphism F of X to 
itself so that 

(a) F: (X,g) — (X,g) is harmonic, 

(b) F takes the boundary OX to itself and satisfies the free boundary 
condition that the normal derivative Vn F of F at the boundary 
is normal to the boundary, 

(c) doux)(F, Id) < €, where Id is the identity map. 


Proof. The following argument is adapted from Hamilton’s paper [67] 
and the Editors’ note on p.325 of [18]. Let ®(X,0X) be the space of maps 
of X to itself which take 0X to itself. Then ®(X,0X) is a Banach man- 
ifold and the tangent space to ®(X,0X) at the identity is the space of 
vector fields V = vie tangent to the boundary. Consider the map send- 
ing F € ®(X,0X) to the pair {AF,(VwF),/} consisting of the harmonic 
map Laplacian and the tangential component (in the target) of the normal 
derivative of F' at the boundary. By using the inverse function theorem, we 
only need to check that the derivative of this map is an isomorphism at the 
identity with g = g. 

Let {2"}i=1,...n be a local coordinates of (X,g) and {y*}a=1,....n bea local 
coordinates of (X,g). The harmonic map Laplacian of F’ : (X,g) — (X,g) 
is given in local coordinates by 


OF? OF 
Ox* Oxi 
where A(F) is the Laplacian of the function F® on X and ry, is the 
connection of g. Let F be a one-parameter family with F'|,-9 = Id and 
oF \s=0 = V, a smooth vector field on X tangent to the boundary (with 


respect to g). At an arbitrary given point x € X, we choose the coordinates 
12" =i BO that (2) = 0. We compute at the point x with g = g, 


¢ 
ds |s=0 


(AF)* = A(F*) + 99(TG, 0 F) 


a a ay 0 a 
(ary = A(vs) +! (Sarg) vA 


Since 
(ViV)® = ViV% + (T90 F)V®, 


we have, at s = 0 and the point z, 


a a ay 0 a 


Thus we obtain 

d .f O 0 

pe (ee a 1 gi {| ~ po _—pe k 
(5.3.5) 75 s=o(AF) (AV) g (1 lie Dai ri) V 


= (AV)? + 9“ RxV*. 
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Since 


OFS 
ar (Fal) gg(a) on AX, 





(VyF)\(FUe)) = N(P-\(2)) 
we have 
(53.6) S|.-0{(VwF)/)} = Llea0(VwF — (VwF,NYN) 
= £ |.-0(VvF) _ (2 -0VwF w) N 
_ (VnF, VvN)N\|s=0 _ (VnF, N)VvN\|s=0 


ds // 


= (vin + nv) Pe IT(V) 
= [N,V]/; —II(V) 


= (VnV)// — 211(V) 


where IJ is the second fundamental form of the boundary (as an automor- 
phism of T(0X)). Thus by (5.3.5) and (5.3.6), the kernel of the map sending 
F € ®(X,0X) to the pair {AF, (VF) //} is the space of solutions of elliptic 
boundary value problem 


AV +Ric(V) =0 on X 
(5.3.7) Vv, =0, at OX, 
(VwV) / — 211(V) = 0, at OX, 


where V_, is the normal component of V. 
Now using these equations and integrating by parts gives 


UE a elec) 


Ox 


Since Re < 0 and IT < 0 we conclude that the kernel is trivial. Clearly this 
elliptic boundary value is self-adjoint because of the free boundary condition. 
Thus the cokernel is trivial also. This proves the lemma. 














Now we can prove the persistence of hyperbolic pieces. Let g;;(t), 0 < 
t < +oo, be a noncollapsing nonsingular solution of the normalized Ricci flow 
on a compact three-manifold M. Assume that any noncollapsing limit of the 
nonsingular solution is a complete noncompact hyperbolic three-manifold 
with finite volume. Consider all the possible hyperbolic limits of the given 
nonsingular solution, and among them choose one such complete noncom- 
pact hyperbolic three-manifold H with the least possible number of cusps. 
In particular, we can find a sequence of times t, — +oo and a sequence 
of points P, on M such that the marked three-manifolds (M, 9; (tx), Px) 
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CO 


converge in the C7. 


point P€ H. 

For any small enough a > 0 we can truncate each cusp of H along a 
constant mean curvature torus of area a which is uniquely determined; the 
remainder we denote by H,. Clearly as a — 0 the H, exhaust H. Pick a 
sufficiently small number a > 0 to truncate cusps so that Lemma 5.3.7 is 
applicable for the compact set K = H,. Choose an integer Jp large enough 
and an €9 sufficiently small to guarantee from Lemma 5.3.8 the uniqueness 
of the identity map Jd among maps close to Id as a harmonic map F' from 
H, to itself with taking OH, to itself, with the normal derivative of F' at 
the boundary of the domain normal to the boundary of the target, and with 
dot 4,)(F, Id) < €9. Then choose positive integer qo and small number 


topology to H with hyperbolic metric h;; and marked 


69 > 0 from Lemma 5.3.7 such that if F is a diffeomorphism of Hq into 
another complete noncompact hyperbolic three-manifold 7 with no fewer 
cusps (than #), finite volume with metric hj; satisfying 


[|F* hij — higlloa (ta) < 60; 
then there exists an isometry I of H to H such that 
(5.3.8) doton,) (Fs 1) < €0- 


And we further require go and 69 from Lemma 5.3.8 to guarantee the exis- 
tence of harmonic diffeomorphism from (Ha, jij) to (Ha, hij) for any metric 
Gij OD Ha with ||Gi3 — hij||oa (Ha) < 90- 

By definition, there exist a sequence of exhausting compact sets U;, of 
H (each Up D Ha) and a sequence of diffeomorphisms Fy, from Uz into M 
such that Fi,(P) = Px and ||Fegij(te) — hijllom(u,) = 9 as k — +00 for 
all positive integers m. Note that OH, is strictly concave and we can fo- 
liate a neighborhood of OH, with constant mean curvature hypersurfaces 
where the area a has a nonzero gradient. As the approximating maps 
Fy, : (Ux, hij) — (M, gij(th)) ave close enough to isometries on this col- 
lar of OH, the metrics gi; (t;,) on M will also admit a unique constant mean 
curvature hypersurface with the same area a near Fy,(OH,)(C M) by the 
inverse function theorem. Thus we can change the map F; by an amount 
which goes to zero as k — oo so that now F;,(OH,) has constant mean cur- 
vature with the area a. Furthermore, by applying Lemma 5.3.8 we can again 
change Fy, by an amount which goes to zero as k — oo so as to make FL 
a harmonic diffeomorphism and take OH, to the constant mean curvature 
hypersurface F},(OH,) and also satisfy the free boundary condition that the 
normal derivative of F;, at the boundary of the domain is normal to the 
boundary of the target. Hence for arbitrarily given positive integer q > qo 
and positive number 6 < dg, there exists a positive integer kg such that for 
the modified harmonic diffeomorphism F;, when k > ko, 


| Fi 913 (te) — hig\lcatay < 6. 
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For each fixed k > ko, by the implicit function theorem we can first 
find a constant mean curvature hypersurface near F},(OH,) in M with the 
metric gj;(t) for t close to t, and with the same area for each component 
since OH, is strictly concave and a neighborhood of OH, is foliated by con- 
stant mean curvature hypersurfaces where the area a has a nonzero gradient 
and Fr : (Ha, hij) > (M, gij(tk)) is close enough to an isometry and g;;(t) 
varies smoothly. Then by applying Lemma 5.3.8 we can smoothly continue 
the harmonic diffeomorphism F}, forward in time a little to a family of har- 
monic diffeomorphisms F;,(t) from Hg into M with the metric g;;(t), with 
Fi,(t,) = Fy, where each F;,(t) takes OH, into the constant mean curvature 
hypersurface we just found in (M,qj;(t)) and satisfies the free boundary 
condition, and also satisfies 


I|Fi: () gig (t) — haglloa(tay < 6 
We claim that for all sufficiently large k, we can smoothly extend the har- 
monic diffeomorphism F}, to the family harmonic diffeomorphisms F;,(t) with 
| Fig (t) gig (t) — hijlloat,) < 6 on a maximal time interval th < t < w, (or 
th <t < we when wy, = +00); and if we < +00, then 
(5.3.9) Fe (We) ij (We) — haglloatay = 4 
Clearly the above argument shows that the set of t where we can extend 
the harmonic diffeomorphisms as desired is open. To verify claim (5.3.9), we 
thus only need to show that if we have a family of harmonic diffeomorphisms 


Fj,(t) such as we desire for t, < t < w(< +00), we can take the limit of F;,(t) 
as t  w to get a harmonic diffeomorphism F;,(w) satisfying 


Fe () gig &) — haglloacrtay 4: 
and if 

Fe () 913%) — haglloacrtay < 4: 
then we can extend F;,(w) forward in time a little (i.e., we can find a constant 
mean curvature hypersurface near F;,(w)(OH,) in M with the metric gj;(t) 


for each t close to w and with the same area a for each component). Note 
that 


(5.3.10) FE (t) 93 (t) — hig\loata) < 6: 
for t, < t < w and the metrics gig (t) for t, <t <w are uniformly equivalent. 


We can find a subsequence t,, — w for which F;(t,) converge to Fi,(w) in 
C4!(H,) and the limit map has 
Fie (@) gig (w) — hagllos-1 (01a) S 4% 

We need to check that F;(w) is still a diffeomorphism. We at least know 
F),(w) is a local diffeomorphism, and Fj,(w) is the limit of diffeomorphisms, so 
the only possibility of overlap is at the boundary. Hence we use the fact that 
Fi,(w)(OHz<) is still strictly concave since q is large and 6 is small to prevent 
the boundary from touching itself. Thus Fj,(w) is a diffeomorphism. A limit 
of harmonic maps is harmonic, so F;(w) is a harmonic diffeomorphism from 
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Ha into M with the metric gj;(w). Moreover F;,(w) takes OH, to the constant 
mean curvature hypersurface O(F;,(w)(Ha)) of the area a in (M, gij(w)) and 
continue to satisfy the free boundary condition. As a consequence of the 
standard regularity result of elliptic partial differential equations (see for 
example [50]), the map F;,(w) € C™(H,) and then from (5.3.10) we have 


[Fx (w) 913 (w) — higlloaata) S 6. 
If || FE (w) 9:3 (w) — hijlloa@ta) = 6, we then finish the proof of the claim. So 
we may assume that || Fy (w)9i;(w) — hisllca(aa) < 6- We want to show that 
F),(w) can be extended forward in time a little. 

We argue by contradiction. Suppose not, then we consider the new 
sequence of the manifolds M with metric g;;(w) and the origins Fi,(w)(P). 
Since F;,(w) are close to isometries, the injectivity radii of the metrics g;;(w) 
at F,(w)(P) do not go to zero, and we can extract a subsequence which 
converges to a hyperbolic limit H with the metric hij and the origin P and 
with finite volume. The new limit H has at least as many cusps as the old 
limit 71, since we choose 1 with cusps as few as possible. By the definition 
of convergence, we can find a sequence of compact sets By, exhausting H 
and containing P, and a sequence of diffeomorphisms Fi, of neighborhoods 
of B; into M with F,(P) = F,(w)(P) such that for each compact set B in 
H and each integer m 


IIFE (Gig (&)) — Rajllemsy > 0 


as k — +oo0. For large enough k the set Fi,(Br) will contain all points out 
to any fixed distance we need from the point F;,(w)(P), and then 


Fi,(Br) » Fy (w) (Ha) 


since the points of H, have a bounded distance from P and F;(w) are rea- 
sonably close to preserving the metrics. Hence we can form the composition 


G,= Fo o Fy(w) : He oH. 


Arbitrarily fix 6’ € (6,69). Since the Fy, are as close to preserving the metric 
as we like, we have 

IGphig — higlleattay < © 
for all sufficiently large k. By Lemma 5.3.7, we deduce that there exists an 
isometry I of H to H, and then (M, gi;(w), Fx(w)(P)) (on compact subsets) 
is very close to (H,hij,P) as long as 6 small enough and k large enough. 
Since F;(w)(OH,) is strictly concave and the foliation of a neighborhood 
of F;,(w)(OH,) by constant mean curvature hypersurfaces has the area as 
a function with nonzero gradient, by the implicit function theorem, there 
exists a unique constant mean curvature hypersurface with the same area a 
near Fy(w)(OH,) in M with the metric g;;(t) for t close to w. Hence, when 
k sufficiently large, Fi,(w) can be extended forward in time a little. This is 
a contradiction and we have proved claim (5.3.9). 
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We further claim that there must be some k such that wz = +00 (ice., 
we can smoothly continue the family of harmonic diffeomorphisms F(t) for 
all t, < t < +00, in other words, there must be at least one hyperbolic piece 
persisting). We argue by contradiction. Suppose for each k large enough, 
we can continue the family F;(t) for th <t < we < +00 with 


[Fe (We) gig (We) — haglloa(Hta) = 
Then as before, we consider the new sequence of the manifolds M with 
metrics gj; (w;,) and origins F;,(w;,)(P). For sufficiently large k, we can obtain 
diffeomorphisms F;, of neighborhoods of B;, into M with F,(P) = F,(wp)(P) 
which are as close to preserving the metric as we like, where By isa sequence 
of compact sets, exhausting some hyperbolic three-manifold H, of finite 
volume and with no fewer cusps (than H), and containing P; moreover, the 


set Fi, (Bx) will contain all the points out to any fixed distance we need from 
the point Fi,(w,)(P); and hence 


Fi, (Br) D Fk(wr)(Ha) 


since H, is at bounded distance from P and Fy(w,) is reasonably close to 
preserving the metrics. Then we can form the composition 


Gr, = F-1 0 Fy(w) : HeoH. 


Since the F, are as close to preserving the metric as we like, for any 5>6 
we have :, 7 

|Gghaig — haglloa(ntay < 4 
for large enough k. Then a subsequence of Gi, converges at least in C2~!(H,) 
topology to a map Go of H, into H. By the same reason as in the argu- 
ment of previous two paragraphs, the limit map G. is a smooth harmonic 
diffeomorphism from H, into H with the metric hij, and takes OH, to a 
constant mean curvature hypersurface Go.(OHa) of (H, his) with the area 
a, and also satisfies the free boundary condition. Moreover we still have 


(5.3.11) [|Geohig — higlloata) = 6 


Now by Lemma 5.3.7 we deduce that there exists an isometry J of H to H 
with 
cto (141,) (Goo: I) < €0- 


By using I to identify Ha and Ha, we see that the map I~! 0 Gy is a 
harmonic diffeomorphism of H, to itself which satisfies the free boundary 
condition and 

deg (4,)(I* 0 Goo, Id) < €0. 


From the uniqueness in Lemma 5.3.8 we conclude that I~! 0G, = Id 
which contradicts with (5.3.11). This shows at least one hyperbolic piece 
persists. Moreover the pull-back of the solution metric gj;(t) by F(t), for 
th <t < +00, is as close to the hyperbolic metric h;; as we like. 
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We can continue to form other persistent hyperbolic pieces in the same 
way as long as there are any points Py outside of the chosen pieces where 
the injectivity radius at times t, — oo are all at least some fixed positive 
number p > 0. The only modification in the proof is to take the new limit 
H to have the least possible number of cusps out of all remaining possible 
limits. 

Note that the volume of the normalized Ricci flow is constant in time. 
Therefore by combining with Margulis lemma (see for example (78]), 
we have proved that there exists a finite collection of complete noncompact 
hyperbolic three-manifolds 711,..., 7 with finite volume, a small number 
a > 0 and a time JT < +00 such that for all t beyond T’ we can find 
diffeomorphisms y;(t) of (Hj)_ into M,1<1<™m, so that the pull-back of 
the solution metric g;;(t) by y(t) is as close to the hyperbolic metrics as we 
like and the exceptional part of M where the points are not in the image of 
any y, has the injectivity radii everywhere as small as we like. 


Part III: Incompressibility 


We remain to show that the boundary tori of any persistent hyperbolic 
piece are incompressible, in the sense that the fundamental group of the 
torus injects into that of the whole manifold. The argument of this part 
is a parabolic version of Schoen and Yau’s minimal surface argument in 
(115). 

Let B be asmall positive number and assume the above positive number 
a is much smaller than B. Denote by M, a persistent hyperbolic piece of 
the manifold M truncated by boundary tori of area a with constant mean 


eo} 
curvature and denote by M° = M\ M, the part of M exterior to Mg. 
Thus there is a persistent hyperbolic piece Mp C M, of the manifold MW 
truncated by boundary tori of area B with constant mean curvature. We 


also denote by M& = M\ Mg. By Van Kampen’s Theorem, if 7;(0Mp) 
injects into 7;(Mj) then it injects into 7;(M) also. Thus we only need to 
show 7(0Mzp) injects into 7(M%). 

We will argue by contradiction. Let T be a torus in 0Mg. Suppose 
m™1(T) does not inject into 7(M), then by Dehn’s Lemma the kernel is 
a cyclic subgroup of 71(T) generated by a primitive element. The work of 
Meeks- Yau or Meeks-Simon- Yau shows that among all disks in Mp 
whose boundary curve lies in T and generates the kernel, there is a smooth 
embedded disk normal to the boundary which has the least possible area. 
Let A = A(t) be the area of this disk. This is defined for all ¢ sufficiently 
large. We will show that A(t) decreases at a rate bounded away from zero 
which will be a contradiction. 

Let us compute the rate at which A(t) changes under the Ricci flow. We 
need to show A(t) decrease at least at a certain rate, and since A(t) is the 
minimum area to bound any disk in the given homotopy class, it suffices to 
find some such disk whose area decreases at least that fast. We choose this 
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disk as follows. Pick the minimal disk at time to, and extend it smoothly 
a little past the boundary torus since the minimal disk is normal to the 
boundary. For times ¢ a little bigger than tg, the boundary torus may need 
to move a little to stay constant mean curvature with area B as the metrics 
change, but we leave the surface alone and take the bounding disk to be the 
one cut off from it by the new torus. The change of the area A(t) of such 
disk comes from the change in the metric and the change in the boundary. 

For the change in the metric, we choose an orthonormal frame X,Y, Z 
at a point x in the disk so that X and Y are tangent to the disk while Z is 
normal and compute the rate of change of the area element do on the disk 
as 


) (eee ee. ‘a 
SERVE eS s, oe ve 
aio? = 99") (Frtas] APR, 
= Fr — Ric (X, X) — Ric (Y, y) do, 


since the metric evolves by the normalized Ricci flow. Here (-)’ denotes 
the tangential projections on the disk. Notice the torus IT’ may move in 
time to preserve constant mean curvature and constant area B. Suppose 
the boundary of the disk evolves with a normal velocity N. The change of 
the area at boundary along a piece of length ds is given by Nds. Thus the 
total change of the area A(t) is given by 


ae = // (Fr — Ric (X, X) — Ric (Y, Y)) do + [as 


Note that 
Ric (X, X) + Ric (Y,Y) = R(X,Y,X,Y) + R(X, Z, X, Z) 
+R(Y,X,Y,X)+ R(Y,Z,Y, Z) 
1 


= 5R+R(X,Y,X,Y). 


By the Gauss equation, the Gauss curvature K of the disk is given by 
K = R(X,Y,X,Y) + det II 


where IJ is the second fundamental form of the disk in Ms. This gives at 
t= to, 


dA f [ (2r—tn) an f fiw —aernao f was 


Since the bounding disk is a minimal surface, we have 
det II < 0. 
The Gauss-Bonnet Theorem tells us that for a disk 


| [ Keo [ as =2n 
te) 
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where & is the geodesic curvature of the boundary. Thus we obtain 


dA 2 1 
3. —< —r-- Nds — 2r. 
(5.3.12) ht <|[ [(F 5h) a+ | ras [ ds — 2m 


Recall that we are assuming R,ji,(t) increases monotonically to —6 as t > 
+oo. By the evolution equation of the scalar curvature, 


d 


GFemin(t) = A(r(t) — Renin (t)) 


and then ~ 
jh (r(t) _ Rain(t) at < +00. 
0 


This implies that r(t) —- —6 as t — +00 by using the derivatives estimate 
for the curvatures. Thus for every ¢ > 0 we have 


2 1 
Sp ERE =e) 
3 2 


for t sufficiently large. And then the first term on RHS of (5.3.12) is bounded 


above by 
re) (Fr — sf) do < —(1-«)A. 
3 2 


The geodesic curvature k of the boundary of the minimal disk is the ac- 
celeration of a curve moving with unit speed along the intersection of the 
disk with the torus; since the disk and torus are normal, this is the same 
as the second fundamental form of the torus in the direction of the curve of 
intersection. Now if the metric were actually hyperbolic, the second funda- 
mental form of the torus would be exactly 1 in all directions. Note that the 
persistent hyperbolic pieces are as close to the standard hyperbolic as we 
like. This makes that the second term of RHS of (5.3.12) is bounded above 
by 


[kas < (1+ €9)L 
0 


for some sufficiently small positive number €9 > 0, where LF is the length 
of the boundary curve. Also since the metric on the persistent hyperbolic 
pieces are close to the standard hyperbolic as we like, its change under the 
normalized Ricci flow is as small as we like; So the motion of the constant 
mean curvature torus of fixed area B will have a normal velocity N as small 
as we like. This again makes the third term of RHS of (5.3.12) bounded 





above by 
f Nds < €oL. 
te) 
Combining these estimates, we obtain 
dA 
(5.3.13) aE < (1+ 2¢9)L — (1—€9)A — 20 


on the persistent hyperbolic piece, where €9 is some sufficiently small positive 
number. 
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We next need to bound the length ZL in terms of the area A. Since a 
is much smaller than B, for large t the metric is as close as we like to the 
standard hyperbolic one; not just on the persistent hyperbolic piece Mp but 
as far beyond as we like. Thus for a long distance into Mf the metric will 
look nearly like a standard hyperbolic cusplike collar. 

Let us first recall a special coordinate system on the standard hyperbolic 
cusp projecting beyond torus T; in OH, as follows. The universal cover of 
the flat torus JT; can be mapped conformally to the x-y plane so that the 
deck transformation of JT, become translations in x and y, and so that the 
Euclidean area of the quotient is 1; then these coordinates are unique up to 
a translation. The hyperbolic cusp projecting beyond the torus T, in 0H, 
can be parametrized by {(z, y, z) € R® | z > 0} with the hyperbolic metric 


2 2 2 

(5.3.14) ds? = eacraal 
z 

Note that we can make the solution metric, in an arbitrarily large neighbor- 
hood of the torus T (of 0Mzg), as close to hyperbolic as we wish (in the sense 
that there exists a diffeomorphism from a large neighborhood of the torus 
Tp (of OHg) on the standard hyperbolic cusp to the above neighborhood 
of the torus T (of OMg) such that the pull-back of the solution metric by 
the diffeomorphism is as close to the hyperbolic metric as we wish). Then 
by using this diffeomorphism (up to a slight modification) we can param- 
etrize the cusplike tube of Ms projecting beyond the torus T in 0Mpg by 
{(x,y,z) | z => ¢} where the height ¢ is chosen so that the torus in the 
hyperbolic cusp at height ¢ has the area B. 

Now consider our minimal disk, and let L(z) be the length of the curve of 
the intersection of the disk with the torus at height z in the above coordinate 
system, and also let A(z) be the area of the part of the disk between ¢ and 
z. We now want to derive a monotonicity formula on the area A(z) for the 
minimal surface. 

For almost every z the intersection of the disk with the torus at height 
z is a smooth embedded curve or a finite union of them by the standard 
transversality theorem. If there is more than one curve, at least one of them 
is not homotopic to a point in JT and represents the primitive generator in 
the kernel of 7(T) such that a part of the original disk beyond height z 
continues to a disk that bounds it. We extend this disk back to the initial 
height ¢ by dropping the curve straight down. Let L(z) be the length of the 
curve we picked at height z; of course L(z) < L(z) with equality if it is the 
only piece. Let L(w) denote the length of the same curve in the z-y plane 
dropped down to height w for ¢ < w < z. In the hyperbolic space we would 
have 


exactly. In our case there is a small error proportional to L(z) and we 
can also take it proportional to the distance z — w by which it drops since 
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L(w)|w=z = L(z) and the solution metric is close to the hyperbolic in the 
C® topology. Thus, for arbitrarily given 6 > 0 and ¢* > ¢, as the solution 


loc 
metric is sufficiently close to hyperbolic, we have 


|E(w) — —L(2)| < (2 - w)L(2) 


for all z and w in¢ < w < z < ¢*. Now given ¢ and ¢* pick 6 = 2¢/¢*. 
Then 


(5.3.15) L(w) < —E(z) 1 4: a ; 


When we drop the curve vertically for the construction of the new disk we 
get an area A(z) between ¢ and z given by 


z 
AG) = (1+ 0(1)) [ EO) ay, 
¢ ‘W 
Here and in the following 0(1) denotes various small error quantities as the 
solution metric close to hyperbolic. On the other hand if we do not drop 
vertically we pick up even more area, so the area A(z) of the original disk 
between ¢ and z has 


(5.3.16) ANS Gs 0(t)) f FO) 


W 


Since the original disk minimized among all disks bounded a curve in the 
primitive generator of the kernel of 71(T), and the new disk beyond the 
height z is part of the original disk, we have 


A(z) < A(z) 
and then by combining with (5.3.15), 


a FN 9 2 o(ajette) f 


wy ¢ 


< (1+ 0(1))b(2) = j+e(A8) . 


Here we used the fact that L(z) < L(z). Since the solution metric is suffi- 
ciently close to hyperbolic, we have 





1 — 2e 2ez d 
me ae 
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or equivalently 
d gitde z L(w) 
3.1 —] ——dw> > 0. 
ce ra co er 


This is the desired monotonicity formula for the area A(z). 
It follows directly from (5.3.16) and (5.3.17) that 











gitee oo 
or equivalently 
2€ 
1(6) < (1 +0(1) (2) 2G) 


for all z € [¢,¢*]. Since the solution metric, in an arbitrarily large neighbor- 
hood of the torus T (of 0Mz), as close to hyperbolic as we wish, we may 


assume that ¢* is so large that /¢* > ¢ and rae is close to 1, and also 


€ > 0 is so small that ()* is close to 1. Thus for arbitrarily small dp > 0, 





we have 
(5.3.18) L(¢) < (14+5)A (ve ) , 
Now recall that (5.3.13) states 
WA 
dt 
We now claim that if 





(1 t 2€9)L (1 €9)A Qn. 


(1+2e9)L— (1 —e9)A >0 


then L = L(¢) is uniformly bounded from above. 
Indeed by the assumption we have 


5 (1 + 2€0) 
AC) Ss Goer. 


since A(¢*) < A. By combining with (5.3.16) we have some zg € (./C*, ¢*) 
satisfying 


Zi C* ‘W 
< (1+ o(1))A(C) 
< (1+ 0(1)) (+ zr ==) L(0). 


1—€9 





Thus for ¢* suitably large, by noting that the solution metric on a large 
neighborhood of T' (of 0Mz) is sufficiently close to hyperbolic, we have 


(5.3.19) L(z) < (1+ feo) 1 (0) 
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for some z € (/¢*,¢*). It is clear that we may assume the intersection 
curve between the minimal disk with the torus at this height zo is smooth 
and embedded. If the intersection curve at the height z) has more than 
one piece, as before one of them will represent the primitive generator in the 
kernel of 71(T’), and we can ignore the others. Let us move (the piece of) the 
intersection curve on the torus at height zo through as small as possible area 
in the same homotopy class of 7(T) to a curve which is a geodesic circle 
in the flat torus coming from our special coordinates, and then drop this 
geodesic circle vertically in the special coordinates to obtain another new 
disk. We will compare the area of this new disk with the original minimal 
disk as follows. 

Denote by G the length of the geodesic circle in the standard hyperbolic 
cusp at height 1. Then the length of the geodesic circle at height zg will 
be G/zo. Observe that given an embedded curve of length / circling the 
cylinder St x R of circumference w once, it is possible to deform the curve 
through an area not bigger than /w into a meridian circle. Note that (the 
piece of) the intersection curve represents the primitive generator in the 
kernel of 71(7'). Note also that the solution metric is sufficiently close to the 
hyperbolic metric. Then the area of the deformation from (the piece of) the 
intersection curve on the torus at height zo to the geodesic circle at height 
zg is bounded by 


(1 + 0(1)) (=) ica 


The area to drop the geodesic circle from height zg to height ¢ is bounded 
by 


Hence comparing the area of the original minimal disk to that of this new 


fasle eves 
Ate aoa Bet Es (= a -)| | 


By (5.3.18), (5.3.19) and the fact that zo € (./¢*, ¢*), this in turn gives 
L(G) < (1 + 60) A(Z0) 


< (1+ 40)G fa + 19) =I | 








Since ¢* is suitably large, we obtain 


L(¢) < 2G/¢ 


This gives the desired assertion since G is fixed from the geometry of the 
limit hyperbolic manifold 7H and ¢ is very large as long as the area B of 
OMg small enough. 
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Thus the combination of (5.3.13), (5.3.18) and the assertion implies that 
either 
Q A<-2n 
dt ~ ; 
or 


cA < (14+ 2¢9)L — (1 — €9)A — 20 


IA 


2 
(1+ 20) — On 
< —T, 


since the solution metric on a very large neighborhood of the torus T (of 
OMz) is sufficiently close to hyperbolic and ¢ is very large as the area B 
of 0Mg small enough. This is impossible because A > 0 and the persistent 
hyperbolic pieces go on forever. The contradiction shows that 71(T) in fact 
injects into 7;(M%). This proves that 7,(0Mzp) injects into 7(M). 
Therefore we have completed the proof of Theorem 5.3.4. O 
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Chapter 6. Ancient «-solutions 


Let us consider a solution of the Ricci flow on a compact manifold. If the 
solution blows up in finite time (i.e., the maximal solution exists only on a 
finite time interval), then as we saw in Chapter 4 a sequence of rescalings of 
the solution around the singularities converge to a solution which exists at 
least on the time interval (—oo, T) for some finite number 7. Furthermore, 
by Perelman’s no local collapsing theorem I (Theorem 3.3.2), we see that 
the limit is «-noncollapsed on all scales for some positive constant «. In 
addition, if the dimension n = 3 then the Hamilton-Ivey pinching estimate 
implies that the limiting solution must have nonnegative curvature operator. 

We call a solution to the Ricci flow an ancient «-solution if it is com- 
plete (either compact or noncompact) and defined on an ancient time inter- 
val (—co,T’) with T > 0, has nonnegative curvature operator and bounded 
curvature, and is «-noncollapsed on all scales for some positive constant k. 

In this chapter we study ancient «-solutions of the Ricci flow. We will 
obtain crucial curvature estimates of such solutions and determine their 
structures in lower dimensional cases. In particular, Sections 6.2-6.4 give a 
detailed exposition of Perelman’s work in section 11 of and section 1 
of [108]. We also remak that the earlier work on ancient solutions can be 
found in Hamilton [65)}. 


6.1. Preliminaries 


We first present a useful geometric property (cf. Proposition 2.2 of [35]) 
for complete noncompact Riemannian manifolds with nonnegative sectional 
curvature. 

Let (M, gi;) be an n-dimensional complete Riemannian manifold and let 
€ be a positive constant. We call an open subset N C M an e-neck of 
radius r if (N,r~7g;;) is e-close, in the cle) topology, to a standard neck 
S”~! x I, where S"~! is the round (n — 1)-sphere with scalar curvature 1 
and I is an interval of length 2e~!. The following result is, to some extent, 
in similar spirit of Yau’s volume lower bound estimate [132]. 


Proposition 6.1.1. There exists a positive constant €9 = €o(n) such 
that every complete noncompact n-dimensional Riemannian manifold (M, gi;) 
of nonnegative sectional curvature has a positive constant ro such that any 
e-neck of radius r on (M,gij) with € < €9 must have r > ro. 


Proof. The following argument is taken from [85]. We argue by con- 
tradiction. Suppose there exist a sequence of positive constants e® — 0 and 
a sequence of n-dimensional complete noncompact Riemannian manifolds 
(M°, gf) such that for each fixed a, there exists a sequence of e%-necks Nj, 
of radius at most 1/k in M° with centers P, divergent to infinity. 

Fix a point P on the manifold M® and connect each Py to P by a 
minimizing geodesic yz. By passing to a subsequence we may assume the 
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angle 0%; between geodesic 7, and y at P is very small and tends to zero 
as k,l — +oo, and the length of yz41 is much bigger than the length of yz. 
Let us connect P, to P; by a minimizing geodesic m;. For each fixed | > k, 
let P, be a point on the geodesic y such that the geodesic segment from P 
to P, has the same length as 7; and consider the triangle APP;.P, in M*@ 
with vertices P, P, and P,. By comparing with the corresponding triangle 
in the Euclidean plane R? whose sides have the same corresponding lengths, 
Toponogov’s comparison theorem implies 


d( Py, Pe) < 2sin (50) vdPy, P): 


Since 6,; is very small, the distance from Pr, to the geodesic yj can be 
realized by a geodesic ¢;; which connects P, to a point Pi, on the interior of 
the geodesic 7 and has length at most 2 sin(0;1)-d(P;, P). Clearly the angle 
between ¢,; and y at the intersection point P is =. Consider a to be fixed 
and sufficiently large. We claim that for large enough k, each minimizing 
geodesic y, with 1 > k, connecting P to P,, goes through the neck Nz. 

Suppose not; then the angle between 7, and ¢,; at Py is close to either 
zero or 7 since Py is in the center of an e%-neck and a is sufficiently large. 
If the angle between yz, and ¢, at P, is close to zero, we consider the 
triangle APP, P/, in M® with vertices P, P,, and Py. Note that the length 
between P;, and Pj is much smaller than the lengths from P;, or Py to P. 
By comparing the angles of this triangle with those of the corresponding 
triangle in the Euclidean plane with the same corresponding lengths and 
using Toponogov’s comparison theorem, we find that it is impossible. Thus 
the angle between yz and ¢,; at Py is close to 7. We now consider the triangle 
AP, P,P, in M® with the three sides ¢j., 7,7 and the geodesic segment from 
Pi to P, on y;. We have seen that the angle of AP;,,P P; at P,, is close to 
zero and the angle at Pi is $. By comparing with corresponding triangle 
AP, P,P, in the Euclidean plane R? whose sides have the same corresponding 
lengths, Toponogov’s comparison theorem implies 


zs oe Sts 3 
ZP,P,Pl + ZP;P)Py < ZP}P,.Pi + ZPPLPE < 7" 


This is impossible since the length between P; and res is much smaller than 
the length from P, to either P, or Pe So we have proved each y, with 1 > k 
passes through the neck Nz. 

Hence by taking a limit, we get a geodesic ray y emanating from P 
which passes through all the necks N;, k = 1,2,..., except a finite number 
of them. Throwing these finite number of necks away, we may assume 
passes through all necks Nz, k = 1,2,.... Denote the center sphere of Nz 
by S,, and their intersection points with y by pp, € SpNy, k = 1,2,.... 

Take a sequence of points y(m) with m = 1,2,.... For each fixed neck 
Nx, arbitrarily choose a point qx, € Nz near the center sphere S$; and draw 
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a geodesic segment y*” from qz to y(m). Now we claim that for any neck 
N, with 1 > k, y*™ will pass through N, for all sufficiently large m. 

We argue by contradiction. Let us place all the necks N; horizontally 
so that the geodesic y passes through each N; from the left to the right. 
We observe that the geodesic segment y*™ must pass through the right 
half of N,; otherwise 7’ cannot be minimal. Then for large enough m, 
the distance from p; to the geodesic segment y"” must be achieved by the 
distance from pj to some interior point p,! of y*™. Let us draw a minimal 
geodesic 7 from p; to the interior point p;’ with the angle at the intersection 
point py’ € nN y*™ to be 5. Suppose the claim is false. Then the angle 
between 7 and ¥ at p; is close to 0 or 7 since €® is small. 

If the angle between 7 and y at p; is close to 0, we consider the tri- 
angle Apjp,’y(m) and construct a comparison triangle Ap,p,’7(m) in the 
plane with the same corresponding length. Then by Toponogov’s compari- 
son theorem, we see the sum of the inner angles of the comparison triangle 
Appr’ ¥(m) is less than 37/4, which is impossible. 

If the angle between 7 and y at p; is close to 7, by drawing a minimal 
geodesic € from q, to pj, we see that € must pass through the right half of 
N, and the left half of Nj; otherwise € cannot be minimal. Thus the three 
inner angles of the triangle Ap;p;’q, are almost 0,7/2, and 0 respectively. 
This is also impossible by the Toponogov comparison theorem. 

Hence we have proved that the geodesic segment 7" passes through N, 
for m large enough. 

Consider the triangle Ap;.gqxy(m) with two long sides pyy(m)(C y) and 
aey(m)(= y*™). For any s > 0, choose points pg on pyy(m) and gy, on 
qry(m) with d(pz, Pe) = d(qz, Ge) = 8. By Toponogov’s comparison theorem, 
we have 





(ge i) 

A(pk, dk) 

_ (Be, y(m))? + (Gr, V(m))? — 2d(pr, y(m))d(G&, y(m)) cos 4(Pey(™m)Gx) 
d(pr,y(m))? + dagen, y(m))? — 2d(pr, y(m))d(qe, y(m)) cos £(pey(™) ax) 

= d(pr,y(m))* + d(Ge, y(m))? — 2d(He, y(m))d(Ge, y(m)) cos 4(Pey(m)Gx) 

~ d(pr,y(m))? + dae, y(m))? — 2d(pr, v(m) )d(qz, y(m)) cos £(Pey(™) Gr) 

= (d(pr,y(m)) — d(Ge, y(m)))? + 2d(P, V(m)) (Ge, VW(m)) (1 — cos 4£(Pey(™m)Gx)) 
(d(pr, y(m)) — dd, y(m)))? + 2d(pe, v(m) )d(qe, y(™)) (1 — cos 4 (Pey(™M)ae)) 

. dpe, ¥(m)) (Ge, y(m)) 

~ d(pe,y(m))d(ge, y(™m)) 

1 


as m — oo, where <(pgy(m)qx) and £(ppy(m)gy) are the corresponding 
angles of the comparison triangles. 

Letting m — oo, we see that y*™ has a convergent subsequence whose 
limit 7" is a geodesic ray passing through all N; with 1 > k. Let us denote 
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by p; = y(t;),j = 1,2,.... From the above computation, we deduce that 


d(pk, Gk) < A(y(te + 8),7*(s)) 


for all s > 0. 

Let v(x) = limp +0(t — d(x,7(t))) be the Busemann function con- 
structed from the ray y. Note that the level set p~(y(p;)) MN; is close to 
the center sphere S$; for any 7 = 1,2,.... Now let q, be any fixed point 
in y '(y(pr)) A Ne. By the definition of Busemann function y associ- 
ated to the ray y, we see that y(y*(s1)) — y(y*(s2)) = 81 — s2 for any 
51, 52 > 0. Consequently, for each 1 > k, by choosing s = t; — tz, we see 
y* (ty — te) € el (y(1)) NN}. Since (te + t; — te) = pi, it follows that 


(Dk, Gk) < Apr, 7*(s)). 


with s = t; —t, > 0. This implies that the diameter of y~!(y(pz)) N Nz is 
not greater than the diameter of y~'(y(p,)) A N; for any | > k, which is a 
contradiction for / much larger than k. 

Therefore we have proved the proposition. O 





In [65], Hamilton discovered an important repulsion principle (cf. The- 
orem 21.4 of [65]) about the influence of a bump of strictly positive curva- 
ture in a complete noncompact manifold of nonnegative sectional curvature. 
Namely minimal geodesic paths that go past the bump have to avoid it. As 
a consequence he obtained a finite bump theorem (cf. Theorem 21.5 of [65]) 
that gives a bound on the number of bumps of curvature. 

Let M be a complete noncompact Riemannian manifold with nonnega- 
tive sectional curvature K > 0. A geodesic ball B(p,r) of radius r centered 
at a point p € M is called a curvature $-bump if sectional curvature 
K > @/r? at all points in the ball. The ball B(p,r) is called \-remote from 
an origin O if d(p,O) > Ar. 


Finite Bump Theorem (Hamilton [65]). For every 3 > 0 there 
exists A < oo such that in any complete manifold of nonnegative sectional 
curvature there are at most a finite number of disjoint balls which are X- 
remote curvature 3-bumps. 


This finite bump theorem played an important role in Hamilton’s study 
of the behavior of singularity models at infinity and in the dimension re- 
duction argument he developed for the Ricci flow (cf. Section 22 of [65], 
see also for application to the Kahler-Ricci flow and uniformization 
problem in complex dimension two). A special consequence of the finite 
bump theorem is that if we have a complete noncompact solution to the 
Ricci flow on an ancient time interval —co < t < T with T > 0 satisfying 
certain local injectivity radius bound, with curvature bounded at each time 
and with asymptotic scalar curvature ratio A = limsup Rs? = oo, then we 
can find a sequence of points p; going to oo (as in the following Lemma 
6.1.3) such that a cover of the limit of dilations around these points at time 
t = 0 splits as a product with a flat factor. The following result, somewhat 
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known in Alexandrov space theory (e.g., Perelman wrote in (page 29, 
line 3) “this follows from a standard argument based on the Aleksandrov- 
Toponogov concavity” and the essentially same statement also appeared in 
[80], and [43]), is in similar spirit as Hamilton’s finite bumps theorem 
and its consequence. The advantage is that we will get in the limit of dila- 
tions a product of the line with a lower dimensional manifold, instead of a 
quotient of such a product. 


Proposition 6.1.2. Suppose (M, gi;) is a complete n-dimensional Rie- 
mannian manifold with nonnegative sectional curvature. Let P € M be fixed, 
and Py © M a sequence of points and Ax, a sequence of positive numbers with 
d(P, Py) — +00 and A;,d(P, P,) — +00. Suppose also that the marked man- 
ifolds (M, »? 913, Pe) converge in the Cry. topology to a Riemannian manifold 
M. Then the limit M splits isometrically as the metric product of the form 
Rx N, where N is a Riemannian manifold with nonnegative sectional cur- 
vature. 


Proof. We now follow an argument given in [35]. Let us denote by 
|OQ| = d(O,Q) the distance between two points O,Q € M. Without loss 
of generality, we may assume that for each k, 


(6.1.1) 14 2|PP,| < |PPessl. 


Draw a minimal geodesic 7, from P to P, and a minimal geodesic o; from 
P, to P41, both parametrized by arclength. We may further assume 


(6.1.2) Oy = |£ (4 (0), An41(0))] < F- 


By assumption, the sequence (M, AZgi;, Py) converges (in the CP, topol- 
ogy) to a Riemannian manifold (M ite P) with nonnegative sectional cur- 
vature. By a further choice of subsequences, we may also assume 7, and o, 
converge to geodesic rays ¥ and o starting at P respectively. We will prove 
that ¥Uo forms a line in M , and then by the Toponogov splitting theorem 
the limit M must be splitted as R x N. 

We argue by contradiction. Suppose ¥ Uc is not a line; then for each k, 
there exist two points Ay € y, and By € ox such that as k — +00, 


Apd( Py, Ay) + A > 0, 
And Py, By) > B > 0, 
Aa Best 
but A+B>C. 


(6.1.3) 
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Pr 


LB, 


A, % 


Ok, 


Prat 


P 


Now draw a minimal geodesic 6, from Az to By. Consider comparison 


triangles AP, PP, and AP, A,B, in R? with 
|P.P| = |Pi,P|,|PePeoal = |PePesils|P Preval = |PPesal, 
and |P,Ax| = |PeAr|, |PeBr| = |PeBr|,|AnBe| = |AnBel- 
By Toponogov’s comparison theorem [9], we have 


(6.1.4) LAP By > KPPy Pes. 





On the other hand, by (6.1.2) and using Toponogov’s comparison theorem 
again, we have 


(6.1.5) £P,PP pay < £PypP Pps < 
and since |P,P,+41| > |PP,| by (6.1.1), we further have 
(6.1.6) LP, Py P< £P,PPh 1 < - 
Thus the above inequalities (6.1.4)-(6.1.6) imply that 
LAP, > 0-2. 


Hence 


k; 
Multiplying the above inequality by AG and letting k — +oco, we get 
C>A+B 


= = = = — = 2 
(6.1.7) | A;,By|” > | A,Py|? + |P;,.B,|? _ 2| Ax Py| : | P, By| cos (= _ *) : 


which contradicts (6.1.3). 
Therefore we have proved the proposition. O 





Let M be an n-dimensional complete noncompact Riemannian manifold. 
Pick an origin O € M. Let s be the geodesic distance to the origin O of M, 
and R the scalar curvature. Recall that in Chapter 4 we have defined the 
asymptotic scalar curvature ratio 

A = limsup Rs’. 


s8—+00 


218 H.-D. CAO AND X.-P. ZHU 


We now state a useful lemma of Hamilton (cf. Lemma 22.2 of [65]) 
about picking local (almost) maximum curvature points at infinity. 


Lemma 6.1.3 (Hamilton [65]). Given a complete noncompact Rie- 
mannian manifold with bounded curvature and with asymptotic scalar cur- 
vature ratio 


A = limsup Rs? = +00, 


S—-+00 
we can find a sequence of points x; divergent to infinity, a sequence of radii 
rj and a sequence of positive numbers 6; — 0 such that 
(i) R(x) < (14+ 6;)R(x;) for all x in the ball B(xj;,r;) of radius r; 
around xj, 
(ii) rR(xj) — +00, 
(iii) Aj = ats, O)/r; — +00, 
(iv) the balls B(x;,7;) are disjoint, 
where d(a;,O) is the distance of x; from the origin O. 





Proof. The proof is essentially from Hamilton [65]. Pick a sequence of 
positive numbers e€; — 0, then choose A; — +00 so that Aye — +oo. Let 
a; be the largest number such that 


sup{R(w)d(,0)? | d(x,0) < 0)} < Ay. 
Then there exists some y; € M such that 
R(ys)d(yj,O0)? = Ay and d(y;,O0) = 0. 
Now pick x; € M so that d(a;,O) > 0; and 


R(x;) 2 





i+; sup{R(zx) | d(x,O) > aj}. 


Finally pick r; = €;0;. We check the properties (i)-(iv) as follows. 
(i) Ife € B(a;,r;)M {d(-,O) > oj}, we have 
Ra) < (1+ 6) R(ay) 
by the choice of the point «;; while if x € B(a;,r;){d(-,O) < oj}, we have 
R(x) < Aj/d(x, 0)" 
Z 1 
~ (1-6)? 
1 
R ; 
(l=«)? (5) 
(1+ €;) 
= (ql = ye 


since d(2,O) > d(a;,O) — d(a,2;) = 07 = 77 = (1 — 6 )a;. Thus we have 
obtained 


(Aj/o7) 


R(x) <(1+6;)R(a;), Vx € B(x;,75), 
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where Jj = (=H — 1 0 as j > tov. 
) 


(ii) By the choices of r;, x; and y;, we have 


re R(x;) = = 405 R(x @) 








1 
> a4 |. =Rty)| 
3 
Aj — +00, as j — +00. 
= Tbe S J 


(iii) Since d(x;,O) > 0; = 1;/e;, it follows that A; = d(x;,O)/r; — 
+oo as Jj — +00. 


(iv) For any x € B(a;,r;), the distance from the origin 
d(x, O) ze d(xj, O) = d(x, 2x;) 
> OF = r5 
= (1=€)o; > +00, a8 7 — -Ho0. 


Thus any fixed compact set does not meet the balls B(x;,1;) for large enough 
j. If we pass to a subsequence, the balls will all avoid each other. O 





The above point picking lemma of Hamilton, as written down in Lemma 
22.2 of [65], requires the curvature of the manifold to be bounded. When the 
manifold has unbounded curvature, we will appeal to the following simple 
lemma. 


Lemma 6.1.4. Given a complete noncompact Riemannian manifold 
with unbounded curvature, we can find a sequence of points x; divergent 
to infinity such that for each positive integer j, we have |Rm(x;)| > j, and 

|Rm(x)| < 4|Rm(x;)| 
or z € B(x;, ~~). 
jf (2 inte 


Proof. Each x; can be constructed as a limit of a finite sequence {y;}, 
defined as follows. Let yo be any fixed point with |Rm(yo)| > 7. Inductively, 
if y; cannot be taken as x;, then there is a yj; such that 

|Rm(yi41)| > 4|Rm(%)|, 
j 
yi, v1) <§ ———. 
|Rm(yi)| 
Thus we have 
|Fem(ys)| > 4'/Rm(yo)| > 45, 


d(yi, Yo) ier < 2y/j. 
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Since the manifold is smooth, the sequence {y;} must be finite. The last 
element fits. 














6.2. Asymptotic Shrinking Solitons 


The main purpose of this section is to prove a result of Perelman (cf. 
Proposition 11.2 of [107]) on the asymptotic shapes of ancient «-solutions 
as time t — —oo. 

We begin with the study of the asymptotic behavior of an ancient kK- 
solution gj;(x,t), on M x (—oo,T) with T > 0, to the Ricci flow as t — —oo. 

Pick an arbitrary point (p,to) € M x (—oo,0] and recall from Chapter 
3 that 

T=to—t, for t< to, 


Har) = saeint | [ v8(RO(8).t0— 9) 


1 
~ 2/tr 





te 1(3)Ip.s(t0-«)) 48 7(0) =p, y(7) =4 


and 
V(r) = [Garr exp(—I(q,7))@Vig—()- 


We first observe that Corollary 3.2.6 also holds for the general complete 
manifold M. Indeed, since the scalar curvature is nonnegative, the function 
L(-,7) = 4rl(-,7) achieves its minimum on M for each fixed t > 0. Thus the 
same argument in the proof of Corollary 3.2.6 shows there exists q = q(T) 
such that 


(6.2.1) I(q(7),7) < 


wl s 


for each T > 0. 
Recall from (3.2.11)-(3.2.13), the Li-Yau-Perelman distance | satisfies 
the following 





0 l 1 
2. —l[= —— —_ Kk 
(6.2.2) 37 ~ tht sap ‘ 
l 1 
ed —— es 
(6.2.3) |Vi|j° =—R 7 op 
n 1 
2: Al < —R+— - —— 
(6.2.4) l1<—-R = 53/2 


and the equality in (6.2.4) holds everywhere if and only if we are on a 
gradient shrinking soliton. Here K = fy s3/2Q(X)ds, Q(X) is the trace 
Li-Yau-Hamilton quadratic given by 


Q(X) =—R, — = — 2(VR, X) + 2Ric (X,X) 


and X is the tangential (velocity) vector field of an £-shortest curve y : 
[0,7] — M connecting p to q. 
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By applying the trace Li-Yau-Hamilton inequality (Corollary 2.5.5) to 
the ancient «-solution, we have 


Q(X) =-R, - = — 2(VR, X) + 2Ric (X,X) 


R 
So 
- 


K= [ 8Q(X 


and hence 


> hy V/sRds 

Thus by (6.2.3) we get 
31 
(6.2.5) VIP +R< = 


We are now state and prove the following 


Theorem 6.2.1 (Perelman [107]). Let gi;(-,t),-co <t < T with some 
T > 0, be a nonflat ancient K-solution for some kK > 0. Then there exist 
a sequence of points q, and a sequence of times t, — —co such that the 
scalings of gij(-,t) around gy, with factor |t,|~! and with the times ty shifting 
to the new time zero converge to a nonflat gradient shrinking soliton in CR. 
topology. 


Proof. The proof basically follows the argument of Perelman (11.2 of 
). Clearly, we may assume that the nonflat ancient «-solution is not a 
gradient shrinking soliton. For the arbitrarily fixed (p, to), let g(7)(7 = to—t) 
be chosen as in (6.2.1) with I(q(7),7) < $. We only need to show that the 
scalings of g;;(-,¢) around q(r) with factor ~' converge along a subsequence 
of rT — +oo to a nonflat gradient shrinking soliton in the C. topology. 


We first claim that for any A > 1, one can find B = B(A) < +00 such 
that for every 7 > 1 there holds 


(6.2.6) l(q,7)<B and 7R(q,to —7T) < B, 
whenever 47 <7 < A7 and dy Ns q(S)) < Ar. 
Indeed, by using (6.2.5) de T=5; 


(6.2.7) ita.) < </2+ sup{|V Vil} - diz («.0(5)) 
< t+ [Eva 


we have 
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and 
(6.2.8) R (4,t0 _ r) < a 
§(VEV%) 


for q € By (q(5), VAT). Recall that the Li-Yau-Hamilton inequality im- 
plies that the scalar curvature of the ancient solution is pointwise nonde- 
creasing in time. Thus we know from (6.2.8) that 


(6.2.9) TR(q,to —T) < 6A (3+ 2) 


whenever $7 < 7 < A7 and di _2(q q($)) < Az. 
2 
By (6.2.2) and (6.2.3) we have 
oli l R 


az tal [P= Sa ae ye 


This together with (6.2.9) implies that 


whenever $F <7 < Aj and dys (q, q (5)) < AT. Hence by integrating this 
2 
differential inequality, we obtain 


Vil(q,7) — (5 (4.5) <64 (3 + /¥) 


and then by (6.2.7), 
) +64 (3+ (3) 
cra Be) 


whenever 57 <7 < A7 and dt z(q,4(5)) < A7. So we have proved claim 
2 
(6.2.6). 


(6.2.10) (a.7) <U(4 


hl 7 
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Recall that gi;(7) = gij(-, to — T) satisfies (gi;); = 2Ri;. Let us take the 

scaling of the ancient K-solution around q(3) with factor (5), ie., 

7 2 T 

9i3(8) = eI (-,t0 — ss) 
where s € [0, +00). Claim (6.2.6) says that for all s € [1,2A] and all g such 
that dist 4) (a.9(5)) < A, we have R(q, s) = 5 R(q,to— 85) < B. Now tak- 
ing into account the «-noncollapsing assumption and Theorem 4.2.2, we can 
use Hamilton’s compactness theorem (Theorem 4.1.5) to obtain a sequence 
T, — +0co such that the marked evolving manifolds (M, a? (s), a(B)), 
(k) 
eg! 
(M, 9:;(s),@) with s € [1,+00), where g;;(s) is also a solution to the Ricci 
flowon M. 

Denote by J, the corresponding Li-Yau-Perelman distance of gy (a): It 
is easy to see that I;,(q,s) = I(q, 7s), for s € [1, +00). From (6.2.5), we also 
have 
(6.2.11) [Viele + R® < 6l,, 


ij 


with g-;’(s) = 2 gig (-, to _ sit) and s € [1,+00), converge to a manifold 


where R) is the scalar curvature of the metric a Claim (6.2.6) says 
that J, are uniformly bounded on compact subsets of M x [1,-+00) (with 
the corresponding origins q(#)). Thus the above gradient estimate (6.2.11) 
implies that the functions J, tend (up to a subsequence) to a function 1 which 
is a locally Lipschitz function on M. 

We know from (6.2.2)-(6.2.4) that the Li-Yau-Perelman distance /;, sat- 


isfies the following inequalities: 


(6.2.12) (ix)s — Al, + [Vi? — B® + = > 0, 


Tee ih 





(6.2.13) 2Al, — |Vizl? + B® + ie 
Ss 


We next show that the limit / also satisfies the above two inequalities in the 
sense of distributions. Indeed the above two inequalities can be rewritten as 


6) ead n i 
Be (k) Be -7\\ 
(6.2.14) (3 A+R ) ((4zs) > exp( ix)) <0, 
(6.2.15) ~ (4A — RO)e-F + 7M < 0, 
Ss 


in the sense of distributions. Note that the estimate (6.2.11) implies that 


ly — Lin the Ce norm for any 0 < a < 1. Thus the inequalities (6.2.14) 
and (6.2.15) imply that the limit 1 satisfies 


(6.2.16) (3 mare R) ((4ns)-2 exp(—1)) <0, 
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l—n 





(6.2.17) — (4A — Re"? + —“e7? <0, 
in the sense of distributions. 

Denote by V“*) (s) Perelman’s reduced volume of the scaled metric 
gf (s). Since I,(q, s) = U(q, #s), we see that V“)(s) = V(4s) where V is 
Perelman’s reduced volume of the ancient «-solution. The monotonicity of 
Perelman’s reduced volume (Theorem 3.2.8) then implies that 


(6.2.18) Jim V)(s)=V, for s € [1,2], 


for some nonnegative constant V. 
(We remark that by the Jacobian comparison theorem (Theorem 3.2.7), 
(3.2.18) and (3.2.19), the integrand of V“)(s) is bounded by 


(4ms)~# exp(—ik(X, 8) )F(s) < (4m) 3 exp(-[XP) 


on T,M, where J“*)(s) is the £-Jacobian of the £-exponential map of the 
metric a (s) at T,M. Thus we can apply the dominant convergence the- 
orem to get the convergence in (6.2.18). But we are not sure whether the 
limiting V is exactly Perelman’s reduced volume of the limiting manifold 
(M, 9i;(s)), because the points ¢(#) may diverge to infinity. Nevertheless, 
we can ensure that V is not less than Perelman’s reduced volume of the 
limit.) 
Note by (6.2.5) that 


(6.2.19) V)(2) — V1) 


_ f 2H 
= | £0 )as 


3 a z i : 
= Yeas (k) -$ x 
= : as [ (+ A+R ) ((4z) 2 exp( ix)) dV 9)" 


Thus we deduce that in the sense of distributions, 





0 e n 7 
(6.2.20) (3 =A R) ((4ns)-# exp(— )) = 0, 
and _ [ S 
(4A — Re? = — tend 
Ss 
or equivalently, 
(6.2.21) 2Ai —|Vi?+R+ dele 0, 
Ss 


on M x [1,2]. Thus by applying standard parabolic equation theory to 
(6.2.20) we find that / is actually smooth. Here we used (6.2.2)-(6.2.4) to 
show that the equality in (6.2.16) implies the equality in (6.2.17). 

Set 





v = [s(2Al — |Vi]2 +R) +0 —n]- (4ms)72e7!. 
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Then by applying Lemma 2.6.1, we have 
O = _— > 1 n T 
(6.2.22) (5 —-A+ R) v= —2s|Ri; + ViVyl — Gl . (4s)~2e!, 
8 


We see from (6.2.21) that the LHS of the equation (6.2.22) is identically 
zero. Thus the limit metric g;; satisfies 


= = 1 
(6.2.23) ig + Vivgl — 35 iii = 0, 


so we have shown the limit is a gradient shrinking soliton. 

To show that the limiting gradient shrinking soliton is nonflat, we first 
show that the constant function V(s) is strictly less than 1. Consider Perel- 
man’s reduced volume V(r) of the ancient «-solution. By using Perelman’s 
Jacobian comparison theorem (Theorem 3.2.7), (3.2.18) and (3.2.19) as be- 
fore, we have 


V(r) = [amy Ber grax 
(4n)~ Fe"? ax 


TpM 
1. 


IA 


Recall that we have assumed the nonflat ancient «-solution is not a 
gradient shrinking soliton. Thus for rT > 0, we must have V(r) < 1. Since 
the limiting function V(s) is the limit of V(3s) with 7 — +00, we deduce 
that the constant V(s) is strictly less than 1, for s € [1, 2]. 

We now argue by contradiction. Suppose the limiting gradient shrinking 
soliton 9; (s) is flat. Then by (6.2.23), 


= 1 = n 
e 9595 ane 2s 


Putting these into the identity (6.2.21), we get 


wolm 


ivi? = 


Since the function / is strictly convex, it follows that V4sl is a distance 
function (from some point) on the complete flat manifold M. From the 
smoothness of the function 1, we conclude that the flat manifold 1 must be 
R”. In this case we would have its reduced distance to be | and its reduced 
volume to be 1. Since V is not less than the reduced volume of the limit, 
this is a contradiction. Therefore the limiting gradient shrinking soliton gj; 


is not flat. Oo 





To conclude this section, we use the above theorem to derive the classifi- 
cation of all two-dimensional ancient «-solutions which was obtained earlier 
by Hamilton in Section 26 of [65]. 


226 H.-D. CAO AND X.-P. ZHU 


Theorem 6.2.2 (Hamilton [65]). The only nonflat ancient K-solutions 
to Ricci flow on two-dimensional manifolds are the round sphere S? and the 
round real projective plane RP?. 


Proof. Let gij(z,t) be a nonflat ancient K-solution defined on M x 
(—oo,T) (for some T > 0), where M is a two-dimensional manifold. Note 
that the ancient «-solution satisfies the Li-Yau-Hamilton inequality (Corol- 
lary 2.5.5). In particular by Corollary 2.5.8, the scalar curvature of the an- 
cient «-solution is pointwise nondecreasing in time. Moreover by the strong 
maximum principle, the ancient «-solution has strictly positive curvature 
everywhere. 

By the above Theorem 6.2.1, we know that the scalings of the ancient 
k-solution along a sequence of points gq, in M and a sequence of times 
ty; —> —oo converge to a nonflat gradient shrinking soliton (M, 9;;(z,t)) 
with —oo <t <0. 

We first show that the limiting gradient shrinking soliton (M, g;;(z, t)) 
has uniformly bounded curvature. Clearly, the limiting soliton has nonneg- 
ative curvature and is «-noncollapsed on all scales, and its scalar curvature 
is still pointwise nondecreasing in time. Thus we only need to show that the 
limiting soliton has bounded curvature at t = 0. We argue by contradiction. 
Suppose the curvature of the limiting soliton is unbounded at t = 0. Of 
course in this case the limiting soliton M is noncompact. Then by applying 
Lemma 6.1.4, we can choose a sequence of points x;,7 = 1,2,..., divergent 
to infinity such that the scalar curvature R of the limit satisfies 


R(z;,0) >7 and R(zx,0) < 4R(2;,0) 


for all j = 1,2,..., and x € Bo(2x;,j/\/R(a;,0)). And then by the nonde- 


creasing (in time) of the scalar curvature, we have 


Rx; t) < AR(x;, 0), 


for all 7 = 1,2,...,%€ Bo (4,4 // Raj, 0)) and t < 0. By combining with 
Hamilton’s compactness theorem (Theorem 4.1.5) and the «-noncollapsing, 
we know that a subsequence of the rescaling solutions 


(CM, Riaz, 0) gy (7,4/ Raz, 0)), 25), aan eee 


converges in the Cry. topology to a nonflat smooth solution of the Ricci flow. 
Then Proposition 6.1.2 implies that the new (two-dimensional) limit must 
be flat. This arrives at a contradiction. So we have proved that the limiting 
gradient shrinking soliton has uniformly bounded curvature. 

We next adapt an argument of Perelman (cf. the proof of Lemma 1.2 
in [108]) to show that the limiting soliton is compact. Suppose the limiting 
soliton is (complete and) noncompact. By the strong maximum principle we 
know that the limiting soliton also has strictly positive curvature everywhere. 
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After a shift of the time, we may assume that the limiting soliton satisfies 
the following equation 


— 1 
(6.2.24) ViVif + Ri + ais =0, on -wK<t<Q, 


everywhere for some function f. Differentiating the equation (6.2.24) and 
switching the order of differentiations, as in the derivation of (1.1.14), we 
get 


(6.2.25) Vik = 2h Vy. 


Fix some t < 0, say t = —1, and consider a long shortest geodesic 7(s), 
0<s<s. Let x = 7(0) and X(s) = ¥(s). Let V(0) be any unit vector 
orthogonal to 4+(0) and translate V(0) along y(s) to get a parallel vector 
field V(s),0<s<Z3ony. Set 


sV(s), forO<s <1, 
V(s) = 4 V(s), forl1<s<3-—1, 
(§—s)V(s), fors-1l<s<%. 


It follows from the second variation formula of arclength that 
[WP - RP, x, Mas > 0. 
0 


Thus we clearly have 


i R(X,V,X, V)ds < const., 

0 

and then 

(6.2.26) i Ric(X, X)ds < const.. 
0 


By integrating the equation (6.2.24) we get 


and then by (6.2.26), we deduce 


£ (Fors) 2 


— const., 


NW] & 


2 
s 
and fo7(s) > ie const. - s — const. 


for s > 0 large enough. Thus at large distances from the fixed point xo 
the function f has no critical points and is proper. It then follows from the 
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Morse theory that any two high level sets of f are diffeomorphic via the 
gradient curves of f. Since by (6.2.25), 


d= = 

4 Ris), 1) = (VR) 
=28 ViVi 
>0 


for any integral curve 7(s) of Vf, we conclude that the scalar curvature 
R(a,—1) has a positive lower bound on M, which contradicts the Bonnet- 
Myers Theorem. So we have proved that the limiting gradient shrinking 
soliton is compact. 

By Proposition 5.1.10, the compact limiting gradient shrinking soliton 
has constant curvature. This says that the scalings of the ancient «-solution 
(M, 9ij(z,t)) along a sequence of points q, € M and a sequence of times 
ty, —- —oo converge in the C™® topology to the round S? or the round RP?. 
In particular, by looking at the time derivative of the volume and the Gauss- 
Bonnet theorem, we know that the ancient «-solution (M, gi;(a,t)) exists on 
a maximal time interval (—oo,T’) with T < +00. 

Consider the scaled entropy of Hamilton 


E(t) = [ _Rlos[R(L — t)|dV. 


We compute 


(6.2.27) 


4a fio _ a 
E(t) =f e[R(T pjaravi+ | arse 


dt 
2 

=| | WEE R? rR dV; 
ml R 


[| SE eer 


where r = {,, RdV,/Vol;(M) and we have used Vol;(M) = (f,, Rd) -(T — 
t) (by the Gauss-Bonnet theorem). 

We now need an inequality of Chow in [38]. For sake of completeness, 
we present his proof as follows. For a smooth function f on the surface M, 
one can readily check 


R 


@-3|"" 














2 





1 
2 Vif—~ : 
[an =a f |vivss 5 (AS) 93 


7 |VR+RVS2 
M R 


+ i RIVSP, 
M 


VRP : 
[, v2 [ RAs) + | RIVSP, 
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and then 


2 
[ SEs [aner-2n 


| |VR+ RVI? 
' 


1 
= 2 Ww = 5g AS) 93 R 





By choosing Af = R—r, we get 


VRP ye 
ion he 

1 
= 2 ViVai — 5 AS) 93 


If the equality holds, then we have 





2 2 
VR+ RV 
+f WANT 50. 








ViVi f - S(Af Ya =0 


i.e., Vf is conformal. By the Kazdan-Warner identity [79], it follows that 


| VR-Vf=0, 
M 


SO 


o=-f Ray 


= - f any. 


Hence we have proved the following inequality due to Chow 


2 
(6.2.28) [, ve > [@ ny 


and the equality holds if and only if R=r. 

The combination (6.2.27) and (6.2.28) shows that the scaled entropy 
E(t) is strictly decreasing along the Ricci flow unless we are on the round 
sphere S? or its quotient RP?. Moreover the convergence result in Theorem 
5.1.11 shows that the scaled entropy FE has its minimum value at the con- 
stant curvature metric (round S? or round RP”). We had shown that the 
scalings of the nonflat ancient «-solution along a sequence of times t, — —oco 
converge to the constant curvature metric. Then F(t) has its minimal value 
at t = —oo, so it was constant all along, hence the ancient «-solution must 
have constant curvature for each t € (—co,T). This proves the theorem. O 
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6.3. Curvature Estimates via Volume Growth 


For solutions to the Ricci flow, Perelman’s no local collapsing theorems 
tell us that the local curvature upper bounds imply the local volume lower 
bounds. Conversely, one would expect to get local curvature upper bounds 
from local volume lower bounds. If this is the case, one will be able to 
establish an elliptic type estimate for the curvatures of solutions to the Ricci 
flow. This will provide the key estimate for the canonical neighborhood 
structure and thick-thin decomposition of the Ricci flow on three-manifolds. 
In this section we derive such curvature estimates for nonnegatively curved 
solutions. In the next chapter we will derive similar estimates for all smooth 
solutions, as well as surgically modified solutions, of the Ricci flow on three- 
manifolds. 

Let M be an n-dimensional complete noncompact Riemannian man- 
ifold with nonnegative Ricci curvature. Pick an origin O € M. The 
well-known Bishop-Gromov volume comparison theorem tells us the ratio 
Vol(B(O,r))/r” is monotone nonincreasing in r € [0,+00). Thus there 
exists a limit 


See i Vol (B(O,r)) 
r—+o0o rr 
Clearly the number vy is invariant under dilation and is independent of the 
choice of the origin. vj is called the asymptotic volume ratio of the 
Riemannian manifold M. 

The following result obtained by Perelman (cf. Proposition 11.4 of [107]) 
shows that any ancient «-solution must have zero asymptotic volume ratio. 
This result for the Ricci flow on Kahler manifolds was implicitly and inde- 
pendently given by Chen and the second author in the proof of Theorem 
5.1 of [83]. Moreover in the Kahler case, as shown by Chen, Tang and the 
second author (implicitly in the proof of Theorem 4.1 of for complex 
two dimension) and by Ni (in for all dimensions), the condition of 
nonnegative curvature operator can be replaced by the weaker condition of 
nonnegative bisectional curvature. 


Lemma 6.3.1 (Perelman [107]). Let M be an n-dimensional com- 
plete noncompact Riemannian manifold. Suppose gij(x,t), « € M and 
t € (-o,T) with T > 0, is a nonflat ancient solution of the Ricci flow 
with nonnegative curvature operator and bounded curvature. Then the as- 
ymptotic volume ratio of the solution metric satisfies 


woe ta ee) 


r—+oo rr 


=0 
for each t € (—00,T). 


Proof. The proof is by induction on the dimension. When the dimen- 
sion is two, the lemma is valid by Theorem 6.2.2. For dimension > 3, we 
argue by contradiction. 
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Suppose the lemma is valid for dimensions < n—1 and suppose vy (to) > 
0 for some n-dimensional nonflat ancient solution with nonnegative curva- 
ture operator and bounded curvature at some time to < 0. Fixing a point 
xo € M, we consider the asymptotic scalar curvature ratio 
A= _ limsup R(x, to)d;, (e002 


diy (x,20)— +00 
We divide the proof into three cases. 


Case 1: A= +oo. 


By Lemma 6.1.3, there exist sequences of points 7, € M divergent to 
infinity, of radii r, — +co, and of positive constants 6, — 0 such that 
(i) R(w, to) < (1+6,) R(x, to) for all x in the ball By, (xz, 7,) of radius 
rp, around xp, 
(ii) rZR(xp, to) > +00 as k > +00, 
(iii) dt, (Lie e6) i 6e — +0. 
By scaling the solution around the points x, with factor R(xz, to), and 
shifting the time to to the new time zero, we get a sequence of rescaled 
solutions 


gn (8) = R(xg, to)g (..t + ges! 


to the Ricci flow. Since the ancient solution has nonnegative curvature 
operator and bounded curvature, there holds the Li- Yau-Hamilton inequality 
(Corollary 2.5.5). Thus the rescaled solutions satisfy 


R,z(a, S) < (1 + On) 


for all s < 0 and w € By, (9) (tk, rk R(x, to)). Since vys(to) > 0, it follows 
from the standard volume comparison and Theorem 4.2.2 that the injec- 
tivity radii of the rescaled solutions g; at the points x, and the new time 
zero is uniformly bounded below by a positive number. Then by Hamil- 
ton’s compactness theorem (Theorem 4.1.5), after passing to a subsequence, 
(M, gi,(s), 2%) will converge to a solution (7, g(s),O) to the Ricci flow with 


R(y, 8) <1, foralls <OandyeM, 


and 


R(O,0) =1. 


Since the metric is shrinking, by (ii) and (iii), we get 





Rb, 10) 4 t+ gyc2 zo) (Os) > R(x, to)d5. 19) (0, Tk) 


which tends to +00, as k — +00, for all s < 0. Thus by Proposition 6.1.2, 
for each s < 0, (,g(s)) splits off a line. We now consider the lifting 
of the solution (M,g(s)),s < 0, to its universal cover and denote it by 


(M, G(s)), s <0. Clearly we still have 
V x (0) > 0 and V <,(0) > 0. 
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By applying Hamilton’s strong maximum principle and the de Rham de- 
composition theorem, the universal cover M splits isometrically as X x R 
for some (n — 1)-dimensional nonflat (complete) ancient solution X with 
nonnegative curvature operator and bounded curvature. These imply that 
vx(0) > 0, which contradicts the induction hypothesis. 


Case 2: 0 < A < +co. 
Take a sequence of points x, divergent to infinity such that 


R(axx, to) dz, (ZK, LO) — A, ask— +00. 


Consider the rescaled solutions (M, g,(s)) (around the fixed point x9), where 


s € (—oo, 0]. 


8 
i) 
Then there is a constant C > 0 such that 

Rg(x,0) < C/dR(x, 20,0), 
(6.3.1) Ryley; 0) = 1, 
dx (Xz, £0, 0) => VA > 0, 


where d;(-, 0,0) is the distance function from the point xo in the metric 
9%(0). 

Since 1y4(to) > 0, it is a basic result in Alexandrov space theory (see for 
example Theorem 7.6 of {21]) that a subsequence of (M, g,,(s), vo) converges 
in the Gromov-Hausdorff sense to an n-dimensional metric cone (IM, g(0), 29) 
with vertex 79. 

By (6.3.1), the standard volume comparison and Theorem 4.2.2, we know 
that the injectivity radius of (M, gz(0)) at x, is uniformly bounded from be- 
low by a positive number po. After taking a subsequence, we may assume 
XR converges to a point x in M \ {xo}. Then by Hamilton’s compactness 
theorem (Theorem 4.1.5), we can take a subsequence such that the met- 
rics g,(s) on the metric balls Bo(z%,50)(C M with respect to the metric 
gx(0)) converge in the Cp’. topology to a solution of the Ricci flow on a ball 
Boiss; $ po). Clearly the C?°. limit has nonnegative curvature operator and 


loc 
it is a piece of the metric cone at the time s = 0. By (6.3.1), we have 


gn (s) = R(xp, to)g (..t + 


(6.3.2) R(a@oo,0) = 1. 

Let x be any point in the limiting ball Bo(2.o, +P) and e; be any radial 
direction at x. Clearly Ric(e1,e,) = 0. Recall that the evolution equation 
of the Ricci tensor in frame coordinates is 
A bag 2. 
ap reat = ARab + 2RachaRea- 

Since the curvature operator is nonnegative, by applying Hamilton’s strong 
maximum principle (Theorem 2.2.1) to the above equation, we deduce that 
the null space of Ric is invariant under parallel translation. In particular, 
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all radial directions split off locally and isometrically. While by (6.3.2), the 
piece of the metric cone is nonflat. This gives a contradiction. 


Case 3: A= 0. 


The gap theorem as was initiated by Mok-Siu- Yau and established 
by Greene-Wu [52], Eschenberg-Shrader-Strake [47], and Drees 
shows that a complete noncompact n-dimensional (except n = 4 or 8) Rie- 
mannian manifold with nonnegative sectional curvature and the asymptotic 
scalar curvature ratio A = 0 must be flat. So the present case is ruled out 
except in dimension n = 4 or 8. Since in our situation the asymptotic vol- 
ume ratio is positive and the manifold is the solution of the Ricci flow, we 
can give an alternative proof for all dimensions as follows. 

We claim the sectional curvature of (IM, 9i;(x, to)) is positive everywhere. 
Indeed, by Theorem 2.2.2, the image of the curvature operator is just the 
restricted holonomy algebra G of the manifold. If the sectional curvature 
vanishes for some two-plane, then the holonomy algebra G cannot be so(n). 
We observe the manifold is not Einstein since it is noncompact, nonflat and 
has nonnegative curvature operator. If G is irreducible, then by Berger’s 
Theorem [7], G = u($). Thus the manifold is Kahler with bounded and 
nonnegative bisectional curvature and with curvature decay faster than qua- 
dratic. Then by the gap theorem obtained by Chen and the second author 
in , this Kahler manifold must be flat. This contradicts the assumption. 
Hence the holonomy algebra G is reducible and the universal cover of M 
splits isometrically as MM, x M2 nontrivially. Clearly the universal cover of 
M has positive asymptotic volume ratio. So M, and Mg still have posi- 
tive asymptotic volume ratio and at least one of them is nonflat. By the 
induction hypothesis, this is also impossible. Thus our claim is proved. 

Now we know that the sectional curvature of (M, gi;(x,to)) is positive 
everywhere. Choose a sequence of points x, divergent to infinity such that 


R(x, to) dy, (xk, to) = sup{ R(x, to)dz, (x, 20) | dio(#, 0) = dio (xe, t0)}, 

dis (Zest) = k; 

R(xxp, to)d?, (we, to) = ex — 0. 
Consider the rescaled metric 

9x(0) = R(xx, to)g(-, to) 
as before. Then 
Ry(v,0) < ex/dz(x,20,0), for dy (x, 20,0) > Vex, 

dy(2p, 20,0) = ex — O. 
As in Case 2, the rescaled marked solutions (M, g;,(0), zo) will converge in the 
Gromov-Hausdorff sense to a metric cone (IW, g(0),20). And by the virtue 


of Hamilton’s compactness theorem (Theorem 4.1.5), up to a subsequence, 
>° topology in M \ {ao}. We next claim the 


7 loc 
metric cone (M,g(0), 29) is isometric to R”. 


(6.3.3) 


the convergence is in the 
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Indeed, let us write the metric cone M as a warped product Ry x, X"~! 
for some (n — 1)-dimensional manifold X"~!. By (6.3.3), the metric cone 
must be flat and X”"~! is isometric to a quotient of the round sphere S”~! by 
fixed point free isometries in the standard metric. To show M is isometric 
to R”, we only need to verify that X”~! is simply connected. 

Let y be the Busemann function of (IM, 9i;(-,to)) with respect to the 
point xg. Since (M, gi;(-,to)) has nonnegative sectional curvature, it is easy 
to see that for any small ¢ > 0, there is a rg > 0 such that 


(1 — €)dty (a, a0) < p(®) S diy (x, o) 


for all x € M \ Biy(xo, 70). The strict positivity of the sectional curvature of 
the manifold (IM, 9:;(-, to)) implies that the square of the Busemann function 
is strictly convex (and exhausting). Thus every level set y~'(a), with a > 
inf{y(x) | « € M}, of the Busemann function y is diffeomorphic to the 
(n — 1)-sphere S"“!. In particular, y~!({a, $a]) is simply connected for 
a > inf{y(x) | « € M} since n > 3. 

Consider an annulus portion [1,2] x X”"~! of the metric cone M = R, x, 
X"-1. It is the limit of (Mz, 9,(0)), where 


2 
My= {rea | pos 5 <2) < oe 


V R(xx, to) R(xx, to) 


It is clear that 
1 2(1 — 
202) J) cam 


= 
‘ R(xz,to) WV R(xk, to) 
“+ (fokta ania 
R(xz, to) VW R(xr, to) 


for k large enough. Thus any closed loop in {3} x X”"—! can be shrunk to 
a point by a homotopy in [1,2] x X"~!. This shows that X"~! is simply 
connected. Hence we have proven that the metric cone (M,9(0),29) is 
isometric to R”. Consequently, 


Vol g(t) (2,0. (+o ae to) ;) \ Bo(to) (+o a) 
tec NT eh) 


k—+00 ut 
R(xp to) 


for any r > 0 and 0 < o < 1, where qa, is the volume of the unit ball 
in the Euclidean space R”. Finally, by combining with the monotonicity 
of the Bishop-Gromov volume comparison, we conclude that the manifold 
(M, gi;(-,to)) is flat and isometric to R". This contradicts the assumption. 

Therefore, we have proved the lemma. O 
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Finally we would like to include an alternative simpler argument, in- 
spired by Ni [102], for the above Case 2 and Case 3 to avoid the use of the 
gap theorem, holonomy groups, and asymptotic cone structure. 


Alternative Proof for Case 2 and Case 3. 

Let us consider the situation of 0 <A < +00 in the above proof. Observe 
that vy4(t) is nonincreasing in time t by using Lemma 3.4.1(ii) and the fact 
that the metric is shrinking in t. Suppose vy4(to) > 0, then the solution 
gij(-,t) is K-noncollapsed for t < to for some uniform « > 0. By combining 
with Theorem 6.2.1, there exist a sequence of points g, and a sequence of 
times t;, + —oo such that the scalings of gj;(-,¢) around g, with factor |t,|~" 
and with the times t, shifting to the new time zero converge to a nonflat 
gradient shrinking soliton M in the Cre. topology. This gradient soliton 
also has maximal volume growth (i.e. v,;(t) > 0) and satisfies the Li- 
Yau-Hamilton estimate (Corollary 2.5.5). If the curvature of the shrinking 
soliton M at the time —1 is bounded, then we see from the proof of Theorem 
6.2.2 that by using the equations (6.2.24)-(6.2.26), the scalar curvature has 
a positive lower bound everywhere on M at the time —1. In particular, 
this implies the asymptotic scalar curvature ratio A = oo for the soliton at 
the time —1, which reduces to Case 1 and arrives at a contradiction by the 
dimension reduction argument. On the other hand, if the scalar curvature is 
unbounded, then by Lemma 6.1.4, the Li-Yau-Hamilton estimate (Corollary 
2.5.5) and Lemma 6.1.2, we can do the same dimension reduction as in Case 
1 to arrive at a contradiction also. O 





The following lemma is a local and space-time version of Lemma 6.1.4 
on picking local (almost) maximum curvature points. We formulate it from 
Perelman’s arguments in section 10 of [107]. 


Lemma 6.3.2. For any positive constants B,C with B > 4 and C > 
1000, there exists 1< A < min{;B, sa C} which tends to infinity as B 
and C' tend to infinity and satisfies the following property. Suppose we have 
a (not necessarily complete) solution gj;(t) to the Ricci flow, defined on 
M x [—to,0], so that at each time t € |—to,0] the metric ball B,(xo,1) is 
compactly contained in M. Suppose there exists a point (x’,t’) © M x (—to, 0] 


such that 


[Re 


dy (a’,29) <— and |Rm(2',t')| > C+ B(t' + to). 


+ 


Then we can find a point (Z,t) € M x (—to,0] such that 


1 : 
d;(Z, 29) < 5 with Q=|Rm(z,t)| > C+ BléE+ to), 


and 
|Rm(x,t)| < 4Q 


for all (—to <) £— AQ! <t <# and d;(z,2) < 4 A7Q-?. 
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Proof. We first claim that there exists a point (%,¢) with —to <t <0 
and d;(Z,29) < $ such that 


Q =|Rm(z,6)| > C+ BE+ to)", 
and 
(6.3.4) |Rm(a,t)| < 4Q 


wherever $— AQ>!'<t<t, dj(ax,2x9) < d7(Z%, 20) + (AQ-!)3. 
We will construct such (z,¢) as a limit of a finite sequence of points. 
Take an arbitrary (x1, ¢1) such that 


di, (x1, £0) <-, -to9<t, <0 and |Rm(x1, t1)| >C+ Bit, a5) 


me] rR 


Such a point clearly exists by our assumption. Assume we have already 
constructed (xz, t;). If we cannot take the point (x,,t,) to be the desired 
point (z,¢), then there exists a point (7p41,¢t,41) such that 


tk = A|Rm(az, th)|~+ < te < tk, 


and 
dip ys (@k41;20) < dey (we, 20) + (A|Rm(ae, te)|7")2, 
but 


|Rm(rK41, tk+1)| > 4|Rm(ze, te)]- 


It then follows that 


k 
1 1 
tps s (re41,%0) < de (#1, 20) + A? > ante t) 1) 





i=1 
1 1 : 1 
D4 Aa 5 —(i-1) =5 
< Z A2 (3-2 |Rm(x1,t1)| ‘ 
1 mere 
<5 +2(407)3 
2 1 
a 
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k 
thoi — (—to) = So (tint — #;) + (41 — (—to)) 
i=l 
k 
> S¢ Al Rm(ai, ta)|7" + (t1 — (—to)) 
i=l 
k 5 
2 —AS 74°) |Rm(a1, ti)" + (t1 — (—to)) 
i=1 
> eH + to) + (t1 + to) 
> S(t +10) 


and 
|Rm(aps1,tey1)| > 4°|Rm(e1, t1)| 
SARC SS age.as ke hoe: 


Since the solution is smooth, the sequence {(x,z,t,)} is finite and its last 
element fits. Thus we have proved assertion (6.3.4). 

From the above construction we also see that the chosen point (%, t) 
satisfies 


wl rR 


d7(z, x0) < 
and 
Q =|Rm(z,t)| > C + B(E+ to). 
Clearly, up to some adjustment of the constant A, we only need to show 
that 





(6.3.4)! |Rm/(a,t)| < 4Q 
wherever t — Arg <E5% and dee). < LAIQ”?. 
For any point (x,t) with d;(x,Z) < 4A2Q-2, we have 
d;(x,xo) < dz(%, x0) + d;(z, Z) 
< dj(@,0) + (AQ7')? 

and then by (6.3.4) 

|Rm(x,t)| < 4Q. 
Thus by continuity, there is a minimal ¢’ € |f — stag t] such that 


(6.3.5) sup {LR |e St<t, alae) s< ae} = 50. 


For any point (x,t) with 7? <t<tand d;(z,Z) < 4(AQ-})3, we divide 
the discussion into two cases. 


Case (1): di(@, 20) < 4(AQ7")2. 


NIB 


238 H.-D. CAO AND X.-P. ZHU 

From assertion (6.3.4) we see that 
(6.3.5)! — sup{|Rm(z,t)| | &<t<#, d(z,20) < (AQ7!)2} < 4Q. 
Since d;(Z, 20) < 4 (AQ™ 3 w we have 


; aT i 3 =) 4 
< 79 (A@ Jao 79 AG ) 
< (AQu1)3 


which implies the estimate |Rm(a,t)| < 4Q from (6.3.5). 


Case (2): d(Z, x9) > 3 (AQ7)2. 
From the curvature bounds in (6.3.5) and (6.3.5)’, we can apply Lemma 
3.4.1 (ii) with ro = +.Q7? to get 
d 
5 (dul, #0)) = —40(n — 1)Q? 


and then 


d,(2, x0) < d;(@, a0) + 40n(Q2) (saotto") 





Sida 00) 5(4Q7)3 


where ¢ € (t,#] satisfies the property that d,(Z,29) > 3 (AQ7 1)3 whenever 
s € [t,t]. So we have either 


di (x, 29) < a £) + di(Z, 
< GAO) + FAQ) + (AQHA 
< (AQ, 


or 


di(x,Xo0) < d(x, £) + di (Z, x0) 


(AQ? + dela, 20) + =(4Q-Y3 


IA 


1 
10 
dy(Z, x0) + (AQ71)?. 

3.4) that |Rm(z, t)| < 4Q. 


IA 


It then follows from (6. 
Hence we have proved 


|m(a,t)| < 4Q 
for any point (x,t) with ! <t <fand d;(z,z) < 4(AQ! )3. Dy combining 
with the choice of ¢’ in (6.3.5), we must have t/ = t — si A? Or ; This 


proves assertion (6.3.4)’. 
Therefore we have completed the proof of the lemma. O 
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We now use the volume lower bound assumption to establish the crucial 
curvature upper bound estimate of Perelman for the Ricci flow. For 
the Ricci flow on Kahler manifolds, a global version of this estimate (i.e., 
curvature decaying linear in time and quadratic in space) was independently 
obtained in and [33]. Note that the volume estimate conclusion in the 
following Theorem 6.3.3 (ii) was not stated in Corollary 11.6 (b) of Perelman 
107|. The estimate will be used later in the proof of Theorem 7.2.2 and 
Theorem 7.5.2. 


Theorem 6.3.3 (Perelman [107]). For every w > 0 there exist B = 
Biw) < +oo, C= C(w) < +00, 7 = m(w) > 0, and € = E(w) > 0 
(depending also on the dimension) with the following properties. Suppose we 
have a (not necessarily complete) solution gij(t) to the Ricci flow, defined on 
M x [-torg, 0], so that at each time t € [—tor2,0] the metric ball B:(xo, To) 
is compactly contained in M. 


(i) If at each time t € [—tor?, 0], 
Riiilst) S —r5? on Bi(x0, 70) 
and Vol:(Bi(xo,70)) > wrg, 
then we have the estimate 
|Rm(z, t)| < Cro? + B(t t+ tor2)-} 


whenever —tor? <t<0 and d(x,20) < iro. 
(ii) If for some 0 <7 < to, 


Rm(a,t) > —r5° for te [—rr2, 0], x € B:(x0,10), 
and Volo(Bo(x0,7T0)) > wro, 
then we have the estimates 
Vol ,(B;(20,70)) = ér® for all max{—Tr2,—Tor2} <t <0, 
and 
|Rm(a,t)| < Crs" + B(t — max{—Tr2,—Tor2})! 


whenever max{—7rZ,—Tor{} <t <0 and d,(x, 29) < Fro. 





Proof. By scaling we may assume ro = 1. 


(i) By the standard (relative) volume comparison, we know that there 
exists some w’ > 0, with w’ < w, depending only on w, such that for each 
point (x,t) with —tp < t < 0 and d;(z, x) < z, and for each r < t, there 
holds 


(6.3.6) Vol :(Bi(z,r)) > w'r”. 


We argue by contradiction. Suppose there are sequences B,C’ — +00, 
of solutions g;;(t) and points (z’,t’) such that 


Ble 


dy(z',z9) <=, —to <t'<0 and |Rm(2’,t')| > C+ B(t' +%))71. 
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Then by Lemma 6.3.2, we can find a sequence of points (Z,t) such that 


1 
d7(Z, 20) < =, 
Q =|Rm(z,0| > C+ BE+to)", 
and 
|Rm(x,t)| < 4Q 
wherever (tg <) $- AQ7' < t < #, d,(xz,Z) < 1 A2Q°2, where A 
tends to infinity with B,C. Thus we may take a blow-up limit along the 
points (Z,¢) with factors Q and get a non-flat ancient solution (Mo, a (t)) 
with nonnegative curvature operator and with the asymptotic volume ratio 


vy(t) > w’ > 0 for each t € (—00, 0] (by (6.3.6)). This contradicts Lemma 
6.3.1. 


(ii) Let B(w), C(w) be good for the first part of the theorem. By the 
volume assumption at t = 0 and the standard (relative) volume comparison, 
we still have the estimate 


(6.3.6)! Vol o(Bo(x,1r)) > w'r” 


for each x € M with do(z, 20) < 4 andr < z. We will show that € =5-"w’, 
B= B(5-"w’) and C = C(5~"w’) are good for the second part of the 
theorem. 

By continuity and the volume assumption at t = 0, there is a maximal 
subinterval [—7, 0] of the time interval [—7,0] such that 


Vol:(B:(z0,1)) >w>5 "w! for all t € [-7,0]. 


This says that the assumptions of (i) hold with 5~"w’ in place of w and with 
T in place of to. Thus the conclusion of the part (i) gives us the estimate 


(6.3.7) |Rm(x,t)| < C+ B(t+r)7 


whenever t € (—T,0] and d;(x, x0) < 4. 

We need to show that one can choose a positive 77 depending only on w 
and the dimension such that the maximal 7 > min{7, 70}. 

For t € (—7,0] and } < d;(x, 20) < 4, we use (6.3.7) and Lemma 3.4.1 (ii) 
to get 
d 
atu t0) = —10(n — 1)(VE + (VB/Vt+7)) 
which further gives 


do(x, 20) > d_,(x, x9) — 10(n — 1)(rVC + 2V Br). 


This means 


(6.3.8) Bir) (xo, 2) > Bo (2. : — 10(n — 1)(rVE + 2VBr) 
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Note that the scalar curvature R > —C(n) for some constant C(n) 
depending only on the dimension since Rm > —1. We have 


“Vol (a (, ; — 10(n — 1)(rVC + 2VBr)) 


J, (-R)av; 
Bo(#0,4—10(n—1)(tVC+2VBr)) 


< C(n)Vol; (x («, : ~10(n —1)(r VE + 2V Br) 
and then 


(6.3.9) Vol; (x («, : — 10(n —1)(rVE + 2Vr)) 
< eT Vol (_,) (2 («. : — 10(n — 1)(7VC + 2VBr)) ) 


Thus by (6.3.6)’, (6.3.8) and (6.3.9), 
Vol (_r) (Bir) (Xo, 1) 


> Vol (_7)(Bi_1)) (, i) 

> Vol (_,) (2% («, ; — 10(n — 1)(rVE + 2vr)) 

> e~OMVol g (z («. ; NG Nea + 2V Br) 
> ema! (; ee Gee 2B) 


So it suffices to choose 7 = 79(w) small enough so that 


eC(n)0 € — 10(n — 1)(mVC + 2/Br)) > (=). 


Therefore we have proved the theorem. O 





6.4. Ancient «-solutions on Three-manifolds 


In this section we will determine the structures of ancient «-solutions on 
three-manifolds. 

First of all, we consider a special class of ancient solutions — gradient 
shrinking Ricci solitons. Recall that a solution gj;(t) to the Ricci flow is 
said to be a gradient shrinking Ricci soliton if there exists a smooth 
function f such that 


1 
(6.4.1) Vivat + Rij + 5 Sis =0 for -w<t<0. 


A gradient shrinking Ricci soliton moves by the one parameter group of 
diffeomorphisms generated by V f and shrinks by a factor at the same time. 
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The following result of Perelman gives a complete classification for 
all three-dimensional complete «-noncollapsed gradient shrinking solitons 
with bounded and nonnegative sectional curvature. 


Lemma 6.4.1 (Classification of three-dimensional shrinking solitons). 
Let (M, gij(t)) be a nonflat gradient shrinking soliton on a three-manifold. 
Suppose (M, qi; (t)) has bounded and nonnegative sectional curvature and is 
K-noncollapsed on all scales for some kK > 0. Then (M, gi;(t)) is one of the 
following: 


(i) the round three-sphere S*, or a metric quotient of S°; 
(ii) the round infinite cylinder S? x R, or one of its Zz quotients. 


Proof. We first consider the case that the sectional curvature of the non- 
flat gradient shrinking soliton is not strictly positive. Let us pull back the 
soliton to its universal cover. Then the pull-back metric is again a nonflat an- 
cient «-solution. By Hamilton’s strong maximum principle (Theorem 2.2.1), 
we know that the pull-back solution splits as the metric product of a two- 
dimensional nonflat ancient «-solution and R. Since the two-dimensional 
nonflat ancient «-solution is simply connected, it follows from Theorem 6.2.2 
that it must be the round sphere S?. Thus, the gradient shrinking soliton 
must be S? x R/T, a metric quotient of the round cylinder. 

For each o € I and (z,s) € S* x R, we write o(z, s) = (o1(z, 8), 72(z, s)) 
€ S?xR. Since o sends lines to lines, and sends cross spheres to cross spheres, 
we have oo(z,s) = 02(y,s), for all z,y € S?. This says that a2 reduces to 
a function of s alone on R. Moreover, for any (2,8), (’,s’) € S? x R, since 
o preserves the distances between cross spheres S? x {s} and S? x {s’}, we 
have |o9(x, 8) — 02(2’, s’)| = |s — s’|. So the projection Tz of T to the second 
factor R is an isometry subgroup of R. If the metric quotient S? x R/T 
were compact, it would not be «-noncollapsed on sufficiently large scales as 
t — —oo. Thus the metric quotient S? x R/T is noncompact. It follows that 
T'2 = {1} or Za. In particular, there is a T-invariant cross sphere S? in the 
round cylinder S? x R. Denote it by S? x {0}. Then I acts on the round 
two-sphere S? x {0} isometrically without fixed points. This implies I is 
either {1} or Z2. Hence we conclude that the gradient shrinking soliton is 
either the round cylinder S? x R, or RP? x R, or the twisted product S?xR 
where Zy flips both S? and R. 

We next consider the case that the gradient shrinking soliton is compact 
and has strictly positive sectional curvature everywhere. By the proof of 
Theorem 5.2.1 (see also Remark 5.2.8) we see that the compact gradient 
shrinking soliton is getting round and tends to a space form (with posi- 
tive constant curvature) as the time approaches the maximal time t = 0. 
Since the shape of a gradient shrinking Ricci soliton does not change up to 
reparametrizations and homothetical scalings, the gradient shrinking soliton 
has to be the round three-sphere S* or a metric quotient of S°. 
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Finally we want to exclude the case that the gradient shrinking soliton 
is noncompact and has strictly positive sectional curvature everywhere. The 
following argument follows the proof of Lemma 1.2 of Perelman {108}. 

Suppose there is a (complete three-dimensional) noncompact «-non- 
collapsed gradient shrinking soliton g;;(t), —oo < t < 0, with bounded and 
positive sectional curvature at each t € (—oo,0) and satisfying the equation 
(6.4.1). Then as in (6.2.25), we have 


(6.4.2) ViR = 2RiV5f- 


Fix some t < 0, say t = —1, and consider a long shortest geodesic 7(s), 
0<s< 5. Let zr = 7(0) and X(s) = ¥(s). Let U(0) be any unit vector 
orthogonal to 4+(0) and translate U(0) along y(s) to get a parallel vector 
field U(s),0<s< 5, ony. Set 


sU(s), toe O05 <1, 
U(s)=¢ U(s), for 1<s<5-1 
(5—s)U(s), for 5-1l<s<5. 


It follows from the second variation formula of arclength that 
[ (GP - RX.0,x, as > 0. 
0 


Since the curvature of the metric g;;(—1) is bounded, we clearly have 


| R(X,U, X,U)ds < const. 
0 
and then 


(6.4.3) | Ric (X, X)ds < const.. 
0 


Moreover, since the curvature of the metric gj;(—1) is positive, it follows 
from the Cauchy-Schwarz inequality that for any unit vector field Y along 
y and orthogonal to X (= ¥(s)), we have 


| |Ric (X,Y)|?ds < | Ric (X, X)Ric (Y, Y)ds 
0 0 


s 

< const. | Ric (X, X)ds 
0 

< const. 


and then 

(6.4.4) | [Ric (X,Y)|ds < const. - (W/3 +1). 
0 

From (6.4.1) we know 


il 
VxVxf + Ric (X, X) = 3 = 0 
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and by integrating this equation we get 


X(F(y(8))) — X(F(4(0))) + / “Ric (X, X)ds — 35 =0. 


Thus by (6.4.3) we deduce 


(6.4.5) —const. < (X, Vf(7(§5))) < “ + const.. 


LO] w! 


Similarly by integrating (6.4.1) and using (6.4.4) we can deduce 


(6.4.6) \(Y, VF (7(3)))| < const. - (V3 +1). 


These two inequalities tell us that at large distances from the fixed point xo 
the function f has no critical point, and its gradient makes a small angle 
with the gradient of the distance function from zp. 

Now from (6.4.2) we see that at large distances from 29, R is strictly 
increasing along the gradient curves of f, in particular 


R=  limsup’ R(z,-1) >0. 
d(_1)(x,20)—+00 


Let us choose a sequence of points (x,,—1) where R(xz,—-1) > R. By the 
noncollapsing assumption we can take a limit along this sequence of points 
of the gradient soliton and get an ancient «-solution defined on —oo < t < 0. 
By Proposition 6.1.2, we deduce that the limiting ancient «-solution splits 
off a line. Since the soliton has positive sectional curvature, we know from 
Gromoll-Meyer that it is orientable. Then it follows from Theorem 6.2.2 
that the limiting solution is the shrinking round infinite cylinder with scalar 
curvature R at time t = —1. Since the limiting solution exists on (—oo, 0), 
we conclude that R < 1. Hence 


R(#,-1) <1 


when the distance from x to the fixed xo is large enough on the gradient 
shrinking soliton. 

Let us consider the level surface {f = a} of f. The second fundamental 
form of the level surface is given by 


ee ee 
hg = (vi (sn) i) 


where {e1,¢€2} is an orthonormal basis of the level surface. By (6.4.1), we 
have 


1 
Vivel= aa Ric (e;,e;) > = - — > 0, i=1,2, 


Nle 
rm] a 
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since for a three-manifold the positivity of sectional curvature is equivalent 
to R > 2Ric. It then follows from the first variation formula that 


d aoe be fo WF 


1 
> —(1-—R 
7 I. IVF ( ) 
1 2 
—=( =P 
2 Iss A 


>0 


for a large enough. We conclude that Area {f = a} strictly increases as a 
increases. From (6.4.5) we see that for s large enough 








df os = é 
— — =| < const. 
ade. 22S ; 
and then 
ye 
4-2 < const. - (s+ 1). 





Thus we get from (6.4.7) 


d 1=F 
ag eats Sue Oe =a} 


for a large enough. This implies that 
log Area {f =a} > (1 — R)/a — const. 


for a large enough. But it is clear from (6.4.7) that Area { f = a} is uniformly 
bounded from above by the area of the round sphere of scalar curvature R 
for all large a. Thus we deduce that R = 1. So 


(6.4.8) Area{f =a} < 8a 


for a large enough. 
Denote by X the unit normal vector to the level surface {f = a}. By 
using the Gauss equation and (6.4.1), the intrinsic curvature of the level 


246 H.-D. CAO AND X.-P. ZHU 


surface {f = a} can be computed as 
(6.4.9) 


intrinsic curvature 
= Rjai2 + det(hj;) 


— 1p ~ opie (x, xy) + SettHess()) 


2 IV fl? 
< sR — Rie (XX)) + aoe (Hess (f)))? 
1 
= 3(R— Rie (X,X)) + Fat - (R — Ric (X, X)))? 
ai (1 — R+ Ric (X, X))* 
=5 LOK 8) = OL 2) 
1 
<9 


for sufficiently large a, since (1— R+ Ric(X,X)) > 0 and |Vf| is large when 
a is large. Thus the combination of (6.4.8) and (6.4.9) gives a contradiction 
to the Gauss-Bonnet formula. 

Therefore we have proved the lemma. O 





As a direct consequence, there is a universal positive constant Ko such 
that any nonflat three-dimensional gradient shrinking soliton, which is also 
an ancient «-solution, to the Ricci flow must be &9-noncollapsed on all scales 
unless it is a metric quotient of round three-sphere. The following result, 
claimed by Perelman in the section 1.5 of [108], shows that this property 
actually holds for all nonflat three-dimensional ancient «-solutions. 


Proposition 6.4.2 (Universal noncollapsing). There exists a positive 
constant Kg with the following property. Suppose we have a nonflat three- 
dimensional ancient k-solution for some k > 0. Then either the solution is 
Ko-noncollapsed on all scales, or it is a metric quotient of the round three- 
sphere. 


Proof. Let gi;(a,t),x € M and t € (—o0,0], be a nonflat ancient K- 
solution for some « > 0. For an arbitrary point (p,to) € M x (—co,0], we 
define as in Chapter 3 that 


T=to—t, for t< to, 
a 7 epeau 
Kar) = sagint | [ vsURC(8) 40 — 8) + HOI, tuo) 
72 [0,7] > M with (0) =p.>(7) =a, 


and V(r) = f (nr) exp(—I(a,7))aVip-r(a 
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Recall from (6.2.1) that for each 7 > 0 we can find g = q(r) such that 
l(q,7) < %. In view of Lemma 6.4.1, we may assume that the ancient k- 
solution is not a gradient shrinking Ricci soliton. Thus by (the proof of) 
Theorem 6.2.1, the scalings of g;;(to — T) at g(r) with factor 7~! converge 
along a subsequence of 7 + +00 to a nonflat gradient shrinking soliton with 
nonnegative curvature operator which is k-noncollapsed on all scales. We 
now show that the limit has bounded curvature. 

Denote the limiting nonflat gradient shrinking soliton by (M, gi; (z, t)) 
with —co < t < 0. Note that there holds the Li-Yau-Hamilton inequality 
(Theorem 2.5.4) on any ancient «-solution and in particular, the scalar cur- 
vature of the ancient «-solution is pointwise nondecreasing in time. This 
implies that the scalar curvature of the limiting soliton (IM, g;;(x,¢)) is still 
pointwise nondecreasing in time. Thus we only need to show that the lim- 
iting soliton has bounded curvature at t = 0. 

We argue by contradiction. By lifting to its orientable cover, we may 
assume that M is orientable. Suppose the curvature of the limiting soliton 
is unbounded at t = 0. Of course in this case the limiting soliton M is 
noncompact. Then by applying Lemma 6.1.4, we can choose a sequence of 
points x;,j = 1,2,..., divergent to infinity such that the scalar curvature 
R of the limit satisfies 


R(z;,0) > Jj and R(x,0) < 4R(z;,0) 
for all x € Bo(2;,j/,/ R(a;,0)) and j = 1,2, .... Since the scalar curvature 
is nondecreasing in time, we have 


(6.4.10) R(x; t) < 4R(a;30), 


for all x € Bo(2x;,j/\/R(a;,0)), allt < 0 and j = 1,2,.... By com- 
bining with Hamilton’s compactness theorem (Theorem 4.1.5) and the k- 
noncollapsing, we know that a subsequence of the rescaled solutions 


(M, R(x, 0)gi; (2, t/R(x;,0)), 25), J = 1, 2, sey 


converges in the C7. topology to a nonflat smooth solution of the Ricci 


flow. Then Proposition 6.1.2 implies that the new limit at the new time 
{t = 0} must split off a line. By pulling back the new limit to its universal 
cover and applying Hamilton’s strong maximum principle, we deduce that 
the pull-back of the new limit on the universal cover splits off a line for all 
time t < 0. Thus by combining with Theorem 6.2.2 and the argument in 
the proof of Lemma 6.4.1, we further deduce that the new limit is either 
the round cylinder S? x R or the round RP? x R. Since M is orientable, the 
new limit must be S? x R. Since (M, gi;(z,0)) has nonnegative curvature 
operator and the points {z;} going to infinity and R(x;,0) — +00, this gives 
a contradiction to Proposition 6.1.1. So we have proved that the limiting 
gradient shrinking soliton has bounded curvature at each time. 
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Hence by Lemma 6.4.1, the limiting gradient shrinking soliton is either 
the round three-sphere S® or its metric quotients, or the infinite cylinder 
S? x R or one of its Zz quotients. If the asymptotic gradient shrinking soliton 
is the round three-sphere S® or its metric quotients, it follows from Lemma 
5.2.4 and Proposition 5.2.5 that the ancient «-solution must be round. Thus 
in the following we may assume the asymptotic gradient shrinking soliton is 
the infinite cylinder S? x R or a Zy quotient of S? x R. 

We now come back to consider the original ancient «-solution (M, gi; (2, 
t)). By rescaling, we can assume that R(x,t) < 1 for all (x,t) satisfying 
dt,(x,p) < 2 and t € [to — 1, to]. We will argue as in the proof of Theorem 
3.3.2 (Perelman’s no local collapsing theorem I) to obtain a positive lower 
bound for Vol 4, (Bz (p, 1)). 


Denote by € = Voli, (Big (p, 1))3. For any v € T,M we can find an L- 
geodesic 7(T), starting at p, with lim,_.9+ /77(T) = v. It follows from the 
£-geodesic equation (3.2.1) that 


| (Fy) — 5VFVR + Ric (V7) =0. 


By integrating as before we see that for 7 < € with the property y(c) € 
Bio (p, 1) as long as o < 7, there holds 


IW79(7) — v| < CE(|v| + 1) 


where C is some positive constant depending only on the dimension. With- 


out loss of generality, we may assume Cé < ; and € < —_. Then for 


100° 
v€T)M with |v| < lea and for 7 < € with the property 7(a) € Biy(p, 1) 


as long as 0 < T, we have 


din (,(7)) < | "(olde 


a a: T do 
2 0 Vo 
al 
This shows 
1 
(6.4.11) Lexp {lel < oh (€) C Bio (p, 1). 


We decompose Perelman’s reduced volume V(E) as 


(6.4.12) w= f oe 


(4n€)~? exp(—I(q, €))dVig—e(@): 


+f 
M\Lexpf{|vl<de-2 } ©) 
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By using (6.4.11) and the metric evolution equation of the Ricci flow, the 
first term on the RHS of (6.4.12) can be estimated by 


, _, _ (4n€)~? exp(-1(q, €)) Vig—e(q) 
Lexp{|v/< Fé 2}(€) 


< | (ng) 48 avi, (a) 
Bio (p,1) 

= (Ar) 22% 2 

< £2, 


while by using Theorem 3.2.7 (Perelman’s Jacobian comparison theorem), 
the second term on the RHS of (6.4.12) can be estimated by 


(6.4.13) (4m€)~2 exp(—I(q, €))dVig—e(@) 


Vee 


< AnT -3 ex —I(T)) 7 (T)|-=9dv 
eee $B exp(-U(r)) T(M)le=o0 


= (any f ‘ exp(—|v|?)du 
{\v|>5E- 2} 


3 
< €2 


since lim,_,9+ 7727 (rT) = 1 and lim, _,9+ I(r) = |u|? by (3.2.18) and (3.2.19) 
respectively. Thus we obtain 


(6.4.14) V(€) < 23. 


On the other hand, we recall that there exist a sequence T — +oo and 
a sequence of points q(7.) € M with (q(T), 7%) < 2 so that the scalings 
of the ancient x-solution at q(T) with factor 7, | converge to either round 
S? x R or one of its Zy quotients. For sufficiently large k, we construct a 
path y:  [0,27,] — M, connecting p to any given point g € M, as follows: 
the first half path +|{9,-,) connects p to q(7;) such that 





1 Tk ‘ 2 
sm ff VR Wen)P ar <2, 


and the second half path y|j,,.27,] is a shortest geodesic connecting q(Tp) 
to q with respect to the metric gj;(to — Th). Note that the rescaled metric 
T, Gig (to —T) over the domain By_>,(¢(Tk), /Tk) x [to — 27%, to — Tr] is 
sufficiently close to the round S? x R or its Zz quotients. Then there is a 


l(q(tk), Tr) = 
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universal positive constant 3 such that 


tas2m) <pe (f+) vers HP 


1 2Tk 
< Vv2+ —— R+|4(7)[?)d 
< VB + ee [VaR + Hr)P ar 
<p 
for all ¢ € Big—7,(@(T), /TR)- Thus 





Von) = ff (am(2n.))# exp(—(g,272))aVin-2n (0 


ar as (4ir(27))~ 2 dVip—2n, (@) 


Tues 
> p 
for some universal positive constant 3. Here we have used the curvature 


estimate (6.2.6). By combining with the monotonicity of Perelman’s reduced 
volume (Theorem 3.2.8) and (6.4.14), we deduce that 


B<V (2m) < VE) < 262. 


This proves 
Vol 4 (Bio (p, 1)) 2 Ko > 0 


for some universal positive constant Kg. So we have proved that the ancient 
k-solution is also an ancient &o9-solution. O 





The important Li-Yau-Hamilton inequality gives rise to a parabolic Har- 
nack estimate (Corollary 2.5.7) for solutions of the Ricci flow with bounded 
and nonnegative curvature operator. As explained in the previous section, 
the no local collapsing theorem of Perelman implies a volume lower bound 
from a curvature upper bound, while the estimate in the previous section 
implies a curvature upper bound from a volume lower bound. The combi- 
nation of these two estimates as well as the Li-Yau-Hamilton inequality will 
give an important elliptic type property for three-dimensional ancient k- 
solutions. This elliptic type property was first implicitly given by Perelman 
in and it will play a crucial role in the analysis of singularities. 


Theorem 6.4.3 (Elliptic type estimate). There exist a positive constant 
n and a positive increasing function w: [0,+00) — (0,+00) with the fol- 
lowing properties. Suppose we have a three-dimensional ancient «-solution 
(M, gij(t)), -co <t <0, for some K > 0. Then 


(i) for every x,y © M and t € (—ov,0], there holds 
R(a,t) < R(y,t) -w(Rly, t)d? (x, y)); 
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(ii) for alla © M andt € (—ow,0], there hold 


IVR\ (x,t) < nR2(a,t) and oS (x,t) < nR?(z,t). 





Proof. 

(i) Consider a three-dimensional nonflat ancient «-solution gj;(x,t) on 
M x (—co, 0]. In view of Proposition 6.4.2, we may assume that the ancient 
solution is universal Kg-noncollapsed. Obviously we only need to establish 
the estimate at t = 0. Let y be an arbitrarily fixed point in M. By rescaling, 
we can assume R(y,0) = 1. 

Let us first consider the case that sup{ R(x, 0)d3(a,y) | 7 € M} > 1. De 
fine z to be the closest point to y (at time t = 0) satisfying R(z, 0)d2(z, y) = 
1. We want to bound R(z,0)/R(z,0) from above for x € Bo(z,2R(z,0)~2). 

Connect y and z by a shortest geodesic and choose a point Z lying on the 
geodesic satisfying do(Z, z) = ¢R(z, 0)72. Denote by B the ball centered at 
2 and with radius 4 R(z, 0)-3 (with respect to the metric at t = 0). Clearly 


the ball B lies in Bo(y, R(z, 0)-2) and lies outside Bo(y, 3 R(z, 0)~2). Thus 
for x € B, we have 


iL, 
R(x, 0)d2(z,y) <1 and do(z,y) > 5R(z,0)-? 


and hence i 
R(x,0) < ——————._ forall re B. 


~ (3R(z,0)-?)? 
Then by the Li-Yau-Hamilton inequality and the «9-noncollapsing, we have 


1 3 
Volo(B) > mo (22(2,0)-) 


and then 


Vol o(Bo(z,8R(z,0)72)) > sig (8R(z,0)-2)*. 


So by Theorem 6.3.3(ii), there exist positive constants B(Kq),C (Ko), and 
To(Ko) such that 


(6.4.15) R(2,0) < (C(x) + - =} R(2,0) 





for all x € Bo(z,2R(z,0)~2). 

We now consider the remaining case. If R(x,0)d?(x,y) < 1 everywhere, 
we choose a point z satisfying sup{R(x,0) | « € M} < 2R(z,0). Obviously 
we also have the estimate (6.4.15) in this case. 

We next want to bound R(z,0) for the chosen z € M. By (6.4.15) and 
the Li-Yau-Hamilton inequality, we have 


B(ko) 


To (Ko) 





R(a,t) < (C(Ko) + )R(z,0) 
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for all x € Bo(z, 2R(z,0)~2) and all t < 0. It then follows from the local 
derivative estimates of Shi that 


Eat) < C(ko)R(z,0)?, for all — R-4(z,0) <t <0 
which implies 
(6.4.16) R(z, -cR7+(z,0)) > cR(z,0) 


for some small positive constant c depending only on «9. On the other hand, 
by using the Harnack estimate in Corollary 2.5.7, we have 


(6.4.17) 1= R(y,0) > ER(z, —cR-+(z, 0)) 


for some small positive constant ¢ depending only on ko, since do(y,z) < 
ree 0)-3 and the metric g;;(t) is equivalent on 


Bo(z,2R(z,0)~2) x [-eR71(z, 0), 0] 
with c > 0 small enough. Thus we get from (6.4.16) and (6.4.17) that 
(6.4.18) R(z,0) <A 


for some positive constant A depending only on Ko. 
1 1 1 a, ab 
Since Bo(z,2R(z,0)~2) D Bo(y, R(z,0)~2) and R(z,0)~2 > (A)~2, the 
combination of (6.4.15) and (6.4.18) gives 





(6.4.19) R(a,0) < (C(xo) + 2 


whenever x € Bo(y, (A)-3). Then by the «ko-noncollapsing there exists a 
positive constant rg depending only on Kg such that 


Vol o(Bo(y,r0)) > Kor}: 


For any fixed Ro > ro, we then have 
' 
Vol o(Bo(y, Ro)) = Koro = Ko(p-)” - Re. 


By applying Theorem 6.3.3 (ii) again and noting that the constant Ko is 
universal, there exists a positive constant w(Ro) depending only on Ro such 
that 


1 
R(x, 0) < w(R2) for all x € Bo(y, qo). 
This gives the desired estimate. 


(ii) This follows immediately from conclusion (i), the Li- Yau-Hamilton 
inequality and the local derivative estimate of Shi. O 





As a consequence, we have the following compactness result due to Perel- 


man |107). 


HAMILTON-PERELMAN’S PROOF 253, 


Corollary 6.4.4 (Compactness of ancient Ko-solutions). The set of non- 
flat three-dimensional ancient Ko-solutions is compact modulo scaling in the 
sense that for any sequence of such solutions and marking points (xz,0) with 
R(xp,0) = 1, we can extract a Cr’. converging subsequence whose limit is 
also an ancient Ko-solution. 


Proof. Consider any sequence of three-dimensional ancient K9-solutions 
and marking points (#,,0) with R(x,,0) = 1. By Theorem 6.4.3(i), the 
Li-Yau-Hamilton inequality and Hamilton’s compactness theorem (Theo- 
rem 4.1.5), we can extract a Cpe. converging subsequence such that the 
limit (M, g;;(a,t)), with —oo < t < 0, is an ancient solution to the Ricci 
flow with nonnegative curvature operator and «9-noncollapsed on all scales. 
Since any ancient «o-solution satisfies the Li- Yau-Hamilton inequality, it im- 
plies that the scalar curvature R(z,t) of the limit (IM, g;;(x,t)) is pointwise 
nondecreasing in time. Thus it remains to show that the limit solution has 
bounded curvature at t = 0. 

Obviously we may assume the limiting manifold M is noncompact. By 
pulling back the limiting solution to its orientable cover, we can assume 
that the limiting manifold M is orientable. We now argue by contradiction. 
Suppose the scalar curvature R of the limit at ¢ = 0 is unbounded. 

By applying Lemma 6.1.4, we can choose a sequence of points 7; € 
M,j =1,2,..., divergent to infinity such that the scalar curvature R of the 
limit satisfies 

R(x;,0) >j and R(x,0) < 4R(z;,0) 


for all j = 1,2,..., and x € Bo(2z;,j/,/R(a;,0)). Then from the fact that 


the limiting scalar curvature R(x,t) is pointwise nondecreasing in time, we 
have 


(6.4.20) R(z,t) < 4R(2;, 0) 


tom all pel, Dy cig GE Bo (rj, /y/ R23, 0)) and t < 0. By combining with 
Hamilton’s compactness theorem (Theorem 4.1.5) and the K9-noncollapsing, 
we know that a subsequence of the rescaled solutions 


(M, Ria 0) oy est) Ray, 0) ) 25); i = 1,2, sey 


converges in the C?’. topology to a nonflat smooth solution of the Ricci flow. 
Then Proposition 6.1.2 implies that the new limit at the new time {t = 0} 
must split off a line. By pulling back the new limit to its universal cover 
and applying Hamilton’s strong maximum principle, we deduce that the 
pull-back of the new limit on the universal cover splits off a line for all time 
t <0. Thus by combining with Theorem 6.2.2 and the argument in the proof 
of Lemma 6.4.1, we further deduce that the new limit is either the round 
cylinder S? x R or the round RP? x R. Since M is orientable, the new limit 
must be S? x R. Moreover, since (IM, gi;(2,0)) has nonnegative curvature 
operator and the points {aj} are going to infinity and R(«x;,0) + +00, this 
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gives a contradiction to Proposition 6.1.1. So we have proved that the limit 
(M, gij(z,t)) has uniformly bounded curvature. O 





Arbitrarily fix e¢ > 0. Let gi;(a,t) be a nonflat ancient «-solution on 
a three-manifold M for some & > 0. We say that a point x) € M is 
the center of an evolving «-neck at t = 0, if the solution g;;(x,t) in 
the set {(z,t) | —e-°Q-! < t < 0,d?(z,29) < e-*Q-1}, where Q = 
R(xo,0), is, after scaling with factor Q, e-close (in the cle] topology) to 
the corresponding set of the evolving round cylinder having scalar curvature 
one at t= 0. 

As another consequence of the elliptic type estimate, we have the follow- 
ing global structure result obtained by Perelman in for noncompact 
ancient «-solutions. 


Corollary 6.4.5 (Perelman [107|). For any « > 0 there exists C = 
Ce) > 0, such that if gi;(t) is a nonflat ancient K-solution on a noncompact 
three-manifold M for some & > 0, and M, denotes the set of points in M 
which are not centers of evolving e-necks at t = 0, then at t = 0, either the 
whole manifold M is the round cylinder S? x R or its Zz metric quotients, 
or Mz satisfies the following 


(i) Mz is compact, 
(ii) diam Mz < CQ-2 and C-!Q < R(x,0) < CQ, whenever x € Mz, 
where Q = R(x0,0) for some xo € OMZ. 


Proof. We first consider the easy case that the curvature operator 
of the ancient «-solution has a nontrivial null vector somewhere at some 
time. Let us pull back the solution to its universal cover. By applying 
Hamilton’s strong maximum principle and Theorem 6.2.2, we see that the 
universal cover is the evolving round cylinder S? x R. Thus in this case, 
by the argument in the proof of Lemma 6.4.1, we conclude that the ancient 
«-solution is either isometric to the round cylinder S? x R or one of its Zy 
metric quotients (i.e., RP? x R, or the twisted product S?xR where Zz flips 
both S?, or R). 

We then assume that the curvature operator of the nonflat ancient «- 
solution is positive everywhere. Firstly we want to show M- is compact. We 
argue by contradiction. Suppose there exists a sequence of points z,, k = 
1,2,..., going to infinity (with respect to the metric g;;(0)) such that each 
zp is not the center of any evolving ¢-neck. For an arbitrarily fixed point 
zo € M, it follows from Theorem 6.4.3(i) that 


0 < R(2,0) < R(z,0) - w(R(z%,0)d5 (2%, 20)) 
which implies that 
jim R( zp, 0)d2 (zp, 20) = +00. 


Since the sectional curvature of the ancient «-solution is positive everywhere, 
the underlying manifold is diffeomorphic to R?, and in particular, orientable. 
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Then as before, by Proposition 6.1.2, Theorem 6.2.2 and Corollary 6.4.4, we 
conclude that z, is the center of an evolving ¢-neck for & sufficiently large. 
This is a contradiction, so we have proved that M- is compact. 

Again, we notice that M is diffeomorphic to R® since the curvature 
operator is positive. According to the resolution of the Schoenflies con- 
jecture in three-dimensions, every approximately round two-sphere cross- 
section through the center of an evolving ¢-neck divides M into two parts 
such that one of them is diffeomorphic to the three-ball B®. Let y be the 
Busemann function on M, it is a standard fact that y is convex and proper. 
Since M- is compact, M- is contained in a compact set K = y~!((—oo, A]) 
for some large A. We note that each point x € M \ M. is the center of 
an e-neck. It is clear that there is an e-neck N lying entirely outside K. 
Consider a point x on one of the boundary components of the e-neck N. 
Since « € M \ Mz, there is an e-neck adjacent to the initial e-neck, pro- 
ducing a longer neck. We then take a point on the boundary of the second 
e-neck and continue. This procedure can either terminate when we get into 
M:; or go on infinitely to produce a semi-infinite (topological) cylinder. The 
same procedure can be repeated for the other boundary component of the 
initial e-neck. This procedure will give a maximal extended neck N. If N 
never touches M-, the manifold will be diffeomorphic to the standard infi- 
nite cylinder, which is a contradiction. If both ends of N touch Mz, then 
there is a geodesic connecting two points of M-. and passing through N. 
This is impossible since the function y is convex. So we conclude that one 
end of N will touch M, and the other end will tend to infinity to produce 
a semi-infinite (topological) cylinder. Thus we can find an approximately 
round two-sphere cross-section which encloses the whole set M-. and touches 
some point x9 € OM-. We next want to show that R(xo,0)2 - diam(M._) is 
bounded from above by some positive constant C = C(e) depending only 
on €. 

Suppose not; then there exists a sequence of nonflat noncompact three- 
dimensional ancient «-solutions with positive curvature operator such that 
for the above chosen points 79 € OM: there would hold 














(6.4.21) R(x, 0)? - diam (M-) — +00. 


By Proposition 6.4.2, we know that the ancient solutions are «9-noncollapsed 
on all scales for some universal positive constant Ko. Let us dilate the ancient 
solutions around the points xo with the factors R(ao,0). By Corollary 6.4.4, 
we can extract a convergent subsequence. From the choice of the points xo 
and (6.4.21), the limit has at least two ends. Then by Toponogov’s splitting 
theorem the limit is isometric to X x R for some nonflat two-dimensional 
ancient Ko-solution X. Since M is orientable, we conclude from Theorem 
6.2.2 that limit must be the evolving round cylinder S? x R. This contradicts 
the fact that each chosen point xo is not the center of any evolving ¢-neck. 
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Therefore we have proved 
diam (M_) < CQ-3 
for some positive constant C = C(e) depending only on ¢, where Q = 
R(z0, 0). 
Finally by combining this diameter estimate with Theorem 6.4.3(i), we 
immediately deduce 


C!Q < R(x,0) < CQ, whenever x € Mz, 





for some positive constant C depending only on e. O 


We now can describe the canonical structures for three-dimensional non- 
flat (compact or noncompact) ancient «-solutions. The following theorem 
was given by Perelman in the section 1.5 of [108]. Recently in [35], this 
canonical neighborhood result has been extended to four-dimensional an- 
cient «-solutions with isotropic curvature pinching. 


Theorem 6.4.6 (Canonical neighborhood theorem). For any « > 0 
one can find positive constants Cy = Ci(e) and Cy = Co(e) with the fol- 
lowing property. Suppose we have a three-dimensional nonflat (compact or 
noncompact) ancient K-solution (M, 9ij(x,t)). Then either the ancient so- 
lution is the round RP? x R, or every point (a,t) has an open neighborhood 
B, with Bi(a,r) C BC B(x, 2r) for some0<r< C\R(a,t)-2, which falls 
into one of the following three categories: 

(a) B is an evolving e-neck (in the sense that it is the slice at the time 
t of the parabolic region {(2',t') | 2’ € B,t' € [t-— e~?R(a,t)“1, t]} 
which is, after scaling with factor R(x,t) and shifting the time t to 
zero, €-close (in the CE '! topology) to the subset (S? x Il) x [-e~, 0] 
of the evolving standard round cylinder with scalar curvature 1 and 
length 2e—' to I at the time zero), or 

(b) B is an evolving e-cap (in the sense that it is the time slice at 
the time t of an evolving metric on B? or RP? \ B? such that the 
region outside some suitable compact subset of B® or RP? \ B3 is an 
evolving €-neck), or 

(c) B is a compact manifold (without boundary) with positive sectional 
curvature (thus it is diffeomorphic to the round three-sphere S? or 
a metric quotient of S*); 


























furthermore, the scalar curvature of the ancient K-solution on B at time t 
is between Cy'R(a,t) and CyR(x,t), and the volume of B in case (a) and 
case (b) satisfies 

(C)R(z, t))~2 < Vol¢(B) < er’. 


Proof. As before, we first consider the easy case that the curvature 
operator has a nontrivial null vector somewhere at some time. By pulling 
back the solution to its universal cover and applying Hamilton’s strong max- 
imum principle and Theorem 6.2.2, we deduce that the universal cover is the 
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evolving round cylinder S? x R. Then exactly as before, by the argument 
in the proof of Lemma 6.4.1, we conclude that the ancient «-solution is iso- 
metric to the round S? x R, RP? x R, or the twisted product S?xR where 
Zy flips both S? and R. Clearly each point of the round cylinder S? x R or 
the twisted product S?xR has a neighborhood falling into the category (a) 
or (b) (over RP? \ B3). 

We now assume that the curvature operator of the nonflat ancient «- 
solution is positive everywhere. Then the manifold is orientable by the 
Cheeger-Gromoll theorem for the noncompact case or the Synge theo- 
rem for the compact case. 

Without loss of generality, we may assume ¢ is suitably small, say 0 < 
E< TT If the nonflat ancient «-solution is noncompact, the conclusions 
follow immediately from the combination of Corollary 6.4.5 and Theorem 
6.4.3(i). Thus we may assume the nonflat ancient «-solution is compact. 
By Proposition 6.4.2, either the compact ancient «-solution is isometric to 
a metric quotient of the round S?, or it is K9-noncollapsed on all scales for 
the universal positive constant Kg. Clearly each point of a metric quotient 
of the round S® has a neighborhood falling into category (c). Thus we may 
further assume the ancient «-solution is also K9-noncollapsing. 

We argue by contradiction. Suppose that for some « € (0, Te there 
exist a sequence of compact orientable ancient Ko-solutions (Mj, 9.) with 
positive curvature operator, a sequence of points (2,,0) with x, € M;, and 
sequences of positive constants Cy, — oo and Co, = w(4C2,), with the 
function w given in Theorem 6.4.3, such that for every radius r, 0 <r < 
Ci, R(rr, 0)-2, any open neighborhood B, with Bo(xz,r) C BC Bo(xz, 2r), 
does not fall into one of the three categories (a), (b) and (c), where in the 
case (a) and case (b), we require the neighborhood B to satisfy the volume 
estimate 

(Co R(az,0))~2 < Volo(B) < er’. 

By Theorem 6.4.3(i) and the choice of the constants Cj, we see that 
the diameter of each M;, at t = 0 is at least C1, Rap, 0)72; otherwise 
we can choose suitable r € (0, Cy, R(x, 0)~2) and B = Mx, which falls 
into the category (c) with the scalar curvature between O3,'R(a,0) and 
Co,R(x,0) on B. Now by scaling the ancient Ko-solutions along the points 
(xz,0) with factors R(az, 0), it follows from Corollary 6.4.4 that a sequence 
of the ancient Ko-solutions converge in the Cr’, topology to a noncompact 
orientable ancient Ko-solution. 

If the curvature operator of the noncompact limit has a nontrivial null 
vector somewhere at some time, it follows exactly as before by using the 
argument in the proof of Lemma 6.4.1 that the orientable limit is isometric 
to the round S? x R, or the twisted product S?xR where Zz flips both S? 
and R. Then for & large enough, a suitable neighborhood B (for suitable r) 
of the point (x,,0) would fall into the category (a) or (b) (over RP? \ B?) 
with the desired volume estimate. This is a contradiction. 
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If the noncompact limit has positive sectional curvature everywhere, 
then by using Corollary 6.4.5 and Theorem 6.4.3(i) for the noncompact 
limit we see that for k large enough, a suitable neighborhood B (for suitable 
r) of the point (xz, 0) would fall into category (a) or (b) (over B?) with the 
desired volume estimate. This is also a contradiction. 

Finally, the statement on the curvature estimate in the neighborhood B 
follows directly from Theorem 6.4.3(i). O 
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Chapter 7. Ricci Flow on Three-manifolds 


We will use the Ricci flow to study the topology of compact orientable 
three-manifolds. Let M be a compact three-dimensional orientable manifold. 
Arbitrarily given a Riemannian metric on the manifold, we evolve it by the 
Ricci flow. The basic idea is to understand the topology of the underlying 
manifold by studying long-time behavior of the solution of the Ricci flow. 
We have seen in Chapter 5 that for a compact three-manifold with positive 
Ricci curvature as initial data, the solution to the Ricci flow tends, up to 
scalings, to a metric of positive constant curvature. Consequently, a compact 
three-manifold with positive Ricci curvature is diffeomorphic to the round 
three-sphere or a metric quotient of it. 

However, for general initial metrics, the Ricci flow may develop singu- 
larities in some parts while it keeps smooth in other parts. Naturally one 
would like to cut off the singularities and continue to run the Ricci flow. 
If the Ricci flow still develops singularities after a while, one can do the 
surgeries and run the Ricci flow again. By repeating this procedure, one 
will get a kind of “weak” solution to the Ricci flow. Furthermore, if the 
“weak” solution has only a finite number of surgeries at any finite time in- 
terval and one can remember what had been cut during the surgeries, and 
if the “weak” solution has a well-understood long-time behavior, then one 
will also get the topology structure of the initial manifold. This theory of 
surgically modified Ricci flow was first developed by Hamilton for com- 
pact four-manifolds and further developed more recently by Perelman 
for compact orientable three-manifolds. 

The main purpose of this chapter is to give a complete and detailed dis- 
cussion of Perelman’s work on the Ricci flow with surgery on three-manifolds. 
More specifically, Sections 7.1-7.2 give a detailed exposition of section 12 of 
Perelman’s first paper [107]; Sections 7.3-7.6 give a detailed exposition of 
sections 2-7 of Perelman’s second paper [108], except the general collapsing 
result, Theorem 7.4 of [108], claimed by Perelman (a special case of which 
has been proved by Shioya-Yamaguchi [122]). In Section 7.7, we combine 
the long time behavior result in Section 7.6 and the collapsing result of 
Shioya- Yamaguchi to present a proof of Thurston’s geometrization 
conjecture. 


7.1. Canonical Neighborhood Structures 


Let us call a Riemannian metric on a compact orientable three-dimen- 
sional manifold normalized if the eigenvalues of its curvature operator at 
every point are bounded by TT >SAS>w>Vve i: and every geodesic 
ball of radius one has volume at least one. By the evolution equation of the 
curvature and the maximum principle, it is easy to see that any solution 
to the Ricci flow with (compact and three-dimensional) normalized initial 
metric exists on a maximal time interval (0, tmax) with tmax > 1. 
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Consider a smooth solution gj; (x,t) to the Ricci flow on M x [0,7), where 
M is a compact orientable three-manifold and T’ < +oo. After rescaling, we 
may always assume the initial metric gj;;(-,0) is normalized. By Theorem 
5.3.2, the solution g;;(-,t) then satisfies the pinching estimate 


(7.1.1) R> (-v){log(—v) + log(1 + t) — 3} 
whenever v <0 on M x (0,7). Recall the function 
y = f(x) =a(logx—3), fore? <2 < +00, 
is increasing and convex with range —e? < y < +00, and its inverse function 
is also increasing and satisfies 


lim f(y) /y = 0. 


We can rewrite the pinching estimate (7.1.1) as 
(ZZ) Rm(z,t) > —[f7'(R(z, t)(1 + t))/(R(a, t)(1 + t))|R(a, t) 


on M x [0,T). 

Suppose that the solution g;;(-,t) becomes singular as t — T. Let us 
take a sequence of times t; — T’, and a sequence of points pz € M such that 
for some positive constant C, |Rm|(x,t) < CQ, with Q, = |Rm/(p x, t,)| for 
allx € M and t € [0,t,]. Thus, (pz, tz) is a sequence of (almost) maximum 
points. By applying Hamilton’s compactness theorem and Perelman’s no 
local collapsing theorem I as well as the pinching estimate (7.1.2), a sequence 
of the scalings of the solution gj;;(z,t) around the points pz, with factors 
Q» converges to a nonflat complete three-dimensional orientable ancient k- 
solution (for some & > 0). For an arbitrarily given ¢ > 0, the canonical 
neighborhood theorem (Theorem 6.4.6) in the previous chapter implies that 
each point in the ancient «-solution has a neighborhood which is either an 
evolving ¢-neck, or an evolving ¢-cap, or a compact (without boundary) 
positively curved manifold. This gives the structure of singularities coming 
from a sequence of (almost) maximum points. 

However the above argument does not work for singularities coming from 
a sequence of points (yz, 7%) with tT, — T and |Rm(yz,T%)| — +oo when 
|Rm(Yyx; Tk)| is not comparable with the maximum of the curvature at the 
time 7%, since we cannot take a limit directly. In [107], Perelman developed 
a refined rescaling argument to obtain the following singularity structure 
theorem. We remark that our statement of the singularity structure theorem 
below is slightly different from Perelman’s original statement (cf. Theorem 
12.1 of [107]). While Perelman assumed the condition of k-noncollapsing on 
scales less than r9, we assume that the initial metric is normalized so that 
from the rescaling argument one can get the «-noncollapsing on all scales 
for the limit solutions. 


Theorem 7.1.1 (Singularity structure theorem). Given e > 0 and Tp > 
1, one can find ro > 0 with the following property. If gij(x,t),« € M andt € 
(0,7) with 1 < T < To, is a solution to the Ricci flow on a compact orientable 
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three-manifold M with normalized initial metric, then for any point (x0, to) 
with t) > 1 and Q = R(z0,to) > 797, the solution in {(z,t) | E(x,£0) < 
e 7Q-1, to—e-7Q7-! <t < to} is, after scaling by the factor Q, e-close (in 
the cle] topology) to the corresponding subset of some orientable ancient 
«-solution (for some k > 0). 


Proof. The proof is basically along the line sketched by Perelman (cf. 
section 12 of [107]). However, the proof of Step 2 follows, with some mod- 
ifications, the argument given in the initial notes of Kleiner-Lott on 
Perelman’s first paper [107]. Also, we give a proof of Step 4 which is differ- 
ent from both Perelman and Kleiner-Lott [80]. 

Since the initial metric is normalized, it follows from the no local col- 
lapsing theorem I or I’ (and their proofs) that there is a positive constant 
k, depending only on Jo, such that the solution in Theorem 7.1.1 is k- 
noncollapsed on all scales less than 7p. Let C(e) be a positive constant 
larger than or equal to e~?. It suffices to prove that there exists r9 > 0 
such that for any point (xo,to) with t) > 1 and Q = R(ao,to) => ee 
the solution in the parabolic region {(z,t) € M x [0,T) | d?,(a,a) < 
C(e)Q7!, tp — C(e)Q7! < t < to} is, after scaling by the factor Q, e-close 
to the corresponding subset of some orientable ancient «-solution. The con- 
stant C(e) will be determined later. 

We argue by contradiction. Suppose for some € > 0, there exist a se- 
quence of solutions (Mz, gx(-,t)) to the Ricci flow on compact orientable 
three-manifolds with normalized initial metrics, defined on the time inter- 
vals [0,7;,) with 1 < T;, < To, a sequence of positive numbers r;, — 0, and a 
sequence of points 7, € M, and times t, > 1 with Q, = Rz(rz,te) > i 
such that each solution (Mz, 9;,(-,t)) in the parabolic region {(x,t) € M; x 
[0, 7.) | de, (@2n) < C(e)Q;,', tr-C(e)Q;,' < t < ty} is not, after scaling by 
the factor Q;, e-close to the corresponding subset of any orientable ancient 
«-solution, where R, denotes the scalar curvature of (Mx, gx). 

For each solution (Mz, 9x(-,t)), we may adjust the point (xz, t,) with 
th > $ and with Q, = Rx(xpz, tz) to be as large as possible so that the 
conclusion of the theorem fails at (x,,t,), but holds for any (x,t) € My, x 
[th — HO th satisfying R,(x,t) > 2Qz, where Hy = aor — +00 as 
k, + +00. Indeed, suppose not, by setting (xz, , tk, ) = (xg, tk), we can choose 
a sequence of points (a, , tk,) € Mz x [tea—a) — Ai, Re(Lkq_1 5 bey 45 an tka] 
such that Ry(xz,,tk,) > 2Rk(Lkg_y1bka_ay) and the conclusion of the the- 
orem fails at (x,,,th,) for each | = 2,3,.... Since the solution is smooth, 
but 


Re (Cig thy) 2 2Re(Lkg_y tka) 20° 2 2’! Ri (xe, th) 
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and 


=f 
thy 2 teat = A Re (Lkq_y) > bea—1) 
I-1 1 
> th — Ay > wat Re(wn, te) 
1=1 


1 
= a? 
2 
this process must terminate after a finite number of steps and the last ele- 
ment fits. 

Let (Mg, gx(-,t), x) be the rescaled solutions obtained by rescal- 
ing (My, ge (-,t)) around x, with the factors Q, = Rz(xpz, tp) and shifting 
the time t, to the new time zero. Denote by Re the rescaled scalar curva- 
ture. We will show that a subsequence of the orientable rescaled solutions 
(Mz, 9x (-,¢),%~) converges in the CP’, topology to an orientable ancient k- 
solution, which is a contradiction. In the following we divide the argument 
into four steps. 


Step 1. First of all, we need a local bound on curvatures. The following 
lemma is the Claim 1 of Perelman in his proof Theorem 12.1 of {107}. 


Lemma 7.1.2. For each (Z,t) with th — $H.Q;,' <t < ty, we have 
Ry(z,t) < 4Qx whenever t— cQ,' < t < t and d?(x,z) < cQ;', where 
Qr = Q, + Re (Zt) and c > 0 is a small universal constant. 


Proof. Consider any point (x,t) € B;(%, (cQ;,')2) x [f-— cQ;,*, #] with 
c > 0 to be determined. If Ry(x,t) < 2Q,, there is nothing to show. If 
Rz(ax,t) > 2Qz, consider a space-time curve y from (,t) to (Z,f) that goes 
straight from (x,t) to (x,t) and goes from (z,t) to (Z,t) along a minimizing 
geodesic (with respect to the metric gz(-,f)). If there is a point on 7 with 
the scalar curvature 2Q,, let yo be the nearest such point to (x,t). If not, 
put yo = (Z,t). On the segment of y from (x,t) to yo, the scalar curvature 
is at least 2Q;. According to the choice of the point (x,,t,), the solution 
along the segment is e-close to that of some ancient «-solution. It follows 
from Theorem 6.4.3 (ii) that 


1 
VCR?) <2n and | FcR 





< 2n 


on the segment. (Here, without loss of generality, we may assume é¢ is suit- 
ably small). Then by choosing c > 0 (depending only on 7) small enough 
we get the desired curvature bound by integrating the above derivative es- 
timates along the segment. This proves the lemma. | 





Step 2. Next we want to show that for each A < +00, there exist 
a positive constant C(A) (independent of &) such that the curvatures of 
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the rescaled solutions g,(-,t) at the new time ¢ = 0 (corresponding to the 
original times t,) satisfy the estimate 


|Rmg|(y,0) < C(A) 


whenever dg,(.0)(y,te) < A and k > 1. (This is just a weak version of 
the Claim 2 of Perelman in his proof of Theorem 12.1 of [107]. The first 
detailed exposition on this weak version was given by Kleiner-Lott in their 
June 2003 notes [80]. We now follow their argument as in here with 
some modifications. ) 

For each p > 0, set 


M(p) =sup{R;(x,0) | k>1,2 € My with do(x,x%) < p} 
and 
po =sup{p 20 | M(p) < +co}. 


By the pinching estimate (7.1.1), it suffices to show po = +00. 

Note that p9 > 0 by applying Lemma 7.1.2 with (Z,t) = (xz,t,). We 
now argue by contradiction to show pg = +00. Suppose not, we may find 
(after passing to a subsequence if necessary) a sequence of points yz, € My, 
with do(rp, yn) — po < too and Rg(yz,0) + +oo. Let 7%(C Mz) be a 
minimizing geodesic segment from xz to yz. Let zp € yz, be the point on 7, 
closest to yz with Ry(z,z,0) = 2, and let 4; be the subsegment of 7, running 
from zz to yr. By Lemma 7.1.2 the length of 6; is bounded away from zero 
independent of k. By the pinching estimate (7.1.1), for each p < po, we have 
a uniform bound on the curvatures on the open balls Bo(x%, e) C (Mz, 9x). 
The injectivity radii of the rescaled solutions gy, at the points x, and the 
time t = 0 are also uniformly bounded from below by the «-noncollapsing 
property. Therefore by Lemma 7.1.2 and Hamilton’s compactness theorem 
(Theorem 4.1.5), after passing to a subsequence, we can assume that the 
marked sequence (Bo(x, Po), Jk(-,0), 7%) converges in the CR°. topology to 
a marked (noncomplete) manifold (Boo, Goo, Loo), the segments 7, converge 
to a geodesic segment (missing an endpoint) yoo C Boo emanating from Xo, 
and (3; converges to a subsegment 35, of Yoo. Let Bs, denote the completion 
of (Boos Goo); aNd Yoo € Boo the limit point of 70. 

Denote by R.. the scalar curvature of (Boo,goo). Since the rescaled 
scalar curvatures R;, along 6, are at least 2, it follows from the choice of 
the points (x,,0) that for any qo € fo, the manifold (Boo, goo) in {q € 
Bex| dist; (q, 90) < C(e)(Roo(qo))~1} is 2e-close to the corresponding sub- 
set of (a time slice of) some orientable ancient «-solution. Then by Theorem 
6.4.6, we know that the orientable ancient «-solution at each point (x,t) has 
aradiusr,0<r< C\ (2c) R(x, t)~?, such that its canonical neighborhood 
B, with B,(z,r) C BC B,(a, 2r), is either an evolving 2e-neck, or an evolvy- 
ing 2e-cap, or a compact manifold (without boundary) diffeomorphic to a 
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metric quotient of the round three-sphere S?, and moreover the scalar cur- 
vature is between (C2(2e))~'R(a,t) and C2(2e)R(a,t), where Ci(2e) and 
C2(2e) are the positive constants in Theorem 6.4.6. 

We now choose C(e) = max{2C?(2e),e~?}. By the local curvature es- 
timate in Lemma 7.1.2, we see that the scalar curvature Rj, becomes un- 
bounded when approaching y.. along Yo.. This implies that the canonical 
neighborhood around qo cannot be a compact manifold (without boundary) 
diffeomorphic to a metric quotient of the round three-sphere S*. Note that 
Yoo is shortest since it is the limit of a sequence of shortest geodesics. With- 
out loss of generality, we may assume ¢ is suitably small (say, ¢ < <a): 
These imply that as go gets sufficiently close to yoo, the canonical neighbor- 
hood around go cannot be an evolving 2¢-cap. Thus we conclude that each 
do € Yoo sufficiently close to Yoo is the center of an evolving 2¢-neck. 

Let 


U= |) Blqo,4m(Roo(go))~2) (C (Boos Soe); 
G0 E Yoo 


where B(qo, 47(Ro (qo))~2) is the ball centered at gg € By with the radius 
4n(Roo (q0))72. Clearly U has nonnegative sectional curvature by the pinch- 
ing estimate (7.1.1). Since the metric g.. is cylindrical at any point qo € Yoo 
which is sufficiently close to yoo, we see that the metric space U = UU fy} 
by adding in the point yoo, is locally complete and intrinsic near yo.. Fur- 
thermore yo, cannot be an interior point of any geodesic segment in U. This 
implies the curvature of U at yo. is nonnegative in the Alexandrov sense. It 
is a basic result in Alexandrov space theory (see for example Theorem 10.9.3 
and Corollary 10.9.5 of [10]) that there exists a three-dimensional tangent 
cone C, i U at Yoo which is a metric cone. It is clear that its aperture is 
< 10e, thus the tangent cone is nonflat. 

Pick a point p € Cy,.U such that the distance from the vertex yoo to 
p is one and it is nonflat around p. Then the ball B(p,5) C Cy,U is the 
Gromov-Hausdorff limit of the scalings of a sequence of balls Bo(pr, 8%) C 
(Mz, 9x (-,0)) by some factors ay, where s;, — 0+. Since the tangent cone is 
three-dimensional and nonflat around p, the factors a, must be comparable 
with R,(pz,0). By using the local curvature estimate in Lemma 7.1.2, we 
actually have the convergence in the Cre. topology for the solutions g,(-, t) 
on the balls Bo(p,, 5%) and over some time interval t € [—d,0] for some 
sufficiently small 6 > 0. The limiting ball B(p, 3) Cc Cyall is a piece of 
the nonnegative curved and nonflat metric cone whose radial directions are 
all Ricci flat. On the other hand, by applying Hamilton’s strong maximum 
principle to the evolution equation of the Ricci curvature tensor as in the 
proof of Lemma 6.3.1, the limiting ball B(p, 5) would split off all radial 
directions isometrically (and locally). Since the limit is nonflat around p, 
this is impossible. Therefore we have proved that the curvatures of the 
rescaled solutions g,(-,t) at the new times t = 0 (corresponding to the 
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original times t;,) stay uniformly bounded at bounded distances from x, for 
all k. 

We have proved that for each A < +00, the curvature of the marked 
manifold (Mz, gx (-,0), 7%) at each point y © M;, with distance from x, at 
most A is bounded by C(A). Lemma 7.1.2 extends this curvature control to 
a backward parabolic neighborhood centered at y whose radius depends only 
on the distance from y to xx. Thus by Shi’s local derivative estimates (The- 
orem 1.4.2) we can control all derivatives of the curvature in such backward 
parabolic neighborhoods. Then by using the «-noncollapsing and Hamil- 
ton’s compactness theorem (Theorem 4.1.5), we can take a Cp°. subsequent 
limit to obtain (Moo, Goo(-,t),; Zoo), which is K-noncollapsed on all scales and 
is defined on a space-time open subset of M x (—oo, 0] containing the time 
slice M,, x {0}. Clearly it follows from the pinching estimate (7.1.1) that 
the limit (Moo, Joo(:, 0), 2.0) has nonnegative curvature operator (and hence 
nonnegative sectional curvature). 


Step 3. We further claim that the limit (Moo, Goo(-,0), %o0) at the time 
slice {t = 0} has bounded curvature. 

We know that the sectional curvature of the limit (Mo, §oo(-,0), 20) is 
nonnegative everywhere. Argue by contradiction. Suppose the curvature 
of (Moo, Goo(:, 0), oo) is not bounded, then by Lemma 6.1.4, there exists 
a sequence of points q; € M, diverging to infinity such that their scalar 
curvatures Roo(qj,0) — +00 as 7 — +00 and 


Roo (x, 0) < 4Roo (qj, 0) 


for x € B(q;,J/ Rxo(qj;0)) © (Moo, Goo(-,0)). By combining with Lemma 
7.1.2 and the «-noncollapsing, a subsequence of the rescaled and marked 
manifolds (Mo, Roo(qj;0)Goo(-,0),¢;) converges in the C®%. topology to a 
smooth nonflat limit Y. By Proposition 6.1.2, the new limit Y is isometric 
to a metric product N x R for some two-dimensional manifold N. On 
the other hand, in view of the choice of the points (a,,t,), the original 
limit (Moo, Joo (+, 0), Zoo) at the point gj; has a canonical neighborhood which 
is either a 2e-neck, a 2e-cap, or a compact manifold (without boundary) 
diffeomorphic to a metric quotient of the round S°. It follows that for 7 large 
enough, qj is the center of a 2e-neck of radius (Roo (qj; 0))72. Without loss 
of generality, we may further assume that 2¢ < €9, where €g is the positive 
constant given in Proposition 6.1.1. Since (Roc (qj,0))72 — 0 as j — +00, 
this contradicts Proposition 6.1.1. So the curvature of (Moo, Goo(-,0)) is 
bounded. 


Step 4. Finally we want to extend the limit backwards in time to —oo. 
By Lemma 7.1.2 again, we now know that the limiting solution (Ma, 
Joo(:,t)) is defined on a backward time interval [—a, 0] for some a > 0. 
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Denote by 


t’ = inf{t| we can take a smooth limit on (¢,0] (with bounded 
curvature at each time slice) from a subsequence 


of the convergent rescaled solutions g}. 


We first claim that there is a subsequence of the rescaled solutions g, which 
converges in the Cr. topology to a smooth limit (Moo, goo(-, t)) on the max- 
imal time interval (¢’, 0]. 

Indeed, let t/, be a sequence of negative numbers such that t), — t/ and 
there exist smooth limits (Moo, 9%,(-,t)) defined on (t,,, 0]. For each k, the 
limit has nonnegative sectional curvature and has bounded curvature at each 
time slice. Moreover by Lemma 7.1.2, the limit has bounded curvature on 
each subinterval [—b, 0] ¢ (t),,0]. Denote by Q the scalar curvature upper 
bound of the limit at time zero (where Q is the same for all k). Then we 
can apply the Li-Yau-Hamilton estimate (Corollary 2.5.7) to get 


/ 
(0,0) <Q (=), 
te, 
where R& (x,t) are the scalar curvatures of the limits (Mo, g*,(-,t)). Hence 
by the definition of convergence and the above curvature estimates, we can 
find a subsequence of the above convergent rescaled solutions g; which con- 
verges in the CP. topology to a smooth limit (Moo, goo(-,t)) on the maximal 
time interval (t’, 0]. 

We next claim that t’/ = —oo. 

Suppose not, then by Lemma 7.1.2, the curvature of the limit (Mo, 
Joo(:,t)) becomes unbounded as t — t/ > —oo. By applying the maxi- 
mum principle to the evolution equation of the scalar curvature, we see that 
the infimum of the scalar curvature is nondecreasing in time. Note that 
Fees. 0) =1. Thus there exists some point Yoo € Mo such that 


~ foi 3 

Ro (Yoost +=) <5 
where c > 0 is the universal constant in Lemma 7.1.2. By using Lemma 
7.1.2 again we see that the limit (Moo, goo(-,t)) in a small neighborhood of 
the point (Yoo, t’ + 75) extends backwards to the time interval [t’/— 55, t’+ 4]. 
We remark that the distances at time t and time 0 are roughly equivalent 
in the following sense 


(7.1.3) di(x,y) > do(x,y) > d(x, y) — const. 


for any x,y € M,, and t € (t’,0]. Indeed from the Li-Yau-Hamilton inequal- 
ity (Corollary 2.5.7) we have the estimate 





esse o( at ) , on Mx x (t’, 0]. 
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By applying Lemma 3.4.1 (ii), we have 


dy(x,y) < do(x,y) +30(-t')/O 


for any x,y € Mx and t € (t’,0]. On the other hand, since the curvature of 
the limit metric g..(-,t) is nonnegative, we have 


di(x, y) Z do(x, y) 


for any x,y € M, and t € (t’,0]. Thus we obtain the estimate (7.1.3). 

Let us still denote by (Mz, gx (-, t)) the subsequence which converges on 
the maximal time interval (t’,0]. Consider the rescaled sequence (Mz, gx, (-, t)) 
with the marked points x, replaced by the associated sequence of points 
Yk — Yoo and the (original unshifted) times t, replaced by any s; € [t, + 
(t'— BQ; thrt(t+ )Q;,']- It follows from Lemma 7.1.2 that for k large 
enough, the rescaled solutions (Mx, gx(-,t)) at yx satisfy 


Ri. (yp: t) < 10 


for all t € [t’— ,t'+ 3]. By applying the same arguments as in the 
above Step 2, we conclude that for any A > 0, there is a positive constant 


C(A) < +00 such that 
Ry(x,t) < C(A) 


for all (x,t) with di(x,y,) < A andt ¢€ [t’—,t’ +5]. The estimate (7.1.3) 
implies that there is a positive constant Ap such that for arbitrarily given 


small ¢’ € (0, Too) for k large enough, there hold 
di (rE, Yk) < Ao 


for all t € [t/ + e¢,0]. By combining with Lemma 7.1.2, we then conclude 
that for any A > 0, there is a positive constant C(A) such that for k large 
enough, the rescaled solutions (Mj, gx (-, t)) satisfy 


R,(a,t) < C(A) 


for all x € Bo(a,, A) and t € [t/ — 755 (C(A)) 7, 0}. 

Now, by taking convergent subsequences from the (original) rescaled 
solutions (Mx, gx(-,t), ve), we see that the limiting solution (Moo, goo(-, t)) 
is defined on a space-time open subset of M,, x (—oo, 0] containing M,, x 
[’,0]. By repeating the argument of Step 3 and using Lemma 7.1.2, we 
further conclude the limit (Moo, Joo(-,t)) has uniformly bounded curvature 
on M., x [t’,0]. This is a contradiction. 

Therefore we have proved a subsequence of the rescaled solutions (M,, 
9x(-,t),%%) converges to an orientable ancient «-solution, which gives the 
desired contradiction. This completes the proof of the theorem. O 





We remark that this singularity structure theorem has been extended 
by Chen and the second author in to the Ricci flow on compact four- 
manifolds with positive isotropic curvature. 
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7.2. Curvature Estimates for Smooth Solutions 


Let us consider solutions to the Ricci flow on compact orientable three- 
manifolds with normalized initial metrics. The above singularity structure 
theorem of Perelman (Theorem 7.1.1) tells us that the solutions around high 
curvature points are sufficiently close to ancient «-solutions. It is thus rea- 
sonable to expect that the elliptic type estimate (Theorem 6.4.3) and the cur- 
vature estimate via volume growth (Theorem 6.3.3) for ancient «-solutions 
are heritable to general solutions of the Ricci flow on three-manifolds. The 
main purpose of this section is to establish such curvature estimates. In 
the fifth section of this chapter, we will further extend these estimates to 
surgically modified solutions. 

The first result of this section is an extension of the elliptic type estimate 
(Theorem 6.4.3) by Perelman (cf. Theorem 12.2 of [107]). This result is 
reminiscent of the second step in the proof of Theorem 7.1.1. 


Theorem 7.2.1 (Perelman [107]). For any A < +00, there exist K = 
K(A) < +00 and a = a(A) > 0 with the following property. Suppose 
we have a solution to the Ricci flow on a three-dimensional, compact and 
orientable manifold M with normalized initial metric. Suppose that for some 
zo € M and some rp > 0 with ro < a, the solution is defined forO<t< re 
and satisfies 


|Rm|(a,t) < he for 0<t<r2, do(x,20) < 70, 
and 
Vol 9(Bo(x0,70)) = Al re. 
Then R(x,r2) < Kro? whenever d,2 (x, 20) < Aro. 


Proof. Given any large A > 0 and letting a > 0 be chosen later, by 
Perelman’s no local collapsing theorem II (Theorem 3.4.2), there exists a 
positive constant & = K(A) (independent of a) such that any complete so- 
lution satisfying the assumptions of the theorem is k-noncollapsed on scales 
< ro over the region {(z,t) | tr3 <t<r2, d(x,x0) < 5Aro}. Set 


. fl 1 
E= —€0, —— 
ame Baca 9 
where €9 is the positive constant in Proposition 6.1.1. We first prove the 
following assertion. 


Claim. For the above fixed <« > 0, one can find kK = K(A,¢) < +00 
such that if we have a three-dimensional complete orientable solution with 
normalized initial metric and satisfying 

|Rm|(a,t)<rg? for O<t<r2, do(x,20) < 70, 


and 
Vol o(Bo(Zo, ro)) 2 A'r 
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for some % € M and some rp > O, then for any point « € M with 
dy2 (x, 20) < 3Aro, either 

R(a,r2) < Kro? 
or the subset {(y,¢) | dy2(y,#) Le? Rawrs) re Se RT ee 


ra} around the point (x,r2) is e-close to the corresponding subset of an 
orientable ancient «-solution. 


Notice that in this assertion we don’t impose the restriction of ro < a, 
so we can consider for the moment rg > 0 to be arbitrary in proving the 
above claim. Note that the assumption on the normalization of the initial 
metric is just to ensure the pinching estimate. By scaling, we may assume 
ro = 1. The proof of the claim is essentially adapted from that of Theorem 
7.1.1. But we will meet the difficulties of adjusting points and verifying a 
local curvature estimate. 

Suppose that the claim is not true. Then there exist a sequence of 
solutions (Mj, gx(-,t)) to the Ricci flow satisfying the assumptions of the 
claim with the origins xo,, and a sequence of positive numbers kK, — 
oo, times ty = 1 and points «, € My with d:,(x,,20,) < 3A such that 
Qe = Rz(xz,te) > Ky and the solution in {(z,t) | t, — C(e)Q;,' <t< 
tk, di (aE) < C(e)Q;,"} is not, after scaling by the factor Qx, e-close to the 
corresponding subset of any orientable ancient «-solution, where Rx denotes 
the scalar curvature of (Mz, gz (-,t)) and C(e)(> e~) is the constant defined 
in the proof of Theorem 7.1.1. As before we need to first adjust the point 
(ap, th) with t, > $ and dt, (%%, Vo, ) < 4A so that Q, = Rg(xx, th) > Ky and 
the conclusion of the claim fails at (a,,t,), but holds for any (x,t) satisfying 

el; 1 


Rx (a, t) > 2Qk, tp— HQ; <t<t, and di(x, Xo, ) ms dt, (xx, 20,)+H7 Q, ?, 
where H; = iki — oo, as k > +00. 

Indeed, by starting with (xp,,th,) = (az, 1) we can choose (xp,, tha) € 
My, x (0,1] with thy — HyRx(ar,, tk) + < S -tg ad dt, (Lkos LO, ) < 


1 
dt, (Thy Fo.) + Ay Ry (ky, thy) 2 such that Rp (©, tho) > 2Re(Le,, te, ) and 
the conclusion of the claim fails at (x,,, tx. ); otherwise we have the desired 
point. Repeating this process, we can choose points (x%,,tk,), 7 = 2,.--5J; 
such that 
Ry (TK; th) > We (Te_ 15 tee.) 


tha — Ay Re (Xk; 1 bk; oe Ste, Stes, 





i 1 
dt,,, (iiss ee) < din, (Pek aeh Oe) a A; Ri(e,_, ’ tect) 25 


and the conclusion of the claim fails at the points (x,z,,t,,), i = 2,...,7. 
These inequalities imply 
Rie Gite Gstig ie as 
ee 1 
| 
1> ty, 2 tk, — Hed, ai Rite,» thy) Pap 
i 
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and 


1 
SR (Gey thy)? < 4A. 





dry, (rk, ; XO, ) < dr, (Thy ’ £0,) a A; 


Since the solutions are smooth, this process must terminate after a finite 
number of steps to give the desired point, still denoted by (xz, tx). 

For each adjusted (xz, tz), let [t’, tz] be the maximal subinterval of [t, — 
se7Q;', ty] so that the conclusion of the claim with K = 2Q, holds on 


jee eee 
P (ant GHEQ,?.t ~ te) 
1 i _i : 
= (et) |e Bi (mn HRQ,*) te teal} 


for all sufficiently large k. We now want to show t/ = t, — aa Qa d 

Consider the scalar curvature R;, at the point x, over the time interval 
[t’,t,]. If there is a time ¢ € [t’,t,] satisfying R;,(a2,,t) > 2Qz, we let t 
be the first of such time from ty. Then the solution (Mz, 9z(-,t)) around 
the point x, over the time interval [f — se°Q;,' ,t] is e-close to some ori- 
entable ancient «-solution. Note from the Li-Yau-Hamilton inequality that 
the scalar curvature of any ancient «-solution is pointwise nondecreasing in 
time. Consequently, we have the following curvature estimate 


Ry (te, t) < 211+ €)Qz 


for t € [f— te?Q,", th] (or t € [t’,t,] if there is no such time ft). By 
combining with the elliptic type estimate for ancient «-solutions (Theorem 
6.4.3) and the Hamilton-Ivey pinching estimate, we further have 


E21) |Rm(a, t)| < 5w(1)Q;, 
for all a € By(ag,(3Qz)~2) and t € [é — 4e-2Qz!, te] (or t € [t’, te]) and all 


sufficiently large k, where w is the positive function in Theorem 6.4.3. 
For any point (a,t) with ¢- 42-?Q;' < t < t, (or t € [,te]) and 


2-1 
Ge (Ft) HH, ,Q,°, we divide the discussion into two cases. 
1 
Case (1): di(xx, 20,) < SHA O., 
(7.2.2) di(x, 20,) < d(x, 2%) + ea 


3 - 3 2 3 
a,? T 69 — HQ, 


IA 


IA 


1 
ge @, 


ane 
Case (2): di(xp, £0, ) > we Q,*: 
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From the curvature bound (7.2.1) and the assumption, we apply Lemma 
i 
3.4.1 (ii) with ro = Q, 7 to get 


1 


£ (dele, 204)) > —20(w(1) + 1)Q}, 


and then for & large enough, 


1 


di(Xp, Lo, ) < d;(Xx, ZO, ) + 20(w(1) + Ne*Q,? 


1 1 
1 20.2 


< dj(xk, Xo, ) Tv Tok Q;, ’ 





De et 
where t € (t, ty] satisfies the property that d(x, xo, ) > HP Q), > whenever 
s € [t,t]. So we have 


(2:3) d(x, 2o,) < as(a, Ze) + d:(xx, £0, ) 


1 Be a 
a < HPQ,” 4 dts 20; #45 =H, 


Vets ot 
< de, (B55 0; ) a gH Q), F 


for all sufficiently large k. Then the combination of (7.2.2), (7.2.3) and the 
choice of the points (x,,t,) implies t/ = th — se7Q;,| for all sufficiently 
large k. (Here we also used the maximality of the subinterval [t’,t;] in the 
case that there is no time in [t’, t,] with Rz(xrz,-) > 2Qx.) 

Now we rescale the solutions (Mz, gx (-, t)) into (Mz, g,(-,t)) around the 
points x, by the factors Q, = Rz(axz,t,) and shift the times t, to the 
new times zero. Then the same arguments from Step 1 to Step 3 in the 
proof of Theorem 7.1.1 prove that a subsequence of the rescaled solutions 
(Mz, 9x(-, t)) converges in the CP. topology to a limiting (complete) solution 
(Meo; Goo(:,t)), which is defined on a backward time interval |—a, 0] for some 
a > 0. (The only ee ee is in Lemma 7.1.2 of Step 1 by further 
requiring tp — 76 OR Sb ty): 

We next aay how to adapt the argument of Step 4 in the proof of 
Theorem 7.1.1. As before, we have a maximal time interval (t.,0] for 
which we can take a smooth limit (Moo, Goo(-, t), Zoo) from a subsequence of 
the rescaled solutions (Mz, gx(-,t), 7%). We want to show t.. = —oo. 

Suppose nO then t4. > —oco. Let c > 0 be a positive constant much 
smaller than The -2. Note that the infimum of the scalar curvature is non- 
decreasing in time. Then we can find some point yo, € Mo. and some time 
t=to +6 with 0 < 6 < } such that REGS ts +0) < 3. 

Consider the (unrescaled) scalar curvature Ry, of (Mz, 9,(-,t)) at the 
point x, over the time interval [t, + (to + 20x", tel: Since the scalar 
curvature Ro, of the limit on Moo x [too + $,0) is uniformly bounded by 
some positive constant C’, we have the curvature estimate 


Rx(@p, t) < 2CQ; 
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for all t € [tp + (too + S)Qz", te] and all sufficiently large k. Then by 
repeating the same arguments as in deriving (7.2.1), (7.2.2) and (7.2.3), we 
deduce that the conclusion of the claim with K = 2Q, holds on the parabolic 
neighborhood P(x, tz, HP Q,7, (too + £)Q;°) for all sufficiently large k. 

Let (yz, ty+(toot)Q;,') be a sequence of associated points and times in 
the (unrescaled) solutions (Mz, gx(-,t)) so that after rescaling, the sequence 
converges to the (Yoo,too +9) in the limit. Clearly g < 6, < 20 for all 
sufficiently large &. Then, by considering the scalar curvature R, at the 
point yz over the time interval [t, + (too — $)Qy', th + (too + O%)Q;z'], the 
above argument (as in deriving the similar estimates (7.2.1)-(7.2.3)) implies 
that the conclusion of the claim with kK = 2Q, holds on the parabolic 


neighborhood P(yx, tk, 1H OG, 2 (1 8 — $)Q;" ) for all sufficiently large k. 
In particular, we have the curvature saints 


Ri (yp, t) < 41 + €)Q: 


for t € [tp + (too — S)Q;' te + (too + 04)Q;,'] for all sufficiently large k. 

We now consider the rescaled sequence (Mz, 9;,(-,t)) with the marked 
points replaced by y, and the times replaced by sz € [tp + (too — )Qz', th + 
(too + £)Q;,']. By applying the same arguments from Step 1 to Step 3 
in the proof of Theorem 7.1.1 and the Li-Yau-Hamilton inequality as in 
Step 4 of Theorem 7.1.1, we conclude that there is some small constant 
a’ > 0 such that the original limit (Moo, Goo(-,t)) is actually well defined on 
Mx X [too — a’, 0] with uniformly bounded curvature. This is a contradiction. 
Therefore we have checked the claim. 

To finish the proof, we next argue by contradiction. Suppose there 
exist sequences of positive numbers K, — +00, az — 0, as k — +00, 
and a sequence of solutions (Mz, g,(-,t)) to the Ricci flow satisfying the 
assumptions of the theorem with origins xo, and with radii ro, satisfying 
TO, < Q, such that for some points 7, € M;, with dy3 (Xp, 20,) < Aro, we 


have 
(7.2.4) R(xx,76,) > Kero, 


for all k. Let (Mz, 9%(-,t),20,) be the ees solutions of (Mi, ge(> t)) 
around the origins xo, by the factors ro, ? and shifting the times TS, to the 
new times zero. The above claim tells us that for k large, any point (y,0) € 

(Mx, Gr(-,9),t0,) with dg,(..0)(y,%o,) < 3A and with the rescaled scalar 


curvature R;,(y,0) > Kp has a canonical neighborhood which is either a 2e- 
neck, or a 2€-cap, or a compact manifold (without boundary) diffeomorphic 
to a metric quotient of the round three-sphere. Note that the pinching 
estimate (7.1.1) and the condition a, — 0 imply any subsequential limit 
of the rescaled solutions (Mx, gx(-, t), xo, ) must have nonnegative sectional 
curvature. Thus the same argument as in Step 2 of the proof of Theorem 
7.1.1 shows that for all sufficiently large k, the curvatures of the rescaled 
solutions at the time zero stay uniformly bounded at those points whose 
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distances from the origins xo, do not exceed 2A. This contradicts (7.2.4) 
for k large enough. 
Therefore we have completed the proof of the theorem. O 





The next result is a generalization of the curvature estimate via volume 
growth in Theorem 6.3.3 (ii) where the condition on the curvature lower 
bound over a time interval is replaced by that at a time slice only. 


Theorem 7.2.2 (Perelman [107]). For any w > 0 there exist T = 
T(w) > 0, K = K(w) < +00, a = a(w) > 0 with the following property. 
Suppose we have a three-dimensional, compact and orientable solution to the 
Ricci flow defined on M x |0,T) with normalized initial metric. Suppose that 
for some radius ro > 0 with ro < a and a point (xo, to) € M x [0,T) with 
T > to > 4rr2, the solution on the ball Bi,(xo,170) satisfies 


Rm(a,to) > —rg” on Biy(20,70); 
and Volto (Bio (x0, r0)) = wra. 
Then R(x,t) < Go whenever t € [tg — Tr2, to] and d;(x, x0) < i70- 


Proof. The following argument basically follows the proof of Theorem 
12.3 of Perelman [107]. 

If we knew that 

Rm(z,t) > —r9? 
for all t € [0, to] and d:(x, x20) < ro, then we could just apply Theorem 6.3.3 
(ii) and take r(w) = 79(w)/2, K(w) = C(w) + 2B(w)/79(w). Now fix these 
values of 7 and K. 

We argue by contradiction. Consider a three-dimensional, compact and 
orientable solution g;;(t) to the Ricci flow with normalized initial metric, a 
point (x%o,to) and some radius r9 > 0 with ro < a, for a > 0 a sufficiently 
small constant to be determined later, such that the assumptions of the 
theorem do hold whereas the conclusion does not. We first claim that we 
may assume that any other point (z’,t’) and radius r’ > 0 with the same 
property has either t/ > to or t’ < to — 2rrZ, or 2r’ > ro. Indeed, suppose 
otherwise. Then there exist (76, ty) and rg with tj € [to — 27r2,to] and 
ros $70; for which the assumptions of the theorem hold but the conclusion 
does not. Thus, there is a point (x,t) such that 


2 
t € [th —7(rp)*, to] C [to — 2rr2 — qro-to 


and R(x,t) > K(rg)-* > AKr,”. 
If the point (#p,tp) and the radius ro satisfy the claim then we stop, and 
otherwise we iterate the procedure. Since to > Arr? and the solution is 
smooth, the iteration must terminate in a finite number of steps, which 
provides the desired point and the desired radius. 
Let 7’ > 0 be the largest number such that 


(7.2.5) Rm/(z,t) > —rp? 
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whenever t € [to — T'r@, to] and d:(z,209) < ro. If 7’ > 27, we are done by 
Theorem 6.3.3 (ii). Thus we may assume rt’ < 27. By applying Theorem 
6.3.3(ii), we know that at time ¢/ = to — 7/r2, the ball By (ao, ro) has 


(7.2.6) Vol (By (20,70) > E(w)r9 


for some positive constant €(w) depending only on w. We next claim that 
there exists a ball (at time t’ = to — r'r2) By(a’,r’) C By (xo, 70) with 


1 
(7.2.7) Vol» (By (#’,r')) = 50s(r')° 
and with 
(7.2.8) > >r' > c(w)ro 


for some small positive constant c(w) depending only on w, where az is 
the volume of the unit ball B® in the Euclidean space R°. (The following 
argument in deriving (7.2.7) and (7.2.8) is a standard one in the Alexandrov 
space theory and has nothing to do with the Ricci flow. Our presentation 
here is inspired from Lemma 53.1 of Kleiner-Lott notes [80].) 

Indeed, suppose that it is not true. Then after rescaling, there is a 
sequence of Riemannian manifolds M;, i = 1,2,..., with balls B(x;,1) C M; 
so that 


(7.2.5) Rm>-—1 on B(a;,1) 

and 

(7.2.6)! Vol (B(a;,1)) > €(w) 

for all i, but all balls B(x‘, 1r,) C B(2;,1) with 5 > rj > + satisfy 
1 

(7.2.9) Vol (B(a;, ri) < 503(ri)”. 


It follows from basic results in Alexandrov space theory (see for example 
Theorem 10.7.2 and Theorem 10.10.10 of {10]) that, after taking a subse- 
quence, the marked balls (B(2;,1),x;) converge in the Gromov-Hausdorff 
topology to a marked length space (Boo,%oo) with curvature bounded from 
below by —1 in the Alexandrov space sense, and the associated Riemannian 
volume forms dVol yy, over (B(2;,1),2;) converge weakly to the Hausdorff 
measure ps of Bo. It is well-known that the Hausdorff dimension of any 
Alexandrov space is either an integer or infinity (see for example Theorem 
10.8.2 of [10]). Then by (7.2.6)’, we know the limit (Boo, 20) is a three- 
dimensional Alexandrov space of curvature > —1. In the Alexandrov space 
theory, a point p € By is said to be regular if the tangent cone of Byo at p 
is isometric to R®. It is also a basic result in Alexandrov space theory (see 
for example Corollary 10.9.13 of [10]) that the set of regular points in By 
is dense and for each regular point there is a small neighborhood which is 
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almost isometric to an open set of the Euclidean ges R°. Thus for any 
é > 0, there are balls B(a#,,r4,) C Boo with 0< ry, <4 and satisfying 


p(B(@.05 70) = (1 — e)aa(ra)’. 
This is a contradiction with (7.2.9). 

Without loss of generality, we may assume w < 403. Since 7! < 2r, it 
follows from the choice of the point (xo,to) and the radius rp and (7.2.5), 
(7.2.7), (7.2.8) that the conclusion of the theorem holds for (2’,t’) and r’. 
Thus we have the estimate 

R(w,t) < K(r')? 
whenever t € [t/ — r(r’)?,t'] and d;(z,2') < 


combining with the pinching estimate (7.1.1), w 

|Rm(x,t)| < K'(r!)? 
whenever ¢ € [t! — r(r’)?,t'] and d;(a,2’) < $r’, where K’ is some positive 
constant depending only on K. Note that this curvature estimate implies 
the evolving metrics are equivalent over a suitable subregion of {(x,t) | t € 
[t! — r(r’)?,t’] and d,(x,2’) < Fr’}. Now we can apply Theorem 7.2.1 to 
choose a = a(w) > 0 so small that 
(7.2.10) R(a,t) < K(w)(r')? < K(w)e(w)*r9? 

< 


whenever t € [t/ — $(r’)?, t’] and d;(x,2") < 10r9. Then the combination of 
(7.2.10) with the Smchine estimate (7.1.2) would imply 
Rm(a,t) > —[f-*(R(@,t)(1 + t))/(R(@, t)(1 + #))) R(@, t) 


1 5 
> ~ 570 


r’. For a > 0 small, by 


have 


< Ale 


on the region {(x,t) | t € [t — $(r’)?,t’] and d;(x,x29) < ro} when a = 
a(w) > ro small enough. This contradicts the choice of 7’. Therefore we 
have proved the theorem. O 





The combination of the above two theorems immediately gives the fol- 
lowing consequence. 


Corollary 7.2.3. For any w > 0 and A < +c, there exist T = 
T(w,A) > 0, K = K(w,A) < +00, and a = a(w,A) > 0 with the fol- 
lowing property. Suppose we have a three-dimensional, compact and ori- 
entable solution to the Ricci flow defined on M x [0,T) with normalized 
initial metric. Suppose that for some radius ro > 0 with ro < a and a point 
(xo, to) € M x [0,T) with T > to > 4rr2, the solution on the ball Bi (xo, 70) 
satisfies 

Rm (za, to) = —r5? on Big (Xo, 10); 
and Vol to (Bio (0, To)) > wre. 
Then R(x,t) < Ks? whenever t € [to — Tr2, to] and d(x, 20) < Aro. 


We can also state the previous corollary in the following version. 
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Corollary 7.2.4 (Perelman [107]). For any w > 0 one can find p = 
p(w) > 0 such that if gi;(t) is a complete solution to the Ricci flow defined 
on M x [0,T) with T > 1 and with normalized initial metric, where M is a 
three-dimensional, compact and orientable manifold, and if Bij(xo,7r0) ts a 
metric ball at time to > 1, with ro < p, such that 


min{ Rm(z, to) | LE Bry (xo, 70) } = —r5”, 


then 
Vol to (Bio (Xo, ro)) < wre. 


Proof. We argue by contradiction. Suppose for any p > 0, there is 
a solution and a ball Bi,(xo, ro) satisfying the assumption of the corollary 
with ro < p, t) > 1, and with 


min{Rm(z, to) | LE Bi (Xo, 70) $ = =t9 7) 


but. 
Vol ¢5 (Big (#0, 70)) > wre. 
We can apply Corollary 7.2.3 to get 
R(a,t) < Kro? 


whenever t € [to — TrZ, to] and d:(z,29) < 2r9, provided p > 0 is so small 
that 4rp? < 1 and p < a, where T, a and K are the positive constants 
obtained in Corollary 7.2.3. Then for ro < p and p > 0 sufficiently small, it 
follows from the pinching estimate (7.1.2) that 
Rm(a,t) > —[f-*(R(@,t)(1 + t))/(R(@, t)( + #))) R(@, t) 

1.9 
=F 
in the region {(z,t) | t € [to —T(r0)?, to] and d(x, 29) < 2ro}. In particular, 
this would imply 


IV 


min{ Rm(zx, to)|e € Biy(xo, 70) } > —1”. 





This contradicts the assumption. O 


7.3. Ricci Flow with Surgery 


One of the central themes of the Ricci flow theory is to give a classifi- 
cation of all compact orientable three-manifolds. As we mentioned before, 
the basic idea is to obtain long-time behavior of solutions to the Ricci flow. 
However the solutions will in general become singular in finite time. For- 
tunately, we now understand the precise structures of the solutions around 
the singularities, thanks to Theorem 7.1.1. When a solution develops sin- 
gularities, one can perform geometric surgeries by cutting off the canonical 
neighborhoods around the singularities and gluing back some known pieces, 
and then continue running the Ricci flow. By repeating this procedure, 
one hopes to get a kind of “weak” solution. In this section we will give a 
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detailed description of this surgery procedure (cf. [108]) and define a 
global “weak” solution to the Ricci flow. This section is a detailed exposition 
of sections 3 and 4 of Perelman {108}. 

Given any € > 0, based on the singularity structure theorem (Theorem 
7.1.1), we can get a clear picture of the solution near the singular time as 
follows. 

Let (M, gi;(-,t)) be a maximal solution to the Ricci flow on the maxi- 
mal time interval [0,7) with T < +00, where M is a connected compact 
orientable three-manifold and the initial metric is normalized. For the given 
€ > 0 and the solution (M, gi;(-,t)), we can find r9 > 0 such that each point 
(x,t) with R(x,t) > rq? satisfies the derivative estimates 


(7301) |V R(x, t)| < nR2 (z,t) and 





a Rte.0) < 7R?(a,t), 
where 7) > 0 is a universal constant, and has a canonical neighborhood which 
is either an evolving e-neck, or an evolving €-cap, or a compact positively 
curved manifold (without boundary). In the last case the solution becomes 
extinct at the maximal time T and the manifold M is diffeomorphic to the 
round three-sphere S? or a metric quotient of S? by Theorem 5.2.1. 

Let Q denote the set of all points in M where the curvature stays 
bounded as t > T. The gradient estimates in (7.3.1) imply that is open 
and that R(z,t) + oo ast > T for each x € M\Q. 

If Q is empty, then the solution becomes extinct at time 7. In this case, 
either the manifold M is compact and positively curved, or it is entirely 
covered by evolving ¢-necks and evolving ¢-caps shortly before the maximal 
time T. So the manifold M is diffeomorphic to either S°, or a metric quotient 
of the round S°, or S?xS!, or RP?#RP*. The reason is as follows. Clearly, we 
only need to consider the situation that the manifold M is entirely covered 
by evolving ¢-necks and evolving ¢e-caps shortly before the maximal time 
T. If M contains a cap C, then there is a cap or a neck adjacent to the 
neck-like end of C. The former case implies that M is diffeomorphic to S°, 
RP?, or RP?#RP*. In the latter case, we get a new longer cap and continue. 
Finally, we must end up with a cap, producing a S?, RP*, or RP?#RP*. If 
M contains no caps, we start with a neck N. By connecting with the necks 
that are adjacent to the boundary of NV, we get a longer neck and continue. 
After a finite number of steps, the resulting neck must repeat itself. Since 
M is orientable, we conclude that M is diffeomorphic to S? x S!. 

We can now assume that Q is nonempty. By using the local derivative 
estimates of Shi (Theorem 1.4.2), we see that as t — T the solution gj;(-, t) 
has a smooth limit g;;(-) on 2. Let R(x) denote the scalar curvature of G;;. 
For any p < ro, let us consider the set 


Q, ={x €2| R(x) < p77}. 


By the evolution equation of the Ricci flow, we see that the initial metric 
gij(-,0) and the limit metric g;;(-) are equivalent over any fixed region where 
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the curvature remains uniformly bounded. Note that for any fixed x € OQ, 
and any sequence of points 7; € Q with x; — x with respect to the initial 
metric gi;(-,0), we have R(x;) — +00. In fact, if there were a subsequence 
z;, so that limp... R(x;,) exists and is finite, then it would follow from 
the gradient estimates (7.3.1) that R is uniformly bounded in some small 
neighborhood of x € OQ (with respect to the induced topology of the initial 
metric gj;(-,0)); this is a contradiction. From this observation and the com- 
pactness of the initial manifold, we see that Q, is compact (with respect to 
the metric ;;(-)). 

For further discussions, let us introduce the following terminologies. De- 
note by I an interval. 

Recall that an e-neck (of radius r) is an open set with a Riemannian 
metric, which is, after scaling the metric with factor r~?, e-close to the 
standard neck S? x I with the product metric, where S? has constant scalar 
curvature one and I has length 2e~! and the e-closeness refers to the C [e~"] 
topology. 

A metric on S? x I, such that each point is contained in some e-neck, is 
called an ¢-tube, or an e-horn, or a double <-horn, if the scalar curvature 
stays bounded on both ends, or stays bounded on one end and tends to 
infinity on the other, or tends to infinity on both ends, respectively. 

A metric on B? or RP® \ B® is called a e-cap if the region outside some 
suitable compact subset is an e-neck. A metric on B? or RP® \ B® is called 
an capped ¢-horn if each point outside some compact subset is contained 
in an e-neck and the scalar curvature tends to infinity on the end. 

Now take any e-neck in (Q,9;;) and consider a point x on one of its 
boundary components. If « € 2 \ Q,, then there is either an ¢-cap or an 
e-neck, adjacent to the initial e-neck. In the latter case we can take a point 
on the boundary of the second e-neck and continue. This procedure can 
either terminate when we get into 2, or an €-cap, or go on indefinitely, 
producing an ¢-horn. The same procedure can be repeated for the other 
boundary component of the initial e-neck. Therefore, taking into account 
that Q has no compact components, we conclude that each e-neck of (Q, 9i;) 
is contained in a subset of 2 of one of the following types: 

(a 
(b 
(7.3.2) (c 

(d 


(e) a double ¢-horn. 


























) an e-tube with boundary components in Q,, or 
) an e-cap with boundary in Q,, or 

) an e-horn with boundary in Q,, or 

) 


a capped e-horn, or 


Similarly, each e-cap of (Q, 9:;) is contained in a subset of Q of either 
type (b) or type (d). 

It is clear that there is a definite lower bound (depending on p) for the 
volume of subsets of types (a), (b) and (c), so there can be only a finite 
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number of them. Thus we conclude that there is only a finite number of 
components of 2 containing points of 2,, and every such component has 
a finite number of ends, each being an ¢-horn. On the other hand, every 
component of 2, containing no points of 12,, is either a capped e-horn, or a 
double ¢-horn. If we look at the solution at a slightly earlier time, the above 
argument shows each e-neck or ¢-cap of (M, gi;(-,t)) is contained in a subset 
of types (a) or (b), while the e-horns, capped ¢-horns and double ¢-horns 
(at the maximal time T) are connected together to form ¢-tubes and ¢-caps 
at the times t shortly before T. 






double e-horn 
capped e-horn 


Hence, by looking at the solution at times shortly before T’, we see that 
the topology of M can be reconstructed as follows: take the components 
Q;, 1 < 7 < k, of Q which contain points of (Q,, truncate their e-horns, 
and glue to the boundary components of truncated 9; a finite collection 
of tubes S? x I and caps B® or RP® \ B?. Thus, M is diffeomorphic to a 
connected sum of 2, 1 < j < k, with a finite number of copies of S? x S! 
(which correspond to gluing a tube to two boundary components of the same 
Q;), and a finite number of copies of RP*. Here Q; denotes 0; with each 
e-horn one point compactified. More geometrically, one can get 2; in the 
following way: in every e-horn of 9; one can find an e-neck, cut it along 
the middle two-sphere, remove the horn-shaped end, and glue back a cap (or 
more precisely, a differentiable three-ball). Thus to understand the topology 
of M, one only needs to understand the topologies of the compact orientable 
three-manifolds 0;, 1<j<k. 

Naturally one can evolve each 0, by the Ricci flow again and, when 
singularities develop again, perform the above surgery for each ¢-horn to get 
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new compact orientable three-manifolds. By repeating this procedure indef- 
initely, it will likely give a long-time “weak” solution to the Ricci flow. The 
following abstract definition for this kind of “weak” solution was introduced 
by Perelman in [108] . 


Definition 7.3.1. Suppose we are given a (finite or countably infinite) 
collection of three-dimensional smooth solutions of, (t) to the Ricci flow de- 
fined on M;, x [t, ,t{/) and go singular as t — t/, where each manifold My 
is compact and orientable, possibly disconnected with only a finite number 
of connected components. Let (Qx, gt.) be the limits of the corresponding 
solutions gf, (t) ast > c as above. Suppose also that for each k we have 
f =4) 4; and thet (ag) and (Mz, of (t, )) contain compact (pos- 
sibly disconnected) three-dimensional submanifolds with smooth boundary 
which are isometric. Then by identifying these isometric submanifolds, we 
say the collection of solutions gf,(t) is a solution to the Ricci flow with 
surgery (or asurgically modified solution to the Ricci flow) on the time 
interval which is the union of all pet.) and say the times a are surgery 
times. 


To get the topology of the initial manifold from the solution to the Ricci 
flow with surgery, one has to overcome the following two difficulties: 


(i) how to prevent the surgery times from accumulating? 
(ii) how to obtain the long time behavior of the solution to the Ricci 
flow with surgery? 


Thus it is natural to consider those solutions having “good” properties. 
For any arbitrarily fixed positive number ¢, we will only consider those 
solutions to the Ricci flow with surgery which satisfy the following a priori 
assumptions (with accuracy ¢). 


Pinching assumption. The eigenvalues \ > pp > v of the curvature 
operator of the solution to the Ricci flow with surgery at each point and 
each time satisfy 


(7.33) R> (—v)[log(—v) + log(1 + t) — 3] 
whenever v < 0. 


Canonical neighborhood assumption (with accuracy ¢). For 
any given € > 0, there exist positive constants C; and C2 depending only 
on €, and a nonincreasing positive function r : [0,+00) — (0,+00) such 
that at each time t > 0, every point x where scalar curvature R(z,t) is at 
least r~?(t) has a neighborhood B, with B;(x,c) C B C B,(x,2c) for some 
0 7< Ci R72 (x, t), which falls into one of the following three categories: 


(a) Bisastrong e-neck (in the sense B is the slice at time t of the par- 
abolic neighborhood {(z’,t’) | 2’ € B,t’ € [t — R(a,t)~1, t]}, where 
the solution is well defined on the whole parabolic neighborhood 
and is, after scaling with factor R(«,t) and shifting the time to 
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zero, €-close (in the ola topology) to the subset (S? x I) x [—1, 0] 
of the evolving standard round cylinder with scalar curvature 1 to 
S? and length 2e~! to I at time zero), or 

(b) B is an €-cap, or 

(c) B is a compact manifold (without boundary) of positive sectional 
curvature. 


Furthermore, the scalar curvature in B at time t is between Cy'R(a,t) and 
C2R(x,t), satisfies the gradient estimates 


OR 
(7.3.4) |VR| <R2 and = < RP’, 


and the volume of B in case (a) and case (b) satisfies 
(C2R(a,t))~? < Vol,(B) < eo°. 
Here 77 is a universal positive constant. 


Without loss of generality, we always assume the above constants Cj 
and C2 are twice bigger than the corresponding constants C)(5) and C(§) 
in Theorem 6.4.6 with the accuracy 5. 

We remark that the above definition of the canonical neighborhood as- 
sumption is slightly different from that of Perelman in in two aspects: 
(1) it allows the parameter r to depend on time; (2) it also includes an 
volume upper bound for the canonical neighborhoods of types (a) and (b). 

Arbitrarily given a compact orientable three-manifold with a Riemann- 
ian metric, by scaling, we may assume the Riemannian metric is normalized. 
In the rest of this section and the next section, we will show the Ricci flow 
with surgery, with the normalized metric as initial data, has a long-time 
solution which satisfies the above a priori assumptions and has only a finite 
number of surgery times at each finite time interval. The construction of 
the long-time solution will be given by an induction argument. 

First, for the arbitrarily given compact orientable normalized three- 
dimensional Riemannian manifold (M, g;;(x)), the Ricci flow with it as initial 
data has a maximal solution g;;(z,t) on a maximal time interval [0, 7) with 
T > 1. It follows from Theorem 5.3.2 and Theorem 7.1.1 that the a priori 
assumptions (with accuracy ¢) hold for the smooth solution on [0,7). If 

= +00, we have the desired long time solution. Thus, without loss of 
generality, we may assume the maximal time T' < +00 so that the solution 
goes singular at time 7’. 

Suppose that we have a solution to the Ricci flow with surgery, with the 
normalized metric as initial data, satisfying the a priori assumptions (with 
accuracy €), defined on [0,7) with T < +00, going singular at time T and 
having only a finite number of surgery times on [0,7). Let Q denote the set 
of all points where the curvature stays bounded as t > JT. As we have seen 
before, the canonical neighborhood assumption implies that Q is open and 
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that R(x,t) — co as t > T for all x lying outside 9. Moreover, as t > T, 
the solution gi;(x,t) has a smooth limit g;;(x) on . 

For some 6 > 0 to be chosen much smaller than ¢, we let p = 6r(T’) where 
r(t) is the positive nonincreasing function in the definition of the canonical 
neighborhood assumption. We consider the corresponding compact set 


ON, = {xe Q| R(x) < p*}, 


where R(x) is the scalar curvature of g;;. If 2, is empty, the manifold (near 
the maximal time T) is entirely covered by ¢-tubes, ¢-caps and compact 
components with positive curvature. Clearly, the number of the compact 
components is finite. Then in this case the manifold (near the maximal 
time T) is diffeomorphic to the union of a finite number of copies of S, or 
metric quotients of the round S?, or S? x S!, or a connected sum of them. 
Thus when (2, is empty, the procedure stops here, and we say the solution 
becomes extinct. We now assume 2, is not empty. Then we know that 
every point x € .\ Q, lies in one of the subsets of Q listed in (7.3.2), or in 
a compact component with positive curvature, or in a compact component 
which is contained in 2 \ Q, and is diffeomorphic to either S?, or S? x S! 
or RP?#RP?. Note again that the number of the compact components 
is finite. Let us throw away all the compact components lying in Q \ Q, 
and all the compact components with positive curvature, and then consider 
those components Q;, 1 < j < k, of Q which contain points of Q,. (We 
will consider those components of 2 \ Q, consisting of capped e-horns and 
double ¢-horns later). We will perform surgical procedures, as we roughly 
described before, by finding an e-neck in every horn of 2;, 1 < 7 < k, and 
then cutting it along the middle two-sphere, removing the horn-shaped end, 
and gluing back a cap. 

In order to maintain the a priori assumptions with the same accuracy 
after the surgery, we will need to find sufficient “fine” necks in the e-horns 
and to glue sufficient “fine” caps. Note that 6 > 0 will be chosen much 
smaller than ¢ > 0. The following lemma due to Perelman gives us 
the “fine” necks in the e-horns. (At the first sight, we should also cut off all 
those ¢-tubes and e-caps in the surgery procedure. However, in general we 
are not able to find a “fine” neck in an ¢-tube or in an €-cap, and surgeries 
at “rough” e-necks will certainly lose some accuracy. If we perform surgeries 
at the necks with some fixed accuracy ¢ in the high curvature region at each 
surgery time, then it is possible that the errors of surgeries may accumulate 
to a certain amount so that at some later time we cannot recognize the 
structure of very high curvature regions. This prevents us from carrying out 
the whole process in finite time with a finite number of steps. This is the 
reason why we will only perform the surgeries at the ¢-horns.) 


Lemma 7.3.2 (Perelman [108]). Given 0 < € < 7,0 < 6 < € and 
0<T < +o, there exists a radius 0 < h < dp, depending only on 6 and 
r(T), such that if we have a solution to the Ricci flow with surgery, with a 
normalized metric as initial data, satisfying the a priori assumptions (with 
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accuracy €), defined on [0,T), going singular at time T and having only a 
finite number of surgery times on [0,T), then for each point x with h(x) = 
R-2(x) <h in an e-horn of (Q, 9:3) with boundary in Q,, the neighborhood 
Br(x2,6-'h(x)) = {y € Q | dr(y,x) < d-'h(x)} is a strong 5-neck (i.e., 
Br(x,6 'h(x)) x [T — h?(x),T] is, after scaling with factor h~?(x), 5-close 
(in the cle) topology) to the corresponding subset of the evolving standard 
round cylinder S? x R over the time interval [—1,0] with scalar curvature 1 
at time zero). 


- WE) 


strong 6-neck Q, 


Proof. The following proof is essentially given by Perelman (cf. 4.3 of 
108]). 

We argue by contradiction. Suppose that there exists a sequence of 
solutions gf.(-, 8); k = 1,2,..., to the Ricci flow with surgery, satisfying 
the a priori assumptions (with accuracy ¢), defined on [0,7) with limit 
metrics (OF, 5), k = 1,2,..., and points x", lying inside an e-horn of 2* 
with boundary in oF and having h(x") — 0 such that the neighborhoods 
Br(a*,6-th(x*)) = {y € OF | dr(y, x") < 6-'h(a*)} are not strong 6-necks. 

Let G.(-, t) be the solutions obtained by rescaling by the factor R(«*) = 
h-*(2*) around «* and shifting the time T to the new time zero. We now 


want to show that a subsequence of G.(-,t), k = 1,2,..., converges to the 
evolving round cylinder, which will give a contradiction. 
Note that GK.(-,t), & = 1,2,..., are solutions modified by surgery. So, 


we cannot apply Hamilton’s compactness theorem directly since it is stated 
only for smooth solutions. For each (unrescaled) surgical solution gf,(-,t), 
we pick a point z*, with R(z*) = 2C#(e)p~?, in the e-horn of (Q*, Gk.) 
with boundary in a where Co(¢) is the positive constant in the canonical 
neighborhood assumption. From the definition of ¢-horn and the canonical 
neighborhood assumption, we know that each point x lying inside the e-horn 
of (OF, 5k.) with dx (ae, %) = don (z*, 0%) has a strong e-neck as its canonical 
neighborhood. Since h(x*) — 0, each x* lies deeply inside an e-horn. Thus 
for each positive A < +00, the rescaled (surgical) solutions GE t) with the 


k 


marked origins 7” over the geodesic balls Br. 0) (a*, A), centered at x* of 
ays? 


radii A (with respect to the metrics Gi (-,0)), will be smooth on some uniform 

(size) small time intervals for all sufficiently large k whenever the curvatures 

of the rescaled solutions ie at t = 0 in Boe (. 9) (2, A) are uniformly bounded. 
wj\? 
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In such a situation, Hamilton’s compactness theorem is applicable. Then we 
can apply the same argument as in the second step of the proof of Theorem 
7.1.1 to conclude that for each A < +00, there exists a positive constant 
C(A) such that the curvatures of the rescaled solutions Ti (-, t) at the new 
time 0 satisfy the estimate 


|my|(y,0) < C(A) 


whenever d3x (. 9) (y,v*) < A and k > 1; otherwise we would get a piece of 
aj? 


a non-flat nonnegatively curved metric cone as a blow-up limit, which con- 
tradicts Hamilton’s strong maximum principle. Moreover, by Hamilton’s 
compactness theorem (Theorem 4.1.5), a subsequence of the rescaled solu- 
tions Gi,(-,t) converges to a Cy, limit 9??(-,t), defined on a spacetime set 
which is relatively open in the half spacetime {t < 0} and contains the time 
slice t = 0. 

By the pinching assumption, the limit is a complete manifold with non- 
negative sectional curvature. Since «* was contained in an ¢-horn with 
boundary in OF and h(x*)/p — 0, the limiting manifold has two ends. 
Thus, by Toponogov’s splitting theorem, the limiting manifold admits a 
metric splitting ©? x R, where d? is diffeomorphic to the two-sphere S? 
because x* was the center of a strong e-neck. 

By combining with the canonical neighborhood assumption (with accu- 
racy €), we see that the limit is defined on the time interval [—1,0] and is 
é-close to the evolving standard round cylinder. In particular, the scalar 
curvature of the limit at time t = —1 is e-close to 1/2. 

Since h(a") /p — 0, each point in the limiting manifold at time t = —1 
also has a strong ¢-neck as its canonical neighborhood. Thus the limit is 
defined at least on the time interval |—2,0] and the limiting manifold at time 
t = —2 is, after rescaling, ¢-close to the standard round cylinder. 

By using the canonical neighborhood assumption again, every point in 
the limiting manifold at time t = —2 still has a strong e-neck as its canonical 
neighborhood. Also note that the scalar curvature of the limit at t = —2 
is not bigger than 1/2 +e. Thus the limit is defined at least on the time 
interval [—3, 0] and the limiting manifold at time t = —3 is, after rescaling, 
é-close to the standard round cylinder. By repeating this argument we prove 
that the limit exists on the ancient time interval (—oo, 0]. 

The above argument also shows that at every time, each point of the 
limit has a strong ¢-neck as its canonical neighborhood. This implies that the 
limit is «-noncollaped on all scales for some & > 0. Therefore, by Theorem 
6.2.2, the limit is the evolving round cylinder S? x R, which gives the desired 
contradiction. 














In the above lemma, the property that the radius h depends only on 6 
and the time 7 but is independent of the surgical solution is crucial; oth- 
erwise we will not be able to cut off enough volume at each surgery to 
guarantee the number of surgeries being finite in each finite time interval. 
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We also remark that the above proof actually proves a stronger result: the 
parabolic region {(y,t) | y € Br(a,d-'h(z)),t € [T —6-7h?(zx), T]} is, after 
scaling with factor h~?(a), d-close (in the cle") topology) to the corre- 
sponding subset of the evolving standard round cylinder S? x R over the 
time interval [—d~?,0] with scalar curvature 1 at the time zero. This fact 
will be used later in the proof of Proposition 7.4.1. 

We next want to construct “fine” caps. Take a rotationally symmet- 
ric metric on R® with nonnegative sectional curvature and positive scalar 
curvature such that outside some compact set it is a semi-infinite standard 
round cylinder (i.e. the metric product of a ray with the round two-sphere 
of scalar curvature 1). We call such a metric on R® a standard capped 
infinite cylinder. By the short-time existence theorem of Shi (Theorem 
1.2.3), the Ricci flow with a standard capped infinite cylinder as initial data 
has a complete solution on a maximal time interval [0, 7) such that the cur- 
vature of the solution is bounded on R® x [0,7"] for each 0 < T’ < T. Such 
a solution is called a standard solution by Perelman {108}. 

The following result, proved by Chen and the second author in [35], gives 
the curvature estimate for standard solutions. This curvature estimate in the 
special case, when the dimension is three and the initial metric is rotationally 
symmetric, was first claimed by Perelman in [108]. 


Proposition 7.3.3. Let gj; be a complete Riemannian metric on R” 
(n > 3) with nonnegative curvature operator and positive scalar curvature 
which is asymptotic to a round cylinder of scalar curvature 1 at infinity. 
Then there is a complete solution gi;(-,t) to the Ricci flow, with gi; as initial 


metric, which exists on the time interval [0,25+), has bounded curvature at 


2 
each time t € [0, 45+), and satisfies the estimate 


C71 


Rat) > — 
~o- 


for some C' depending only on the initial metric gj;. 


Proof. Since the initial metric has bounded curvature operator and a 
positive lower bound on its scalar curvature, the Ricci flow has a solution 
gij(-,t) defined on a maximal time interval (0,7) with T < co which has 
bounded curvature on R” x [0, T”] for each 0 < T’ < T. By Proposition 2.1.4, 
the solution gj;(-,t) has nonnegative curvature operator for all t € [0,7). 
Note that the injectivity radius of the initial metric has a positive lower 
bound. As we remarked at the beginning of Section 3.4, the same proof 
of Perelman’s no local collapsing theorem I concludes that gj;(-,t) is K- 
noncollapsed on all scales less than VT for some & > 0 depending only on 
the initial metric. 

We will first prove the following assertion. 
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Claim 1. There is a positive function w : [0,co) — [0,00) depending 
only on the initial metric and « such that 


R(a,t) < Rly, t)w(R(y, t)d? (x, y)) 
for all x,y € R”, t € (0,7). 


The proof is similar to that of Theorem 6.4.3. Notice that the initial 
metric has nonnegative curvature operator and its scalar curvature satisfies 
the bounds 


(7.3.5) CRG) <0 


for some positive constant C. By the maximum principle, we know T > 
wo and R(z,t) < 2C for t € [0,74]. The assertion is clearly true for 
t€ (0, zl]. 

Now fix (y, to) € R" x [0, 7) with tp > wo: Let z be the closest point to y 
with the property R(z, to)d?,(z, y) = 1 (at time to). Draw a shortest geodesic 
from y to z and choose a point Z on the geodesic satisfying d;.(z,Z) = 


1R(z,to)~?, then we have 


1 
1 1 ~2 
R(x, to) < —————_— on B; (2 7Rle.t0) Vs 
($R(z,to)~2)? oa 
Note that R(x,t) > C7! everywhere by the evolution equation of the 
scalar curvature. Then by the Li-Yau-Hamilton inequality (Corollary 2.5.5), 


for all (x,t) € Big(Z, gta R(z, to)~?) x [to — (gg R(z, to) 2)”, to], we have 


to 1 
R(x,t) < —— a es 
to — (<3) ($R(,t)-?) 
1 Mima 
= | oR to)-4] 


Combining this with the «-noncollapsing property, we have 


ag ak z i a? 
Vol (Bi ( R(z, to) )) >K (orteto) :) 
and then 


© BnC 
Vol (Boo (z,8R(z,t0)"#)) > K (aac) (8RG@,to)-?) 


So by Theorem 6.3.3 (ii), we have 


NIF 


R(a,to) < C(k)R(z,to) for all « € By (2,4R(2,to)"?) : 


Here and in the following we denote by C(«) various positive constants 
depending only on «,7 and the initial metric. 
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Now by the Li-Yau-Hamilton inequality (Corollary 2.5.5) and local gra- 
dient estimate of Shi (Theorem 1.4.2), we obtain 


R(a,t) < C(K)R(z,to) and aR (x,t) < C(k)(R(z, to))” 





for all (@,t) € Biy(z,2R(z,to)~2)) x [to — (gto R(z, to)~ 2)”, to]. Therefore 
by combining with the Harnack estimate (Corollary 2.5.7), we obtain 


R(y, to) > C(x) 1 R(z, to — C(«) 1 R(z, to) 1) 
> CK)? R(z, to) 


Consequently, we have showed that there is a constant C(«) such that 


Vol (Bio (y, R(y,to)~#) ) = C(x) (Rly, to)-#) » 
and 
R(x,to) < C(k)R(y,to) for all « € Bi (vy, Rly, to)-) : 


In general, for any r > R(y, to)-2, we have 


Vol (Big (y,7)) = C(x) (r? Ry, to)” 27”. 


By applying Theorem 6.3.3(ii) again, there exists a positive constant 
w(r?R(y, to)) depending only on the constant r7R(y,to) and « such that 


1 
R(a, to) < Rly, to)w(r?R(y,to)) for all x € Br (u =) : 


This proves the desired Claim 1. 

Now we study the asymptotic behavior of the solution at infinity. For any 
0 < to < T, we know that the metrics g;;(x,t) with t € [0,to] has uniformly 
bounded curvature. Let x, be a sequence of points with do(xo, rp.) — co. 
After passing to a subsequence, gj;(x,t) around x, will converge to a solution 
to the Ricci flow on R x S"~! with round cylinder metric of scalar curvature 
1 as initial data. Denote the limit by g;;. Then by the uniqueness theorem 
(Theorem 1.2.4), we have 


n—-1 


R(a,t) = — ; for all ¢ € [0, to]. 





n—-1 


2 


It follows that T < not In order to show T = ao it suffices to prove the 
following assertion. 





Claim 2. Suppose T < nt Fix a point zo € R”, then there is a 
6 >0, such that for any x € M with do(x, 29) > 6—', we have 
-—1 
Rad S90 for all t € [0,T), 


2 
where C is the constant in (7.3.5). 
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In view of Claim 1, if Claim 2 holds, then 


n-1 n-1 
sup R(y,t)<w(|6-? 20 + —— 20 + —— 
M"x(0,7) ae ( are aes 


< 0O 


which will contradict the definition of T’. 
To show Claim 2, we argue by contradiction. Suppose for each 6 > 0, 
there is a point (x5,ts) with 0 < ts < T such that 


—1 
R(a5,ts) > 2C + =a and do(x5,29) > 6-1. 
n=l _ t5 
Let 


a 1 
ts = sup t| sup R(y, ‘20 he : 
M™\ Bo(x0,67!) => —t 


n=l 
Since lm R(y,t) = + and SUP x (0,44] R(y,t) < 2C, we know 
do(y,x0)—00 gt Ino 
ao < ts < ts and there is a %5 such that do(xo,Z5) > 6-1 and R(#5,ts) = 


30 - coe By Claim 1 and Hamilton’s compactness theorem (Theorem 
4.1.5), for 5 — 0 and after taking a subsequence, the metrics g;;(x,t) on 
Bo(Zs, a) over the time interval [0,t5] will converge to a solution g;; on 


R x S"~! with the standard metric of scalar curvature 1 as initial data over 
the time interval [0,t..], and its scalar curvature satisfies 


: = = 
ED SP ROO 
o n—1 = 
lat) < 2C + m1 _ 7” for all te€ [0,fse1 
i aS 


where (Zoo, too) is the limit of (5,5). On the other hand, by the uniqueness 
theorem (Theorem 1.2.4) again, we know 


R(Z.0, too) = —2 — 
a a 
which is a contradiction. Hence we have proved Claim 2 and then have 
verified T = 4= 
Now we are ready to show 
(Cm al 
(7.3.6) R(w,t) > sy, for alll (w,t) ER" x lo, “—), 





for some positive constant C’ depending only on the initial metric. 
n 


For any (x,t) € R” x [0, 25+), by Claim 1 and «-noncollapsing, there is 
a constant C(«K) > 0 such that 


Vol (By(x, R(az,t)~2)) > C(«) (R(x, t)72)”. 
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Then by the well-known volume estimate of Calabi-Yau (see for example 
or [116]) for complete manifolds with Ric > 0, for any a > 1, we have 


Vol ,(B,(x, a(x, t)~2)) COIS (RY. 


On the other hand, since (R”, g;;(-,t)) is asymptotic to a cylinder of scalar 


curvature (45+) /(454 — 1), for sufficiently large a > 0, we have 


Vol; (« (« t)) aCe & -“)" 


Combining the two inequalities, for all sufficiently large a, we have: 








n n—1 
—1 3 = -t 
cinya (* -1) > Vol; | Bi | z,a Z R(x, t)~? 
R(z,t)-2 
a meee 1\n 
> O(n) 7S | =, | (Re?) ", 
8n \ R(x, t)~2 


which gives the desired estimate (7.3.6). Therefore the proof of the propo- 
sition is complete. 














We now fix a standard capped infinite cylinder for dimension n = 3 
as follows. Consider the semi-infinite standard round cylinder No = S? x 
(—oo, 4) with the metric go of scalar curvature 1. Denote by z the coordinate 
of the second factor (—oo,4). Let f be a smooth nondecreasing convex 
function on (—oo, 4) defined by 
f(z) =0, 2<0, 
2 
f(z)=ce#, 2€ (0,3), 
(ioe) 
f() is strictly convex on z € [3, 3.9], 


f(z) =—4Flog(16 — 2”), z€ [3.9,4), 


where the (small) constant c > 0 and (big) constant P > 0 will be deter- 
mined later. Let us replace the standard metric go on the portion S? x [0, 4) 
of the semi-infinite cylinder by g = e~?/g9. Then the resulting metric g will 
be smooth on R? obtained by adding a point to S? x (—o0,4) at z = 4. We 
denote by C(c, P) = (R?,g). Clearly, C(c, P) is a standard capped infinite 
cylinder. 

We next use a compact portion of the standard capped infinite cylinder 
C(c, P) and the 6-neck obtained in Lemma 7.3.2 to perform the following 
surgery procedure due to Hamilton [66]. 

Consider the metric g at the maximal time T’ < +oo. Take an ¢-horn 
with boundary in 2,. By Lemma 7.3.2, there exists a d-neck N of radius 


0 <h < 6p in the e-horn. By definition, (N,h~g) is 6-close (in the ole" 
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topology) to the standard round neck S? x I of scalar curvature 1 with 
I = (—6~',5~'). Using the parameter z € I, we see the above function f is 
defined on the d-neck N. 

Let us cut the d-neck N along the middle (topological) two-sphere 
N(\{z = 0}. Without loss of generality, we may assume that the right hand 
half portion N(){z > 0} is contained in the horn-shaped end. Let y be a 
smooth bump function with y = 1 for z < 2, and y = 0 for z > 3. Construct 
a new metric g on a (topological) three-ball B? as follows 














9, 2=1 
(7.3.8) g= on'g eee 

ye "Fg +(1—p)eFh?go, 2 € [2,3], 

he! go, z € [3,4]. 














The surgery is to replace the horn-shaped end by the cap (B®, 4). We call 
such surgery procedure a 6-cutoff surgery. 

The following lemma determines the constants c and P in the 6-cutoff 
surgery so that the pinching assumption is preserved under the surgery (cf 
4.4 of Perelman [108}). 


Lemma 7.3.4 (Justification of the pinching assumption). There are 
universal positive constants d9, Co and Py such that if we take a 6-cutoff 
surgery at a 6-neck of radius h at time T with 6 < 69 and h~? > 2e? log(1+ 
T), then we can choose c = cy and P = Pp in the definition of f(z) such 
that after the surgery, there still holds the pinching condition 


(7.3.9) R > (—v)flog(—v) + log(1 + T) — 3] 


whenever ? <0, where R is the scalar curvature of the metric g and i is the 
least eigenvalue of the curvature operator of g. Moreover, after the surgery, 
any metric ball of radius 6-2h with center near the tip (1.e., the origin of 
the attached cap) is, after scaling with factor h-~?, 62 -close (in the ce 3 
topology) to the corresponding ball of the standard capped infinite cylinder 
C(co, Po). 


Proof. First, we consider the metric g on the portion {0 < z < 2}. 
Under the conformal change g = e~2/9, the curvature tensor Rizr is given 
by 


Rijn = 74 [Rijn +|V EF? (GiGje — Gnd) + (fim + fife) Gj 


+(fa+ Giga — (fa t+ feline — (Sak + Fite) Ga |: 
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Lif, = Fix} is an orthonormal frame for g;;, then {F, = e/ F, = pri 2} 


is an orthonormal frame for g;;. Let 
ae Rijn FUR FF", 
Rote’ = Rij FLED B® F', 
then 
(7.3.10) Rabea = e! | Rabed +|FFI?(SaaSte — Sacdba) + (fac + fa fe) ea 


+ (foa + fofa)oac ia aa + Fatd) Ope oT (foe a Tetelad 5 
and 
(7.3.11) R=eF(R+4Af —2|Vf\|°). 


Since 
ne d?f ee P? 2P 
dz 9 qa : 


Ze oe 
then for any small 6 > 0, we may choose c > 0 small and P > 0 large such 


that for z € [0,3], we have 
df \? 
— 6 
(iz) |< 


On the other hand, by the definition of 6-neck of radius h, we have 


ey @f 


a ae 


df 
3.12 ees Amen es 
(3.12) le + |Z] + 








9 _ h? golao < oh”, 


oO 
IV? lao < 6h, for 1.< 7-<)[6- 4), 
where go is the standard metric of the round cylinder S? x R. Note that in 
three dimensions, we can choose the orthonormal frame {F}, F2, £3} for the 


metric g so that its curvature operator is diagonal in the orthonormal frame 
{/2Fy A F3,./2F3 \ F,, /2F, A Fo} with eigenvalues 7 < ji < \ and 


D = 2Ro303, f= 2Rsi31, A= 2Ryo12. 


Since h~2g is d-close to the standard round cylinder metric go on the 5-neck, 
we have 


|R3131| + |Ro323| < 58h-2, 
(7.3.13) |Riig — $h-2| < d8h-2, 
Many, oan: 
for suitably small 6 > 0. Since Vaz = Vz(Fa) and VaVoz = V2z(Fy, Fs), it 
follows that 
\V3z—ho}| < dhe}, 
|Viz| + |Vez| < bsh-!, 
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and ae : 

|\VaVoz|<68h-*, for 1<a,b<3. 
By combining with 


2 
# FE avez + LoVe 


Wot = 20.2, VaVof = 
dz 
and (7.3.12), we get 
\Vaf| < 20n 78, for 1<a<3, 
(7.3.14) \VaVof| < pin 2f, unless a = b = 3, 
|VaVaf —h2Eg| < sth-2g. 
By combining (7.3.10) and (7.3.14), we have 
2 
Rios > Rin — (62 + 68)h~ , 
2, 
(7.3.15) Rais > Raisi + (1— 02 — 58)n 2g, 
Ro303 > Rogog + (1 — 0? — bs)h 2h, 
|Rabeal < (02 + bs)h 2h, f otherwise, 





where @ and 6 are suitably small. Then it follows that 


i, 7 2 
R> R+ [4-603 +02) ne, 
dz? 


dz?’ 





b <p — [2—-2(03 + 63)Jh 


for suitably small @ and 6. 
If 0 < —v < e?, then by the assumption that h~? > 2e? log(1 + T), we 
have 


> (—v)|log(—v) + log(1 + T) — 3]. 
While if —i > e?, then by the pinching estimate of g, we have 
R>R 
> (-p)[log(—7) + log(1 +7) — 3] 
> (-i)flog(—#) + log(1 +7) — 3]. 
So we have verified the pinching condition on the portion {0 < z < 2}. 


Next, we consider the metric g on the portion {2 < z < 4}. Let 6 bea 
fixed suitably small positive number. Then the constant c = cp and P = Po 





are fixed. So ¢ = minzeji,4] af > 0 is also fixed. By the same argument 
as in the derivation of (7.3.15) from (7.3.10), we see that the curvature of 
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the metric g = e~*/ gq of the standard capped infinite cylinder C'(co, Po) on 
the portion {1 < z < 4} is bounded from below by 2¢ > 0. Since h~?g is 
6-close to the standard round metric go, the metric h~?g defined by (7.3.8) 
is clearly 6 i-close to the metric g =e go of the standard capped infinite 
cylinder on the portion {1 < z < 4}. Thus as 6 is sufficiently small, the 
curvature operator of g on the portion {2 < z < 4} is positive. Hence the 
pinching condition (7.3.9) holds trivially on the portion {2 < z < 4}. 

The last statement in Lemma 7.3.4 is obvious from the definition (7.3.8). 
0 


Recall from Lemma 7.3.2 that the 6-necks at a time t > 0, where we per- 
formed Hamilton’s surgeries, have their radii 0 < h < 6p = 6?r(t). Without 
loss of generality, we may assume the positive nonincreasing function r(t) in 
the definition of the canonical neighborhood assumption is less than 1 and 
the universal constant 69 in Lemma 7.3.4 is also less than 1. We define a 
positive function 6(t) by 





1 
2e? log(1 + t) 


From now on, we always assume 0 < 6 < 6(t) for any 6-cutoff surgery 
at time t > O and assume c = cg and P = Py. As a result, the standard 
capped infinite cylinder and the standard solution are also fixed. The fol- 
lowing lemma, which was claimed by Perelman in [108], gives the canonical 
neighborhood structure for the fixed standard solution. 


(7.3.16) d(t) = min { Jo} for t € [0, +00). 


Lemma 7.3.5. Let gj;(x,t) be the above fixed standard solution to the 
Ricci flow on R? x [0,1). Then for any ¢ > 0, there is a positive constant 
C(e) such that each point (x,t) € R? x (0,1) has an open neighborhood B, 
with Bi(a,r) C BC B(x, 2r) for someO<r< C(e)R(a,t)~2, which falls 
into one of the following two categories: either 

(a) B is an €-cap, or 

(b) B is an e-neck and it is the slice at the time t of the parabolic neigh- 
borhood Bi(x,e—' R(x, t)~2) x [ft — min{ R(z,t)~!,t},t], on which 
the standard solution is, after scaling with the factor R(ax,t) and 
shifting the time t to zero, €-close (in the cle") topology) to the 
corresponding subset of the evolving standard cylinder S? x R over 
the time interval |— min{tR(a,t),1},0] with scalar curvature 1 at 
the time zero. 


Proof. The proof of the lemma is reduced to two assertions. We now 
state and prove the first assertion which takes care of those points with times 
close to 1. 


Assertion 1. For any ¢ > 0, there is a positive number 6 = 6(€) with 
0 <@ <1 such that for any (x9, to) € R? x (0,1), the standard solution on 


the parabolic neighborhood B,,(2,¢~! R(z0, io) 2) x [to —€7? R(x0, to) 1, to] 
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is well-defined and is, after scaling with the factor R(, to), ¢-close (in the 
cle" topology) to the corresponding subset of some orientable ancient k- 
solution. 


We argue by contradiction. Suppose Assertion 1 is not true, then there 
exist € > 0 and a sequence of points (xx, t,) with t, — 1, such that for each 
k, the standard solution on the parabolic neighborhood 


By, (th, €- Rae, te) 2) X [te — E-2 Rep, te) +, te] 


is not, after scaling by the factor R(xz,t,), close to the corresponding 
subset of any ancient «-solution. Note that by Proposition 7.3.3, there is a 
constant C > 0 (depending only on the initial metric, hence it is universal ) 
such that R(x,t) > C~'/(1—t). This implies 


eR a) << Ce = tr) < tr, 


and then the standard solution on the parabolic neighborhood By, (<p, 
2-1 R(xp, th) 72) x [t, — 2-7 R(xp, ty) ~!, te] is well-defined for k large. By 
Claim 1 in the proof of Proposition 7.3.3, there is a positive function w : 


(0, co) — [0, 00) such that 
R(x, th) < R(xp, th)w(R(we, te) dz, (w, 2e)) 


for all  € R°. Now by scaling the standard solution gij(-,t) around a, with 
the factor R(x, t;,) and shifting the time t, to zero, we get a sequence of the 
rescaled solutions a, (x,t) = R(xp, te) gij(@, te t+t/R(xp, ty)) to the Ricci flow 
defined on R? with t € [—R(apz, ty)tz, 0]. We denote the scalar curvature and 
the distance of the rescaled metric af by R¥ and d. By combining with Claim 
1 in the proof of Proposition 7.3.3 and the Li-Yau-Hamilton inequality, we 
get 


R¥(x,0) < w(do(x, vx)) 


~ ~ t 
R¥ (a, t) Se idea kJ tk 
t+ Rap, ty )tp 


for any x € R? and t € (—R(2x, ty)tz, 0]. Note that R(xpz,tp)ty — oo by 
Proposition 7.3.3. We have shown in the proof of Proposition 7.3.3 that the 
standard solution is k-noncollapsed on all scales less than 1 for some k > 
0. Then from the «-noncollapsing property, the above curvature estimates 
and Hamilton’s compactness theorem, we know i (x,t) has a convergent 


w(do(x, rx)) 


subsequence (as k — oo) whose limit is an ancient, «-noncollapsed, complete 
and orientable solution with nonnegative curvature operator. This limit 
must have bounded curvature by the same proof of Step 3 in the proof of 
Theorem 7.1.1. This gives a contradiction. Hence Assertion 1 is proved. 

We now fix the constant 6(¢) obtained in Assertion 1. Let O be the 
tip of the standard capped infinite cylinder R® (it is rotationally symmetric 
about O at time 0, and it remains so as t > 0 by the uniqueness Theorem 
1.2.4). 
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Assertion 2. There are constants B,(¢) and B2(<¢) depending only on 
é, such that if (xo, to) € R® x (0,0) with d:,(20,O) < Bi(e), then there is a 
0 <r < Bo(e) such that B,(xo,7r) is an e-cap; if (x9, to) € R® x [0,0) with 
di, (ao, O) > By(e), then the parabolic neighborhood Bi, (29,7 R(20, ig) 2) 
x[to — min{ R(xo, to), to}, to] is after scaling with the factor R(ao, to) and 
shifting the time to to zero, ¢-close (in the C lew") topology) to the corre- 
sponding subset of the evolving standard cylinder S? x R over the time 
interval |— min{tpR(xo, to), 1},0] with scalar curvature 1 at time zero. 


Since the standard solution exists on the time interval [0,1), there is a 
constant Bo(<¢) such that the curvatures on [0,6(¢)] are uniformly bounded 
by Bo(e). This implies that the metrics in [0,0(€)] are equivalent. Note 
that the initial metric is asymptotic to the standard capped infinite cylin- 
der. For any sequence of points x, with do(O,x,) — ov, after passing to 
a subsequence, gjj(z,t) around a; will converge to a solution to the Ricci 
flow on R x S? with round cylinder metric of scalar curvature 1 as initial 
data. By the uniqueness theorem (Theorem 1.2.4), the limit solution must 
be the standard evolving round cylinder. This implies that there is a con- 
stant B,(e) > 0 depending on ¢« such that for any (xo,to) with to < O(e) 
and di,(%o,O) > Bi(e), the standard solution on the parabolic neighbor- 
hood By, (xo,e7!R(2x0, to) 2) x [to —min{ R(zo, to)~!, to}, to] is, after scaling 
with the factor R(xo, to), ¢-close to the corresponding subset of the evolv- 
ing round cylinder. Since the solution is rotationally symmetric around O, 
the cap neighborhood structures of those points xo with di) (xo,O) < Bi(e) 
follow directly. Hence Assertion 2 is proved. 

The combination of these two assertions proves the lemma. O 





Since there are only a finite number of horns with the other end con- 
nected to Q,, we perform only a finite number of such 6-cutoff surgeries at 
time T. Besides those horns, there could be capped horns and double horns 
which lie in Q\ Q,. As explained before, they are connected to form tubes 
or capped tubes at any time slightly before T. So we can regard the capped 
horns and double horns (of Q\ Q,) to be extinct and throw them away at 
time T. We only need to remember that the connected sums were broken 
there. Remember that we have thrown away all compact components, either 
lying in Q\ Q, or with positive sectional curvature, each of which is diffeo- 
morphic to either S°, or a metric quotient of S*, or S? x S! or RP?#RP*. So 
we have also removed a finite number of copies of S°, or metric quotients of 
S°, or S? x S! or RP?#RP® at the time T. Let us agree to declare extinct 
every compact component either with positive sectional curvature 
or lying in 2\ ,; in particular, this allows us to exclude the components 
with positive sectional curvature from the list of canonical neighborhoods. 


In summary, our surgery at time T consists of the following four proce- 
dures: 
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(1) perform 6-cutoff surgeries for all e-horns, whose other ends are con- 
nected to Q); 

(2) declare extinct every compact component which has positive sectional 
curvature; 

(3) throw away all capped horns and double horns lying in Q\ Q); 

(4) declare extinct all compact components lying in Q\ Qp. 


(In Sections 7.6 and 7.7, we will add one more procedure by declaring extinct 
every compact component which has nonnegative scalar curvature.) 


By Lemma 7.3.4, after performing surgeries at time T, the pinching 
assumption (7.3.3) still holds for the surgically modified manifold. With this 
surgically modified manifold (possibly disconnected) as initial data, we now 
continue our solution under the Ricci flow until it becomes singular again at 
some time T’(> T). Therefore, we have extended the solution to the Ricci 
flow with surgery, originally defined on [0,7) with T < +00, to the new time 
interval [0,7”) with T’ > T. By the proof of Theorem 5.3.2, we see that the 
solution to the Ricci flow with surgery also satisfies the pinching assumption 
on {0, 7”). It remains to verify the canonical neighborhood assumption (with 
accuracy ¢€) for the solution on the time interval [T,T’) and to prove that 
this extension procedure works indefinitely (unless it becomes extinct at 
some finite time) and that there exists at most a finite number of surgeries 
at every finite time interval. We leave these arguments to the next section. 

Before we end this section, we check the following two results of Perelman 
in which will be used in the next section to estimate the Li-Yau- 
Perelman distance of space-time curves which stretch to surgery regions. 
The proofs are basically given by Perelman (cf. 4.5 and 4.6 of [108}). 


Lemma 7.3.6 (Perelman [108]). For any 0 <¢< 1/100, 1< A< +c 
and 0 < 6 <1, one can find 6 = 6(A,0,¢) with the following property. 
Suppose we have a solution to the Ricci flow with surgery which satisfies 
the a priori assumptions (with accuracy €) on [0,T] and is obtained from 
a compact orientable three-manifold by a finite number of 6-cutoff surgeries 
with each 6 < 6. Suppose we have a cutoff surgery at time To € (0,T), let xo 
be any fixed point on the gluing caps (i.e., the regions affected by the cutoff 
surgeries at time Ty), and let Ty = min{T,Tp + 0h7}, where h is the cutoff 
radius around x9 obtained in Lemma 7.3.2. Then either 

(i) the solution is defined on P(x9,Tp, Ah,T, — To) = {(z,t) | x € 
Bi (xo, Ah), 
t € [T,T,]} and is, after scaling with factor h~? and shifting time 
Ty to zero, A~'-close to a corresponding subset of the standard 
solution, or 
the assertion (i) holds with T, replaced by some time t* € (Tp,T1), 
where tt is a surgery time; moreover, for each point in Bry (xo, Ah), 
the solution is defined fort € [Tp,t*) but is not defined past t* (i.e., 
the whole ball Bry (xo, Ah) is cut off at the time t*). 


— 
= 
7 

wa 
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Proof. Let Q be the maximum of the scalar curvature of the standard 
solution in the time interval [0,6] and choose a large positive integer N so 
that At = Gi) < en 'Q-'h?, where the positive constant 1) is given in 
the canonical neighborhood assumption. Set t, = 7o>+kAt, k =0,1,...,N. 

From Lemma 7.3.4, the geodesic ball Bry(xo,Aoh) at time To, with 
Ag = 6-2 is, after scaling with factor h~?, 6 2-close to the corresponding ball 
in the standard capped infinite cylinder with the center near the tip. Assume 
first that for each point in Byy(xo, Agh), the solution is defined on [To, t)]. 
By the gradient estimates (7.3.4) in the canonical neighborhood assumption 
and the choice of At we have a uniform curvature bound on this set for hie 
scaled metric. Then by the uniqueness theorem (Theorem 1.2.4), if 62 — 0 
(ie. Ag = ae +00), the solution with h~?-scaled metric will converge 
to the standard solution in the Cy. topology. Therefore we can define Aj, 
depending only on Ag and tending to infinity with Ao, such that the solution 
in the parabolic region P(x9, To, A1h, ti: -To) = {(zx,t) | x € Bi (xo, Ath), t € 
(To, To + (t1 — Tp)]} is, after scaling with factor h~? and shifting time Tp to 
ZEYO, A; '-close to the corresponding subset in the standard solution. In 
particular, the scalar curvature on this subset does not exceed 2Qh~?. Now 
if for each point in By(xo,Aih) the solution is defined on [Jo, tg], then 
we can repeat the procedure, defining A2, such that the solution in the 
parabolic region P(a9,Tp, Azh,t2 — To) = {(x,t) | « € Bilao, Agh),t € 
(To, To + (t2 — To)]} is, after scaling with factor h~? and shifting time Tp to 
zero, Az | close to the corresponding subset in the standard solution. Again, 
the scalar curvature on this subset still does not exceed 2Qh~?. Continuing 
this way, we eventually define Ay. Note that N is depends only on 6 and 
e. Thus there exists a positive 6 = 6(A,0,¢) such that for 6 < 6, we have 
Ag > Aj >-:: > Ay > A, and assertion (i) holds when the solution is 
defined on Bry (xo, Ajw—1yh) x [To, Ti]. 

The above argument shows that either assertion (i) holds, or there exists 
some k (0 < k < N—1) and a surgery time t* € (t,,t41] such that the 
solution on By, (29, Ah) is defined on [To, t*), but for some point of this set 
it is not defined past t*. Now we consider the latter case. Clearly the above 
argument also shows that the parabolic region P(xq,7p, Apyih,tt+ — To) = 
{(x,t) | «© € By(x, Apyih),t € [To,tt)} is, after scaling with factor h7? 
and shifting time 7 to zero, Aj,{-close to the corresponding subset in the 
standard solution. In particular, as time tends to tt, the ball Bry (xo, Apyih) 
keeps on looking like a cap. Since the scalar curvature on Bry) (xo, Ah) x 
(To, t.] does not exceed 2Qh~?, it follows from the pinching assumption, 
the gradient estimates in the canonical neighborhood assumption and the 
evolution equation of the metric that the diameter of the set Bry (xo, Arh) 
at any time t € [To,t*) is bounded from above by 46-2h. These imply that 
no point of the ball Br (ao, Ah) at any time near t* can be the center 
of a 6-neck for any 0 < 6 < 6(A,0,¢) with 6(A,@,e) > 0 small enough, 
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since 46~2h is much smaller than 6~!h. However the solution disappears 
somewhere in the set Br,(xo, Axh) at time t* by a cutoff surgery and the 
surgery is always done along the middle two-sphere of a d-neck. So the set 
Br (xo, Agh) at time t* is a part of a capped horn. (Recall that we have 
declared extinct every compact component with positive curvature and every 
compact component lying in 2 \Q,). Hence for each point of Bry (xo, Axh) 
the solution terminates at t*. This proves assertion (ii). 














Corollary 7.3.7 (Perelman [108]). For any 1 < co one can find A = 
A(l) < oo and 6 = O(1), 0 < 8 < 1, with the following property. Suppose 
we are in the situation of the lemma above, with 6 < 6(A,0,¢). Consider 
smooth curves y in the set Bry(ao, Ah), parametrized by t € [To, Ty], such 
that (To) € Bry(x0, 42) and either T, = T, <T, or Ty < Ty and (Ty) € 
OB r(x, Ah), where xo is any fixed point on a gluing cap at To and T; = 
min{T, To + 0h}. Then 


Ty 
| (R(v(t),t) + Y(t) P)dt > L 


To 


Proof. We know from Proposition 7.3.3 that on the standard solution, 


0 6 
i Rdt > const. | (i-—f) ad 

0 0 
= —const. - log(1 — 6). 


By choosing 6 = 6(1) sufficiently close to 1 we have the desired estimate for 
the standard solution. 

Let us consider the first case: T, = T, < T. For @ = 0(I) fixed above, by 
Lemma 7.3.6, our solution in the subset By, (xo, Ah) and in the time interval 
[To, TZ] is, after scaling with factor h~? and shifting time Tp to zero, A~}- 
close to the corresponding subset in the standard solution for any sufficiently 
large A. So we have 


ie 0 
| (R(o(t).t) + |F(0)P)dt > const. f= tye 


To 0 
= —const. - log(1 — 9). 


Hence we have obtained the desired estimate in the first case. 

We now consider the second case: T, < T; and 7(Ty) € OBry (x0, Ah). 
Let 0 = 6(1) be chosen above and let Q = Q(l) be the maximum of the 
scalar curvature on the standard solution in the time interval [0, 6]. 

On the standard solution, we can choose A = A(I) so large that for each 
t € [0,6], 

dist:(29, 0Bo(xo, A)) > disto(xo, OBo(ao, A)) — 4(Q + 1)t 
>A-4(Q+4+1)0 
4 


>-A 
—~ 5 
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A A 
dist, («0,0 («, *)) eS oe 


where we have used Lemma 3.4.1 (ii) in the first inequality. Now our solution 
in the subset By,(xo, Ah) and in the time interval [Jo,7,| is, after scaling 
with factor h~? and shifting time Tp to zero, A~!-close to the corresponding 
subset in the standard solution. This implies that for A = A(/) large enough 


=Ah Z ae l(t) |dt < ([ core) Gis 


and 


To To 
Hence 
Ty i ; A2 
[ RoW. + HOP ae 5 >t 
To 
This proves the desired estimate. O 





7.4. Justification of the Canonical Neighborhood Assumptions 


We continue the induction argument for the construction of a long-time 
solution to the Ricci flow with surgery. Let us recall what we have done in the 
previous section. Let ¢ be an arbitrarily given positive constant satisfying 
0 < ¢« < 1/100. For an arbitrarily given compact orientable normalized 
three-manifold, we evolve it by the Ricci flow. We may assume that the 
solution goes singular at some time 0 < iy < +oo and know that the 
solution satisfies the a priori assumptions (with accuracy ¢) on [0,t]) for 
a nonincreasing positive function r = r;(t) (defined on [0,+00)). Suppose 
that we have a solution to the Ricci flow with surgery, defined on [0, tf) with 
Oe eee cern ip < +00, satisfying the a priori assumptions (with 
accuracy €) for some nonincreasing positive function r = r;(t) (defined on 
[0,+00)), going singular at time ¢/ and having 4,-cutoff surgeries at each 
time ae 1<i<k-1, where 6; < 6(t;) for each 1 <i < k—1. Then 
for any 0 < dp < d(ty), we can perform 6,-cutoff surgeries at the time ty 
and extend the solution to the interval [0,¢{,,) with tf, > t;. Here 6(t) is 
the positive function defined in (7.3.16). We have already shown in Lemma 
7.3.4 that the extended solution still satisfies the pinching assumption on 
(0, tf.) 

In view of Theorem 7.1.1, there always is a nonincreasing positive func- 
tion r = rz.4(t), defined on [0,+00), such that the canonical neighborhood 
assumption (with accuracy ¢) holds on the extended time interval [0, ¢{, ,) 
with the positive function r = rz,4,(t). Nevertheless, in order to prevent 
the surgery times from accumulating, the key is to choose the nonincreasing 
positive functions r = r;(t),7 = 1,2,..., uniformly. That is, to justify the 
canonical neighborhood assumption (with accuracy ¢) for the indefinitely 
extending solution, we need to show that there exists a nonincreasing posi- 
tive function r(t), defined on [0,-++0o), which is independent of k, such that 


300 H.-D. CAO AND X.-P. ZHU 


the above chosen nonincreasing positive functions satisfy 
"% (t) Z r(t), on [0, “rOo); 


for alli =1,2,...,k +1. 7 
By a further restriction on the positive function 6(t), we can verify this 
after proving the following assertion which was stated by Perelman in [108]. 


Proposition 7.4.1 (Justification of the canonical neighborhood as- 
sumption ). Given any smalle > 0, there exist decreasing sequences 0 < Tj < 
€, Kj > 0, and0 < 6; <e?, 7 =1,2,..., with the following property. Define 
the positive function 5(t) on [0,-+o0) by 6(t) = 5; fort € [(j—1)e?, je2). Sup- 
pose there is a surgically modified solution, defined on [0,T) with T < +00, 
to the Ricci flow which satisfies the following: 


(1) it starts on a compact orientable three-manifold with normalized 
initial metric, and 

(2) it has only a finite number of surgeries such that each surgery at a 
time t € (0,7) is a 6(t)-cutoff surgery with 


0 < 6(t) < min{4(t), 5(t)}. 


Then on each time interval [(j —1)e?, je] Q[0,T), 7 = 1,2,---, the solution 
satisfies the K;-noncollapsing condition on all scales less than € and the 
canonical neighborhood assumption (with accuracy €) with r = 7;. 


Here and in the following, we call a (three-dimensional) surgically mod- 
ified solution g;;(t),0 < t < T, k-noncollapsed at (9, to) on the scales less 
than p (for some k& > 0, p > 0) if it satisfies the following property: whenever 
r<pand 

|Rm(z,t)| <r~? 
for all those (x,t) € P(xo,to,r,—r?) = {(a’,t') | 2! € By(xo,7r),t' € [to — 
r,to|$, for which the solution is defined, we have 


Vol ¢,( Bio (%0,7)) = Kr, 


Before we give the proof of the proposition, we need to verify a «-non- 
collapsing estimate which was given by Perelman in |108}. 


Lemma 7.4.2 (Perelman [108]). Given any 0 < € < & (for some 
sufficiently small universal constant =o), suppose we have constructed the 
sequences satisfying the proposition for 1 <j < m (for some positive integer 
m). Then there exists K > 0, such that for any r, 0 <r <«, one can find 
6 = 0(r,e), 0< 6 < €*, which may also depend on the already constructed 
sequences, with the following property. Suppose we have a solution with a 
compact orientable normalized three-manifold as initial data, to the Ricci 
flow with finite number of surgeries on a time interval [0,T] with me? < 
T <(m+1)e?, satisfying the assumptions and the conclusions of Proposition 
7.4.1 on [0,me2), and the canonical neighborhood assumption (with accuracy 
€) with r on [me?,T], as well as 0 < 6(t) < min{6,6(t)} for any 6-cutoff 
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surgery with 6 = 6(t) at a time t € [(m—1)e*,T]. Then the solution is 
k-noncollapsed on [0,T] for all scales less than €. 


Proof. Consider a parabolic neighborhood 
P(26,t05 70; —r) 4 4( 4,0) | LE Bi(x0, 70), ¢ € [to _ r2, tol} 


with me? < to < T and 0 < ro < «, where the solution satisfies |Rm| < rg’, 
whenever it is defined. We will use an argument analogous to the proof of 
Theorem 3.3.2 (no local collapsing theorem I) to prove 


(7.4.1) Vol t) (Big (#0, 70)) > Ke. 


Let 7 be the universal positive constant in the definition of the canonical 
neighborhood assumption. Without loss of generality, we always assume 
7 > 10. Firstly, we want to show that one may assume rp > oat 

Obviously, the curvature satisfies the estimate 


5 
|Rm(a,t)| < 20rg”, 


for those (x,t) € P(20, to, x70, — gO) = Agi ae S Bi(x0, To), ¢ € 
[to — gy: tol} for which the solution is defined. When ro < mae we can 
enlarge ro to some rf € [ro,r] so that 


|Rm| < 20r,? 


aes 
8n 


holds somewhere in P(20, to, mo =(a0 " +e')) for arbitrarily small <’ > 0, 


on P(2o, to, mor r) (whenever it is defined), and either the equality 


/ 
or rg =r. 

In the case that the equality holds somewhere, it follows from the pinch- 
ing assumption that we have 


R>10r5? 


somewhere in P(0, to, mro =r * +é’)) for arbitrarily small e’ > 0. Here, 
without loss of generality, we have assumed r is suitably small. Then by the 
gradient estimates in the definition of the canonical neighborhood assump- 
tion, we know 
R(x0, to) > ae > ro, 
Hence the desired noncollapsing estimate (7.4.1) in this case follows directly 
from the canonical neighborhood assumption. (Recall that we have ex- 
cluded every compact component which has positive sectional curvature in 
the surgery procedure and then we have excluded them from the list of 
canonical neighborhoods. Here we also used the standard volume compari- 
son when the canonical neighborhood is an e-cap.) 
While in the case that 74 = 7, we have the curvature bound 


1 —2 
Rm(a,t)| < | —r F 
JRm(e,t)| < (Sr) 
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for those (x,t) € P(2o, to, my" =(3,7)°) = {(z,t) | x € Bi (20, tit E [to — 
(sr)°, tol}, for which the solution is defined. It follows from the standard 
volume comparison that we only need to verify the noncollapsing estimate 
(7.4.1) for ro = sr. Thus we have reduced the proof to the case ro > rie 

Recall from Theorem 3.3.2 that if a solution is smooth everywhere, we 
can get a lower bound for the volume of the ball B;, (xo, 179) as follows: define 
T(t) = tg — t and consider Perelman’s reduced volume function and the Li- 
Yau-Perelman distance associated to the point x9; take a point Z at the 
time t = e? so that the Li-Yau-Perelman distance | attains its minimum 
lmin(T) = U(a,7) < $ for rT = to — €7; use it to obtain an upper bound 
for the Li-Yau-Perelman distance from 29 to each point of Bo(%,1), thus 
getting a lower bound for Perelman’s reduced volume at 7 = to; apply the 
monotonicity of Perelman’s reduced volume to deduce a lower bound for 
Perelman’s reduced volume at 7 near 0, and then get the desired estimate 
for the volume of the ball By.(xo, 79). Now since our solution has undergone 
surgeries, we need to localize this argument to the region which is unaffected 
by surgery. 

We call a space-time curve in the solution track admissible if it stays in 
the space-time region unaffected by surgery, and we call a space-time curve 
in the solution track a barely admissible curve if it is on the boundary 
of the set of admissible curves. 

First of all, we want to estimate the £-length of a barely admissible 
curve. 


Claim. For any L < oo one can find 6 = 6(L,r,?m,€) > 0 with 
the following property. Suppose that we have a curve y, parametrized by 
t € [Tp, to], (m — 1l)e? < Tp < to, such that (to) = zo, Tp is a surgery time, 
and (Zo) lies in the gluing cap. Suppose also each 6-cutoff surgery at a 
time in [(m— 1)e?,T] has 6 < 6. Then we have an estimate 


(7.4.2) c Visa URy (7(t),t) + FOI dt > L 


where R~ = max{R, 0}. 

Since ro > ay! and |Rm| < hg on P(xo,to,70, 72) (whenever it is 
defined), we can require 6 > 0, depending on r and 7, to be so small that 
4(To) does not lie in the region P(29,to,r0, Ta). Let At be the maximal 
number such that 7|j%)—atto) C P(xo, to, ro, —At) (i-e., to — At is the first 
time when ¥ escapes the parabolic region P(xo,to,70, —T@)). Obviously we 
only need to consider the case: 

to 


vito — U(R+(4(t),t) + Y@/?)dt < L. 


to—At 


We observe that At can be bounded from below in terms of L and ro. 
Indeed, if At > ae there is nothing to prove. Thus we may assume At < ie : 
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By the curvature bound |Rm| < ro 2 on P(20, to, To, —r2) and the Ricci flow 
equation we see 
to 
J. fiolat = oro 
to—At 
for some universal positive constant c. On the other hand, by the Cauchy- 
Schwarz inequality, we have 


le |+(t)|dt < ([" VJto — t( Ry + iP) . Ge asa)’ 
to—At ~~ \Sto—At to—-At Vio — t 

< (2L)2(At), 
which implies 


Cr 


2 


Nie 
on 


(7.4.3) (At)? > 


tS 


Thus 


to 
| Vig 7 1(Ry. + [42 at > 
To To 


At 
Vio — t(Ry + |? )at 


1 to—At 
> (At)? i (Ry. + |4I2)at 


Cre to—At 
> (min { 52 no} fo Ge +hP ae 
2 To 
5 


= 0(L,r,7m,€) > 0 so small that 


to—At Cre -1 
| (R, + |4|?)dt > L (min { $72, ro} : 
To 2L 


Then we have proved the desired assertion (7.4.2). 

Recall that for a curve 7, parametrized by tT = to —t € [0,7], with 
(0) = xo and 7 < to — (m — 1)e?, we have L(y) = fo V/7(R+|4|?)dr. We 
can also define L+(y) by replacing R with R in the previous formula. Recall 
that R > —1 at the initial time ¢t = 0 for the normalized initial manifold. 
Recall that the surgeries occur at the parts where the scalar curvatures are 
very large. Thus we can apply the maximum principle to conclude that the 
solution with surgery still satisfies R > —1 everywhere in space-time. This 
implies 


(7.4.4) Ly.(7) < L(y) + (26?)2. 


By applying the assertion (7.4.2), we now choose 6 > 0 (depending on 
r, € and 7;,) such that as each 6-cutoff surgery at the time interval t € 
[(m — 1)e?, T] has 5 < 6, every barely admissible curve 7 from (x9, tg) to a 
point (x,t) (with t € [(m—1)e?, to)) has 


L(y) > 22V2. 


while by Corollary 7.3.7, we can find 
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Thus if the Li-Yau-Perelman distance from (xo, to) to a point (x,t) (with 
t € [((m—1)e?, to)) is achieved by a space-time curve which is not admissible, 
then its Li-Yau-Perelman distance has 


2\3 
(7.4.5) i> Ly — (26°)? 
2/2 
We also observe that the absolute value of I(x, 7) is very small as T closes to 
zere. Thus the maximum principle argument in Corollary 3.2.6 still works 
for our solutions with surgery because barely admissible curves do not attain 
the minimum. So we conclude that 


sole 71; 


3 
lmin(7) = min{l(x,7) | x lies in the solution manifold at to — T} < 5 


for F € (0,to — (m — 1)e?]. In particular, there exists a minimizing curve 
of lmin(to — (m — 1)e?), defined on 7 € [0,t9 — (m — 1)e?] with 7(0) = 20, 
such that 


(7.4.6) Lily) 6 Bye £8929 
< 5e, 


No] 


since 0 < € < & with &p sufficiently small (to be further determined). 
Consequently, there exists a point (%,¢) on the minimizing curve y with 
bE [(m— le? + Fe?, (m — Le? + $e] (Le., 7 € [to — (m — Le? — Se? to — 


(m — 1)e? — $e?]) such that 


(7.4.7) R(z,t) < 25r,,?. 


Otherwise, we have 





to—(m—1)e?— ze" 
Le) f VER(y(7),t — 7dr 
t 


o—(m—1)e2—3e? 


~9 {1 1 
> 25r 7 ria (5-") 
> 5é, 


since 0 < fm < ¢€. This contradicts (7.4.6). 

Next we want to get a lower bound for Perelman’s reduced volume of a 
ball around Z of radius about 7, at some time slightly before f. 

Denote by 6; = an and 02 = an, where 77 is the universal positive 
constant in the gradient estimates (7.3.4). Since the solution satisfies the 
canonical neighborhood assumption on the time interval [(m — 1)e?, me?), 
it follows from the gradient estimates (7.3.4) that 
(7.4.8) R(x, t) < 40077? 
for those (x,t) € P(Z,t, 17m, —Oor2,) & {(a',t') | a! € Bu(Z%, 017m), t’ € 
[¢ — 0272, t]}, for which the solution is defined. And since the scalar cur- 
vature at the points where the 6-cutoff surgeries occur in the time interval 


[(m — l)e?, me?) is at least (5)~?7,,2, the solution is well-defined on the 
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whole parabolic region P(%,t, 017m, —02r2,) (ie., this parabolic region is 
unaffected by surgery). Thus by combining (7.4.6) and (7.4.8), we know 
that the Li-Yau-Perelman distance from (xo,to) to each point of the ball 
By_o72,(£, 017m) is uniformly bounded by some universal constant. Let us 
define Perelman’s reduced volume of the ball Bz_9,72,(£, 917m), by 


Vig—t4-0072, (Be_og72, (Z, 917m)) 


= if (4ir(to — E+ Oo72,))~2 
B 


t—0972, (2,017 m) 
-exp(—I(q, to — E+ 277, ))dVz_o,72, (); 


where l(q, 7) is the Li-Yau-Perelman distance from (xo, to). Hence by the ky,- 
noncollapsing assumption on the time interval [(m—1)e?, me”), we conclude 
that Perelman’s reduced volume of the ball Bj_9,72, (Z, 017m) is bounded 
from below by a positive constant depending only on km and fm. 

Finally we want to apply a local version of the monotonicity of Perel- 
man’s reduced volume to get a lower bound estimate for the volume of the 
ball Bry (xo, TQ). 

We have seen that the Li-Yau-Perelman distance from (29, to) to each 
point of the ball Bz_9,72, (Z,017) is uniformly bounded by some universal 
constant. Now we can choose a sufficiently small (universal) positive con- 
stant €) such that when 0 < ¢€ < &, by (7.4.5), all the points in the ball 
By_oy72,(£, 017m) can be connected to (x0, to) by shortest C-geodesics, and 
all of these £-geodesics are admissible (i.e., they stay in the region unaf- 
fected by surgery). The union of all shortest £-geodesics from (xo, to) to the 
ball Bz_9,72 (Z, 017m) defined by CBz_9,72,(Z, 17m) = {(2,t) | (x,t) lies in 
a shortest £-geodesic from (29, to) to a point in By_9,72,(Z,17m)}, forms a 
cone-like subset in space-time with the vertex (xo, to). Denote B(t) by the 
intersection of the cone-like subset C'Bj_9,72,(Z, 017m) with the time-slice at 
t. Perelman’s reduced volume of the subset B(t) is given by 


Vip -1(B(t)) = i (ito OY Feap(—lasta ~ Nava) 


Since the cone-like subset C'Bj_9,72,(Z, 17m) lies entirely in the region un- 
affected by surgery, we can apply Perelman’s Jacobian comparison theorem 
(Theorem 3.2.7) to conclude that 


(7.4.9) Vio-t(B(t)) = Vig—t40972, (Be_on72, (£, 17 m)) 
ZG Rigi tng) 
for all t € [f—07%,, to], where c(Km,?m) is some positive constant depending 
only on Km and fm. 
Set €= rg Vol ty | Beg (0; ro))3. Our purpose is to give a positive lower 
bound for €. Without loss of generality, we may assume € < 7 thus 0 < 


Eri < to —t+ O:72,. Denote by B(to — Er2) the subset of the time-slice 
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{t = to — €r2} of which every point can be connected to (xo,to) by an 
admissible shortest L-geodesic. Clearly, B(to — €r3) C B(to — Er2). We now 
argue as in the proof of Theorem 3.3.2 to bound Perelman’s reduced volume 
of B(to — Er2) from above. 

Since ro > x" and 6 = 0(r,€,7m) sufficiently small, the whole region 
P(xo,to,70, —rd) is unaffected by surgery. Then by exactly the same ar- 
gument as in deriving (3.3.5), we see that there exists a universal positive 
constant €) such that when 0 < € < &, there holds 


(7.4.10) LExP a crg-dy (60) © B;,(@0, To): 


Perelman’s reduced volume of B (to — €r2) is given by 
(7.4.11) 
Vea (Bto — €r3)) 
3 
=f Canerd)-3 exp(—1(q.£r8)) Vi. ea 
B(to—Er2) 


(4nérg)~2 exp(—I(4, €r3))dVj, e724) 


or exp (Er2) 


(4nér2)-2 exp(—U(q, £72) )dVig ep (4) 


1 
{lul<de7 2} 
1 (Er?) 


+f 
one Sto AP ilche- 2} 
The first term on the RHS of (7.4.11) can be estimated by 


4a) fL (4nér2)¥ exp(—I(q, &r2))dViy cad) 
B(to—Er@)NL exp 1 (€r2) 


< 8 (4m)~3 - €2 


for some universal constant C, as in deriving (3.3.7). While as in deriving 
(3.3.8), the second term on the RHS of (7.4.11) can be estimated by 

3 

2 


(7.4.13) i (4nEr9) 2 exp(—l(q, £79) dV, 72 (4) 
B(to—€r2)\L exp ,) 


1. (ér 
{ieete 23." 


< Amr) 3 ex —I(T))F(7T)|-=0du 
Iigeye ay 7 LPH TOM 


= (4n)-3 | _ exp(—lul2)av, 
{lul>4é- 2} 


where we have used Perelman’s Jacobian comparison theorem (Theorem 
3.2.7) in the first inequality. Hence the combination of (7.4.9), (7.4.11), 
(7.4.12) and (7.4.13) bounds € from below by a positive constant depending 
only on ky, and 7,,. Therefore we have completed the proof of the lemma. 

O 
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We are ready to prove the proposition. 


Proof of Proposition 7.4.1. We now follow Perelman to prove 
the proposition by induction: having constructed our sequences for 1 < 
j <m, we make one more step, defining Tm+1, Km+1, dm+1, and redefining 
om = dm+1- In view of the previous lemma, we only need to define 744 
and 6m4+1- 

In Theorem 7.1.1 we have obtained the canonical neighborhood structure 
for smooth solutions. When adapting the arguments in the proof of Theorem 
7.1.1 to the present surgical solutions, we will encounter the new difficulty 
of how to take a limit for the surgically modified solutions. The idea to 
overcome the difficulty consists of two parts. The first part, due to Perelman 
108], is to choose dm and ae small enough to push the surgical regions 
to infinity in space. (This is the reason why we need to redefine bm = 
Om+1-) The second part (see Assertions 1-3 proved in step 2 below), due 
to the authors and Bing-Long Chen, is to show that solutions are smooth 
on some small, but uniform, time intervals (on compact subsets) so that we 
can apply Hamilton’s compactness theorem, since we only have curvature 
bounds; otherwise Shi’s interior derivative estimate may not be applicable. 

We now argue by contradiction. Suppose for sequence of positive num- 
bers r® and 6°, satisfying r* — 0 as a > oo and 6% < aa 0), there 


exist sequences of solutions g;" °8 +5 the Ricci flow with surgery, where each 
of them has only a finite number of cutoff surgeries and has a compact ori- 
entable normalized three-manifold as initial data, so that the following two 
assertions hold: 


(i) each d-cutoff at a time t € [(m — 1)e2,(m + 1)e2] satisfies 5 < 5%; 
and 
(ii) the solutions satisfy the statement of the proposition on [0, me], 
but violate the canonical nae orgs assumption (with accuracy 
€) with r =r on [me?, (m+ 1)e?]. 


For each solution ie , 


nearly first time for which the canonical neighborhood assumption on 
accuracy €) is violated. More precisely, we choose t € me’, (m + 1)e?] so 
that the canonical neighborhood assumption with r = r® and with accuracy 
parameter ¢€ is violated at some (Z,t), however the canonical neighborhood 
assumption with accuracy parameter 2¢ holds on t € [me? ,t]. After passing 


we choose ¢ (depending on a and (3) to be the 


to SuberaNences, we may assume each 58 ig less than the 6 in Lemma 7.4.2 
with r = r® when a is fixed. Then by Lemma 7.4.2 we have uniform k- 
noncollapsing on all scales less than ¢ on [0,f] with some « > 0 independent 
of a, 2. 

eeu abusing notation, we will often drop the indices a and (. 

Let g;. 9: ° be the rescaled solutions around (Z,#) with factors R(z,f)(> 


r~? —s +00) and shift the times ¢ to zero. We hope to take a limit of the 
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rescaled solutions for subsequences of a, — oo and show the limit is an 
orientable ancient «-solution, which will give the desired contradiction. We 
divide our arguments into the following six steps. 

Step 1. Let (y,t) bea point on the rescaled solution a with R(y,t) < A 
(for some A > 1) andé € [—(£—(m—1)e?)R(2, f), 0]. Then we have estimate 


(7.4.14) R(x,t) <10A 





for those (x,t) in the parabolic neighborhood P(y, t, 31) 1A 3, —in TAS) 
4 {(2',t’) | e' € Buly, 1-1 A-3), € [t — $7 1A, é]}, for which the 
rescaled solution is defined. 

Indeed, as in the first step of the proof of Theorem 7.1.1, this follows 
directly from the gradient estimates (7.3.4) in the canonical neighborhood 
assumption with parameter 2e. 


Step 2. In this step, we will prove three time extension results. 


Assertion 1. For arbitrarily fixed a, 0 < A < +00, 1 < C < +00 and 
0<B< 5E7(r?)? — Soe there is a 39 = {o(e, A, B,C) (independent 
of a) such that if @ > 3 and the rescaled solution a on the ball Bo(Z, A) 
is defined on a time interval [—b, 0] with 0 < b < B and the scalar curvature 
satisfies 

R(x,t) <C, on Bo(z, A) x [—b, 0], 


then the rescaled solution On on the ball Bo(Z, A) is also defined on the 
extended time interval [—b — an ico, 0]. 


Before giving the proof, we make a simple observation: once a space 
point in the Ricci flow with surgery is removed by surgery at some time, 
then it never appears for later time; if a space point at some time ¢ cannot 
be defined before the time t , then either the point lies in a gluing cap of 
the surgery at time ¢ or the time ¢ is the initial time of the Ricci flow. 


Proof of Assertion 1. Firstly we claim that there exists 69 = 
Bole, A, B,C) such that when @ > (, the rescaled solution Ges on the 


ball Bo(, A) can be defined before the time — (i.e., there are no surgeries 
interfering in Bo(Z, A) x [—b — e, —b] for some ¢ > 0). 

We argue by contradiction. Suppose not, then there is some point % € 
Bo(#, A) such that the rescaled solution ae at x cannot be defined before 
the time —b. By the above observation, there is a surgery at the time —b 
such that the point & lies in the instant gluing cap. 

Let h (= R(z, f)2h) be the cut-off radius at the time —b for the 
rescaled solution. Clearly, there is a universal constant D such that D~'h < 
R(&,—b)~2 < Dh. 

By Lemma 7.3.4 and looking at the rescaled solution at the time —b, the 
gluing cap and the adjacent 6-neck, of radius h, constitute a (628 )?-cap K. 
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For any fixed small positive constant 6’ (much smaller than ¢), we see that 


Bi» (&, (8) 
when ( large enough. We first verify the following 


1R(Z,—b)-2) CK 


Claim 1. For any small constants 0 < 6 <1, 0 > 0, there exists a 
B(6',e,0) > 0 such that when 6 > G(6',e,6), we have 
(i) the rescaled solution Ge over Bc») (%,(6’)~*h) is defined on the 
time interval [—b, 0] [—b, —b + (1 — 0)h?]; 
Be ie ee i 
(ii) the ball Bc_,) (a, (5’)*h) in the (6°9)?-cap K evolved by the Ricci 
flow on the time interval [—b,0] 9 [—b, —b + (1 — @)h?] is, after 
scaling with factor h~?, 6’-close (in the cle) topology) to the 
corresponding subset of the standard solution. 


This claim essentially follows from Lemma 7.3.6. Indeed, suppose there 
is a surgery at some time ¢ € [—b,0] NM (—b, —b + (1 — 6)h?] which removes 
some point Z € Bu» (4, (5’)~*h). We assume fe (—b,0] is the first time 
with that property. 7 

Then by Lemma 7.3.6, there is a 6 = 6(5',€,0) such that if 6°7 < 6, 


then the ball Bc») (2, (5’)~'h) in the (69) ?-cap K evolved by the Ricci flow 


on the time interval [—0,f) is, after scaling with factor h~?, 6’-close to the 
corresponding subset of the standard solution. Note that the metrics for 
times in [—b,#) on Bi») (as (5’)*h) are equivalent. By Lemma 7.3.6, the 
solution on Bc») (Z,(6’)'h) keeps looking like a cap for t € [—b, t). On the 
other hand, by the definition, the surgery is always done along the middle 
two-sphere of a 6-neck with 6 < 6%. Then for 6 large, all the points in 
Bi») Ge (5’)*h) are removed (as a part of a capped horn) at the time f. 
But & (near the tip of the cap) exists past the time ¢. This is a contradiction. 
Hence we have proved that Bi») (%, (5')~'h) is defined on the time interval 
[—b, 0] A [—b, —b + (1 — A)h?]. 

The 0’-closeness of the solution on Bi») (2, (5) *h) x ([—b, 0} M[—b, —b+ 
(1 — @)h?]) with the corresponding subset of the standard solution follows 
from Lemma 7.3.6. Then we have proved Claim 1. 


We next verify the following 
Claim 2. There is 6 = 6(C'B), 0 < 6 <1, such that b < (1—6)h? when 
G large. 
Note from Proposition 7.3.3, there is a universal constant D’ > 0 such 
that the standard solution satisfies the following curvature estimate 
2D’ 


1l-—s 


Rly, s) = 
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We choose 6 = D!'/2(D’!+CB). Then for @ large enough, the rescaled 
solution satisfies 





D! ~ 

(7.4.15) R(x, t) > ——~—_—ih? 
1—(t+b)h-? 
on Bea (&, (6°) th) x ([-b,0] 9 [-, b+ (1 — 6)F2)). 
oe > el —0)h?. Then by combining with the assumption R(a, th< 

C for t = (1 — @)h? — b, we have 

/ 

> a 
1—(¢+b)h-? 

and then 





12-8 (14 a3): 


This is a contradiction. Hence we have proved Claim 2. 

The combination of the above two claims shows that there is a positive 
constant 0 < 6 = 6(CB) < 1 such that for any small 5’ > 0, there is a 
positive 3(6’,¢,0) such that when 3 > 6(0',<,0), we have b < (1—6)h? and 
the rescaled solution in the ball Bi») (&; (6’)~*h) on the time interval [—b, 0] 
is, after scaling with factor h~?, 6’-close ( in the Clo)" topology) to the 
corresponding subset of the standard $ solution. 

By (7.4.15) and the assumption R < C’ on Bo(#, A) x [—b, 0], we know 
that the cut-off radius h at the time —b for the rescaled solution satisfies 
D' 

GC: 

Let 5’ > 0 be much smaller than ¢ and min{A~!, A}. Since do(#,Z) < 
A, it follows that there is constant C(6) depending only on 6 such that 
di») (%,2) < C(0)A <« (6')~'h. We now apply Lemma 7.3.5 with the accu- 
racy parameter ¢/2. Let C(e/2) be the positive constant in Lemma 7.3.5. 
Without loss of generality, we may assume the positive constant C;(¢) in the 
canonical neighborhood assumption is larger than 4C(¢/2). When 6'(> 0) 
is much smaller than ¢ and min{A~!, A}, the point # at the time ¢ has a 
neighborhood which is either a 3e-cap or a e-neck. 

Since the canonical neighborhood assumption with accuracy parameter 
e is violated at (Z,t), the neighborhood of the point z at the new time zero 
for the rescaled solution must be a e-neck. By Lemma 7.3.5 (b), we know 
the neighborhood is the slice at the time zero of the parabolic neighborhood 


h> 


P(z,0, se RG, (i)=2. iat Ae. 0) 


(with R(z,0) = 1) which is 3e-close (in the cle" topology) to the cor- 
responding subset of the evolving standard cylinder S? x R over the time 
interval [— min{b, 1},0] with scalar curvature 1 at the time zero. If b > 1, 
the 3e-neck is strong, which is a contradiction. While if b < 1, the 3e-neck 
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at time —b is contained in the union of the gluing cap and the adjacent 6- 
neck where the d-cutoff surgery took place. Since ¢€ is small (say e« < 1/100), 
it is clear that the point Z at time —b is the center of an ¢-neck which is 
entirely contained in the adjacent é-neck. By the proof of Lemma 7.3.2, the 
adjacent é-neck approximates an ancient «-solution. This implies the point 
Z at the time t has a strong e-neck, which is also a contradiction. 

Hence we have proved that there exists G9 = Go(e, A,B,C) such that 
when @ > (Go, the rescaled solution on the ball Bo(z, A) can be defined 
before the time —b. 

Let re ,0] > [—6,0] be the largest time interval so that the rescaled 


solution ee can be defined on Bo(Z, A) x fea? ,0]. We finally claim that 
i? < —b— ie Ola for GB large enough. 
Indeed, suppose not, by the gradient estimates as in Step 1, we have the 
curvature estimate - 
R(ax,t) < 10C 
on Bo(Z, A) x ex? , —b]. Hence we have the curvature estimate 
R(x,t) < 10C 


on Bo(z, A) x (ea? 0]. By the above argument there is a 39 = Go(e, A, B + 
ae 10C) such that for G > (o, the solution in the ball Bo(Z, A) can 
be defined before the time cP . This is a contradiction. 

Therefore we have proved Assertion 1. 

Assertion 2. For arbitrarily fixed a, 0 < A < +00, 1 <C < +00 and 
0<B< se"(r°)? _ aN there is a Go = Go(e, A, B,C) (independent of 
a) such that if G > Go and the rescaled solution he on the ball Bo (Z, A) is 
defined on a time interval [—b + ¢,0] with0<b< Band0<é < ant 
and the scalar curvature satisfies 

R(x,t)<C on Bo(z, A) x [-b+ €,0], 


and there is a point y € Bo(z, A) such that Ry, —b+eé)< 3, then the 


rescaled solution a at y is also defined on the extended time interval 
[—b— aN 0] and satisfies the estimate 


Ry;t)-< 15 
for t € [-b— sen! -b +e]. 
Proof of Assertion 2. We imitate the proof of Assertion 1. If 


the rescaled solution ae at y cannot be defined for some time in [—b — 


ant, —b+e’), then there is a surgery at some time ic [—b— sn ', -b+€] 
such that y lies in the instant gluing cap. Let h (= R(E, f)zh) be the cutoff 
radius at the time ¢ for the rescaled solution. Clearly, there is a univer- 


sal constant D > 1 such that D~'h < R(y,t) 3 < Dh. By the gradient 
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estimates as in Step 1, the cutoff radius satisfies 
h > D7115-2. 

As in Claim 1 (i) in the proof of Assertion 1, for any small constants 
0<0< 5; 6’ > 0, there exists a 3(6’,e,0@) > 0 such that for 3 > B(d',<, 6), 
there is no surgery interfering in Bly, (6’)-th) x ([é, (1 — @)h? +t] 2 (E,0)). 
Without loss of generality, we may assume that the universal constant 7 is 
much larger than D. Then we have (1—6)h?+¢ > —b+ =|. As in Claim 
2 in the proof of Assertion 1, we can use the curvature bound assumption 
to choose 6 = 0(B,C) such that (1 — 0)h? + t > 0; otherwise 

D' 
> ~~ 
Oh? 
for some universal constant D’ > 1, and 
2 1 
t+) <—nt, 
edie 


which implies 


Z D! 
Le (Ay | Tt 
C(B+ x71) 
This is a contradiction if we choose @ = D’/2(D! + C(B + an ')). 
So there is a positive constant 0 < 6 = 0(B,C) < 1 such that for any 
6’ > 0, there is a positive 3(d’,¢,6) such that when 6 > 3(6',¢,@), we have 
—t < (1—6)h? and the solution in the ball BAR, (5’)~'h) on the time interval 


[t, 0] is, after scaling with factor h~?, 5’-close (in the co] topology) to the 
corresponding subset of the standard solution. 

Then exactly as in the proof of Assertion 1, by using the canonical neigh- 
borhood structure of the standard solution in Lemma 7.3.5, this gives the 
desired contradiction with the hypothesis that the canonical neighborhood 
assumption with accuracy parameter ¢ is violated at (Z,t), for 3 sufficiently 
large. 

The curvature estimate at the point y follows from Step 1. Therefore 
the proof of Assertion 2 is complete. 

Note that the standard solution satisfies R(x1,t) < D” R(x2,t) for any 
t € (0, 5] and any two points 21,22, where D” > 1 is a universal constant. 


Assertion 3. For arbitrarily fixed a, 0 < A < +00, 1 < C < +o, 

1 
there is a Go = Go(e, AC?) such that if any point (yo,to) with 0 < —to < 
oa a ae — an 'C of the rescaled solution me for BG > {po satisfies 


R(yo, to) < C , then either the rescaled solution at yo can be defined at 
least on [to — a a to] and the rescaled scalar curvature satisfies 


R 1 
R(yo,t) < 10C’ for t € lto _ gt Oto ; 
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or we have 


Rei. to) < 2D" R(x, to) 

for any two points 21,22 € B,, (yo, A), where D” is the above universal 
constant. 
~aB 

aj 
be defined for some t € [tp — a OF to); then there is a surgery at some 
time t € [to — a Oe, to] such that yo lies in the instant gluing cap. Let 
h (= R(&, f)2h) be the cutoff radius at the time ¢ for the rescaled solution 
a . By the gradient estimates as in Step 1, the cutoff radius satisfies 


Proof of Assertion 3. Suppose the rescaled solution at yo cannot 


h > D-10-2C72, 

where D is the universal constant in the proof of the Assertion 1. Since 
we assume 77 is suitably larger than D as before, we have ah? +t> to. As 
in Claim 1 (ii) in the proof of Assertion 1, for arbitrarily small 6’ > 0, we 
know that for 3 large enough the rescaled solution on B;(yo, (5') th) x [E, to] 
is, after scaling with factor h~?, 6’-close (in the ile topology) to the 
corresponding subset of the standard solution. Since (5’/)~!h >> A for 6 
large enough, Assertion 3 follows from the curvature estimate of standard 
solution in the time interval [0, 5]. 


Step 3. For any subsequence (ax, 3,) of (a, 3) with re — 0 and 69 
0 as k — ov, we next argue as in the second step of the proof of Theorem 
7.1.1 to show that the curvatures of the rescaled solutions ga * at the new 
times zero (after shifting) stay uniformly bounded at bounded distances 
from & for all sufficiently large k. More precisely, we will prove the following 
assertion: 


Assertion 4. Given any subsequence of the rescaled solutions ge - 


with r°* — 0 and 6% —. 0 as k > oo, then for any L > 0, there are 
constants C(L) > 0 and k(L) such that the rescaled solutions ge ® satisfy 
(i) R(x,0) < C(L) for all points x with do(2, 2) <Landallk>1; 
(ii) the rescaled solutions over the ball Bo(z, L) are defined at least on 
the time interval [-enC(L)“, 0] for all k > k(L). 


Proof of Assertion 4. For each p > 0, set 
M(p) = sup { R(x, 0) |k>1 and do(x,Z) <p 
in the rescaled solutions ag 2 


and 

po = sup{p > 0 | M(p) < +00}. 
Note that the estimate (7.4.14) implies that p) > 0. For (i), it suffices to 
prove po = +00. 
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We argue by contradiction. Suppose pp < +00. Then there is a sequence 
of points y in the rescaled solutions gre * with do(%,y) — po < +00 and 


R(y,0) — +co. Denote by 7 a minimizing geodesic segment from Z to y 
and denote by Bo(&, po) the open geodesic ball centered at Z of radius po on 
the rescaled solution ge vn 

First, we claim that for any 0 < p < pg with p near po, the rescaled solu- 
tions on the balls Bo(&, p) are defined on the time interval [— gn 'M(p)"1, 0} 
for all large k. Indeed, this follows from Assertion 3 or Assertion 1. For 
the later purpose in Step 6, we now present an argument by using As- 
sertion 3. If the claim is not true, then there is a surgery at some time 
te [-e7 1 M(p)"1, 0] such that some point 7 € Bo(Z, p) lies in the instant 
gluing cap. We can choose sufficiently small 6’ > 0 such that 29 < (0 )-zh, 
where h > D-!20-2M (p)~2 is the cutoff radius of the rescaled solutions 
at t. By applying Assertion 3 with (7,0) = (yo, to), we see that there is a 
k(po, M(p)) > 0 such that when k > k(po, M(p)), 


R(x,0) < 2D” 


for all x € Bo(z, p). This is a contradiction as p — po. 

Since for each fixed 0 < p < po with p near po, the rescaled solutions 
are defined on Bo(#, p) x [-en- 1 M(p)1,0] for all large k, by Step 1 and 
Shi’s derivative estimate, we know that the covariant derivatives and higher 
order derivatives of the curvatures on Bo(Z, p— {e0=2)) x [—sn 1M (p), 0] 
are also uniformly bounded. 

By the uniform «-noncollapsing property and Hamilton’s compactness 
theorem (Theorem 4.1.5), after passing to a subsequence, we can assume that 
ioe topology to 
a marked (noncomplete) manifold (Boo, GF» x) and the geodesic segments 
converge to a geodesic segment (missing an endpoint) 7. C By emanating 
from 2. 

Clearly, the limit has nonnegative sectional curvature by the pinching 
assumption. Consider a tubular neighborhood along 7, defined by 


V= U Beo(a0,4(Reo(go))2); 


GE Yoo 


the marked sequence (Bo(Z, po), Gn? * Z) converges in the 


where Rx denotes the scalar curvature of the limit and 


Boo(qo, 4 (Roo (40))~?) 


is the ball centered at go € Bo with the radius An (Roo(qo)) 73. Let Boo 
denote the completion of (Boo, 9s), and Yoo € Bo the limit point of yo. 
Exactly as in the second step of the proof of Theorem 7.1.1, it follows from 
the canonical neighborhood assumption with accuracy parameter 2¢ that the 
limiting metric Giz is cylindrical at any point go © Yoo which is sufficiently 
close to Yoo and then the metric space V = VU{yoo} by adding the point yo. 
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has nonnegative curvature in the Alexandrov sense. Consequently we have 
a three-dimensional non-flat tangent cone Cy,,V at Yoo which is a metric 
cone with aperture < 20e. 

On the other hand, note that by the canonical neighborhood assumption, 
the canonical 2¢-neck neighborhoods are strong. Thus at each point q € 
V near Yoo, the limiting metric g?? actually exists on the whole parabolic 
neighborhood 

V(\P («. 0, 5 (Bao(9))2, -sp9r lo)") 

and is a smooth solution of the Ricci flow there. Pick z € Cy,,V with 
distance one from the vertex y.. and it is nonflat around z. By definition 
the ball B(z,4) C Cy,.V is the Gromov-Hausdorff convergent limit of the 
scalings of a sequence of balls Boo (ze, 7¢)(C (V, 97?) where of — 0. Since the 
estimate (7.4.14) survives on (V,g??) for all A < +00, and the tangent cone 
is three-dimensional and nonflat around z, we see that this convergence is 
actually in the CR topology and over some ancient time interval. Since the 
limiting Bo(z,$)(C Cy,.V) is a piece of nonnegatively curved nonflat metric 
cone, we get a contradiction with Hamilton’s strong maximum principle 
(Theorem 2.2.1) as before. So we have proved po = co. This proves (i). 

By the same proof of Assertion 1 in Step 2, we can further show that for 
any L, the rescaled solutions on the balls Bo(%,L) are defined at least on 
the time interval [—47~'C(L)~*, 0] for all sufficiently large k. This proves 
(ii). 

Step 4. For any subsequence (ax, 3.) of (a, 3) with r%* — 0 and 
§ekPk + Qask > co, by Step 3, the «-noncollapsing property and Hamil- 


ton’s compactness theorem, we can extract a C7°. convergent subsequence 


loc 
of ge * over some space-time open subsets containing the slice {t = O}. 


We now want to show any such limit has bounded curvature at t = 0. We 
prove by contradiction. Suppose not, then there is a sequence of points z,¢ 
divergent to infinity in the limiting metric at time zero with curvature di- 
vergent to infinity. Since the curvature at z is large (comparable to one), 
ze has a canonical neighborhood which is a 2¢-cap or strong 2¢-neck. Note 
that the boundary of 2¢-cap lies in some 2¢-neck. So we get a sequence of 
2e-necks with radius going to zero. Note also that the limit has nonnegative 
sectional curvature. Without loss of generality, we may assume 2¢ < € 9, 
where €o is the positive constant in Proposition 6.1.1. Thus this arrives at 
a contradiction with Proposition 6.1.1. 


Step 5. In this step, we will choose some subsequence (az, 3%) of (a, 3) 
so that we can extract a complete smooth limit of the rescaled solutions 
ge? * to the Ricci flow with surgery on a time interval [—a,0] for some 
a> 0. 2 

Choose ax, 34 — 00 so that r% — 0, d%% — 0, and Assertion 1, 2, 


3 hold with a = ax, 3 = Gy for all A € {p/q | p,q = 1,2,...,k}, and 
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B,C € {1,2,...,k}. By Step 3, we may assume the rescaled solutions a 


converge in the CX. topology at the time ¢t = 0. Since the curvature of the 
limit at t = 0 is bounded by Step 4, it follows from Assertion 1 in Step 2 and 
the choice of the sequence (ax, G,) that the limiting (Moo, 977 (-, t)) is defined 
at least on a backward time interval [—a, 0] for some positive constant a and 


is a smooth solution to the Ricci flow there. 


Step 6. We further want to extend the limit in Step 5 backwards in 
time to infinity to get an ancient «-solution. Let a * be the convergent 
sequence obtained in the above Step 5. 

Denote by 


tae sup { t’ | we can take a smooth limit on (—t’,0] (with bounded 


curvature at each time slice) from a subsequence of 


the rescaled solutions ga k : 


We first claim that there is a subsequence of the rescaled solutions ge . 


which converges in the Cre. topology to a smooth limit (Moo, 97° (+, t)) on 
the maximal time interval (—tmax, 0]. 

Indeed, let te be a sequence of positive numbers such that te > tmax and 
there exist smooth limits (Moo, g7°(-,t)) defined on (—te,0]. For each @, the 
limit has nonnegative sectional curvature and has bounded curvature at each 
time slice. Moreover by the gradient estimate in canonical neighborhood 
assumption with accuracy parameter 2¢, the limit has bounded curvature 
on each subinterval [—b,0] C (—te,0]. Denote by Q the scalar curvature 
upper bound of the limit at time zero (Q is independent of 2). Then we can 
apply Li-Yau-Hamilton inequality (Corollary 2.5.5) to get 

R(t) < EQ, 





where R& (a, t) are the scalar curvatures of the limits (Moo, 97° (-, t)). Hence 
by the definition of convergence and the above curvature estimates, we can 


find a subsequence of the rescaled solutions gj’ Pk which converges in the 


i, topology to a smooth limit (Mo, Oey (-,¢)) on the maximal time interval 
Care 0] : 
We need to show —tmax = —0o. Suppose —tmax > —oo, there are only 
the following two possibilities: either 
(1) The curvature of the limiting solution (Moo, 97?(-,t)) becomes un- 
bounded as t \, —tmax} Or 
(2) For each small constant 6 > 0 and each large integer kp > 0, there 
is some k > kop such that the rescaled solution gor * has a surgery 
time T;, € [—tmax — 9,0] and a surgery point x, lying in a gluing 
cap at the times 7; so that di, (xz, £) is uniformly bounded from 
above by a constant independent of @ and ko. 
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We next claim that the possibility (1) always occurs. Suppose not; then 
the curvature of the limiting solution (Moo, g7?(-,t)) is bounded on Moo x 


(—tmax, 0] by some positive constant C. In particular, for any A > 0, there 


is a sufficiently large integer kj > 0 such that any rescaled solution ian 


with k > k, on the geodesic ball Bo(%, A) is defined on the time interval 
[—tmax + ayn C1, 0] and its scalar curvature is bounded by 2C there. 
(Here, without loss of generality, we may assume that the upper bound C 
is so large that —tmax + an tc7} < 0.) By Assertion 1 in Step 2, for k 
large enough, the rescaled solution Ge * over Bo(Z, A) can be defined on the 
extended time interval [—tmax — An ico, 0] and has the scalar curvature 
R < 10 on Bo(Z, A) x [-tmax — an co, 0]. So we can extract a smooth 
limit from the sequence to get the limiting solution which is defined on a 
larger time interval [—tmax — an Cot, 0]. This contradicts the definition 
of the maximal time —tmax. 

It remains to exclude the possibility (1). 

By using Li-Yau-Hamilton inequality (Corollary 2.5.5) again, we have 


D tmax ry) 
Ry(a,t) < ———Q. 
w(t yt) < PQ 
So we only need to control the curvature near —tmax. Exactly as in Step 4 
in the proof of Theorem 7.1.1, it follows from Li-Yau-Hamilton inequality 
that 


(7.4.16) do(x, y) < d(x, y) < do(x, y) + 30tmax VO 


for any x,y € Mx and t € (—tmax, 0]. 

Since the infimum of the scalar curvature is nondecreasing in time, we 
have some point Yo € Mx and some time —tmax < too < —tmax + aN 
such that Roo(Yoo, too) < 5/4. By (7.4.16), there is a constant Ap > 0 such 
that di(Z, yoo) < Ao/2 for all t € (—tmax, 0]. 

Now we come back to the rescaled solution ga? *. Clearly, for arbitrarily 
given small ¢’ > 0, when k large enough, there is a point y; in the underlying 


manifold of ce * at time 0 satisfying the following properties 


a 3 a 2 
(7.4.17) RYkstoo) <5, U(x) S Ao 


for t € [—tmax + €,0]. By the definition of convergence, we know that for 
any fixed Ap > 2Ap, for k large enough, the rescaled solution over Bo(Z, Ao) 
is defined on the time interval |t..,0] and satisfies 


Q 


~ bina 
R(x,t) << 

t + tmax 
on Bo(z, Ao) x |too; 0]. Then by Assertion 2 of Step 2, we have proved that 
there is a sufficiently large integer ky such that when k > ko, the rescaled 
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Br 


solutions Gi at yx can be defined on [—tmax — an, 0], and satisfy 


Rye,t) S15 
for t € [—tmax — 3517's too)- 
We now prove a statement analogous to Assertion 4 (i) of Step 3. 


Assertion 5. For the above rescaled solutions of * and kg, we have 


that for any L > 0, there is a positive constant w(L) such that the rescaled 


solutions eae * satisfy 


R(z,t) < w(L) 
for all (x,t) with d;(a, yz) < L and t € [—tmax — Sait tau ly and for all 
k > ko. 


Proof of Assertion 5. We slightly modify the argument in the proof 
of Assertion 4 (i). Let 


= w 1 
M(p) = sup { R(e,t) | dy (x, yx) < p and t¢€ [—tmax _ = a 


50 
in the rescaled solutions ae kK k> ko} 


and 
po = sup{p > 0 | M(p) < +co}. 
Note that the estimate (7.4.14) implies that po > 0. We only need to show 
po = +o. 
We argue by contradiction. Suppose po < +oo. Then, after passing to a 
subsequence, there is a sequence (9p, t,) in the rescaled solutions oo * with 


te © [-tmax — an (tas and dt, (Yk; 9k) + Po < +00 such that R(Yj,, th) > 
+oo. Denote by yz a minimizing geodesic segment from yz to yy, at the time 
t, and denote by B,, (Yr; Po) the open geodesic ball centered at y;, of radius 
po on the rescaled solution Go *(., th). 

For any 0 < p < po with p near po, by applying Assertion 3 as be- 
fore, we get that the rescaled solutions on the balls B,, (Yr, p) are defined 
on the time interval [t, — en 'M(p)~!, te] for all large k. By Step 1 
and Shi’s derivative estimate, we further know that the covariant deriva- 
tives and higher order derivatives of the curvatures on B,, (YE, Pp — {e0=2)) x 
[tk — 357 'M(p)~', tx] are also uniformly bounded. Then by the uniform 
«-noncollapsing property and Hamilton’s compactness theorem (Theorem 
4.1.5), after passing to a subsequence, we can assume that the marked 
sequence (Bi, (Yrs Po)s 9" (+, th), Yr) converges in the Cr’ topology to a 
marked (noncomplete) manifold (Boo, 9??,Yoo) and the geodesic segments 
Yr converge to a geodesic segment (missing an endpoint) 7. C By emanat- 
ing from Yoo. 

Clearly, the limit also has nonnegative sectional curvature by the pinch- 
ing assumption. Then by repeating the same argument as in the proof of 
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Assertion 4 (i) in the rest, we derive a contradiction with Hamilton’s strong 
maximum principle. This proves Assertion 5. 

We then apply the second estimate of (7.4.17) and Assertion 5 to con- 
clude that for any large constant 0 < A < +00, there is a positive constant 
C(A) such that for any small ¢’ > 0, the rescaled solutions ar * satisfy 


(7.4.18) R(zx,t) < C(A), 


for all x € Bo(Z,A) and t € [—tmax + ¢,0], and for all sufficiently large 
k. Then by applying Assertion 1 in Step 2, we conclude that the rescaled 


solutions ae * on the geodesic balls Bo(Z, A) are also defined on the ex- 


tended time interval [—tmax + €’ — an 'C (A)~+, 0] for all sufficiently large k. 
Furthermore, by the gradient estimates as in Step 1, we have 


R(x, t) < 10C(A), 


for z € Bo(z,A) and t € [-tmax +e — an 'C(A)~', 0]. Since €’ > 0 is 
arbitrarily small and the positive constant C(A) is independent of ¢’, we 
conclude that the rescaled solutions ote * on Bo(Z, A) are defined on the 
extended time interval [—tmax — 7g7” 'C(A)~', 0] and satisfy 


(7.4.19) R(ax,t) < 10C(A), 


for z € Bo(z, A) and t € [—tmax — ig¢7 -C(A)*, 0], and for all sufficiently 
large k. 

Now, by taking convergent subsequences from the rescaled solutions 
a * we see that the limit solution is defined smoothly on a space-time 
open subset of Mx x (—oo, 0] containing Mx x [—tmax, 0]. By Step 4, we see 
that the limiting metric ies (-, —tmax) at time —tmax has bounded curvature. 
Then by combining with the canonical neighborhood assumption of accu- 
racy 2¢€, we conclude that the curvature of the limit is uniformly bounded 
on the time interval [—tmax, 0]. So we have excluded the possibility (1). 

Hence we have proved a subsequence of the rescaled solutions converges 
to an orientable ancient «-solution. 

Finally by combining with the canonical neighborhood theorem (Theo- 
rem 6.4.6), we see that (Z,t) has a canonical neighborhood with parameter 
€, which is a contradiction. Therefore we have completed the proof of the 
proposition. | 





Summing up, we have proved that for any ¢ > 0, (without loss of gener- 
ality, we may assume € < 9), there exist nonincreasing (continuous) positive 
functions 6(t) and r(t), defined on [0, +00) with 


5(t) < 4(t) = min a 6 } 


2e2 log(1 +t)’ ° 


such that for arbitrarily given (continuous) positive function 6(t) with d(t) < 


6(t) on [0, +00), and arbitrarily given a compact orientable normalized three- 
manifold as initial data, the Ricci flow with surgery has a solution on [0, T) 
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obtained by evolving the Ricci flow and by performing 6-cutoff surgeries at 
a sequence of times 0 < ty < tg < ++: << t} <--: < T, with d(t;) <6 < 
d(t;) at each time t;, so that the pinching assumption and the canonical 
neighborhood assumption (with accuracy ¢) with r = r(t) are satisfied. (At 
this moment we still do not know whether the surgery times ¢; are discrete.) 
Since the 6-cutoff surgeries occur at the points lying deeply in the e- 
horns, the minimum of the scalar curvature Rin (t) of the solution to the 
Ricci flow with surgery at each time-slice is achieved in the region unaffected 
by the surgeries. Thus we know from the evolution equation of the scalar 
curvature that 
d 
dt 
In particular, the minimum of the scalar curvature Rpin(t) is nondecreasing 
in time. Also note that each 6-cutoff surgery decreases volume. Then the 
upper derivative of the volume in time satisfies 


d te ig VEZAD=—VE) 
(7) Vo Sim gs» 
< —Rmin(0)V () 


2 
(7.4.20) Rmin(t) > 3 Rinin(t)- 


which implies that 
V(t) < VO)eW Ramin Ot, 

On the other hand, by Lemma 7.3.2 and the 6-cutoff procedure given 
in the previous section, we know that at each time ¢;, each 6-cutoff surgery 
cuts down the volume at least at an amount of h3(t;) with h(t;) depending 
only on 6(t;) and r(t;). Thus the surgery times ¢t; cannot accumulate in any 
finite interval. When the solution becomes extinct at some finite time T, 
the solution at time near T is entirely covered by canonical neighborhoods 
and then the initial manifold is diffeomorphic to a connected sum of a finite 
copies of S? x S! and S3/T (the metric quotients of round three-sphere). So 
we have proved the following long-time existence result which was given by 


Perelman in , 


Theorem 7.4.3 (Long-time existence theorem). For any fixed constant 
€ > 0, there exist nonincreasing (continuous) positive functions 6(t) and 
r(t), defined on |[0,+00), such that for an arbitrarily given (continuous) 
positive function 6(t) with d(t) < 6(t) on [0,+c0), and arbitrarily given a 
compact orientable normalized three-manifold as initial data, the Ricci flow 
with surgery has a solution with the following properties: either 


(i) it is defined on a finite interval |[0,T) and obtained by evolving the 
Ricci flow and by performing a finite number of cutoff surgeries, 
with each 6-cutoff at a time t € (0,T) having 6 = d(t), so that 
the solution becomes extinct at the finite time T, and the initial 
manifold is diffeomorphic to a connected sum of a finite copies of 
S? x S! and S3/T (the metric quotients of round three-sphere) ; or 
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(ii) it is defined on |[0,+00) and obtained by evolving the Ricci flow 
and by performing at most countably many cutoff surgeries, with 
each 5-cutoff at a time t € [0,+00) having 6 = d(t), so that the 
pinching assumption and the canonical neighborhood assumption 
(with accuracy €) with r = r(t) are satisfied, and there exist at 
most a finite number of surgeries on every finite time interval. 


In particular, if the initial manifold has positive scalar curvature, say 
R>a> 0, then by (7.4.20), the solution becomes extinct at T < 3a. Hence 
we have the following topological description of compact three-manifolds 
with nonnegative scalar curvature which improves the well-known work of 


Schoen- Yau ; . 


Corollary 7.4.4 (Perelman [108]). Let M be a compact orientable 
three-manifold with nonnegative scalar curvature. Then either M is flat 
or it is diffeomorphic to a connected sum of a finite copies of S? x S' and 
S°/T. (the metric quotients of the round three-sphere). 


The famous Poincaré conjecture states that every compact three- 
manifold with trivial fundamental group is diffeomorphic to S*. Developing 
tools to attack the conjecture formed the basis for much of the works in 
three-dimensional topology over the last one hundred years. Now we use 
the Ricci flow to discuss the Poincaré conjecture. 

Let M be a compact three-manifold with trivial fundamental group. In 
particular, the three-manifold M is orientable. Arbitrarily given a Riemann- 
ian metric on M, by scaling we may assume the metric is normalized. With 
this normalized metric as initial data, we consider the solution to the Ricci 
flow with surgery. If one can show the solution becomes extinct in finite 
time, it will follow from Theorem 7.4.3 (i) that the three-manifold M is 
diffeomorphic to the three-sphere S?. Such a finite extinction time result 
was first proposed by Perelman in [109]. Recently, Colding-Minicozzi has 
published a proof of it in [44]. So the combination of Theorem 7.4.3 
(i) and the finite extinction result gives a proof of the 
Poincaré conjecture. 

We also remark that the above long-time existence result of Perelman has 
been extended to compact four-manifolds with positive isotropic curvature 
by Chen and the second author in [35]. As a consequence it gave a complete 
proof of the following classification theorem of compact four-manifolds, with 
no essential incompressible space-form and with a metric of positive isotropic 
curvature. The theorem was first proved by Hamilton in ({66]), though it 
was later found that the proof contains some gaps (see for example the 
comment of Perelman in Page 1, the second paragraph, of [108}). 


Theorem 7.4.5. A compact four-manifold with no essential incompress- 
ible space-form and with a metric of positive isotropic curvature is diffeo- 
morphic to S*, or RE*, or S® x S!, or S°xS! (the Zz quotient of S® x S} 
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where Zo flips S* antipodally and rotates S' by 180°), or a connected sum of 
them. 


7.5. Curvature Estimates for Surgically Modified Solutions 


This section is a detailed exposition of section 6 of Perelman [108]. Here 
we will generalize the curvature estimates for smooth solutions in Section 
7.2 to that of solutions with cutoff surgeries. We first state and prove a 
version of Theorem 7.2.1. 


Theorem 7.5.1 (Perelman [108]). For any ¢ > 0 and1< A < +o, 
one can find k = K(A,e) > 0, Ky = Ki(A,e) < +00, Ko = Ko(A,e€) < +00 
and 7 =7(A,e€) > 0 such that for any tp < +00 there exists 64 = d,4(to) > 0 
(depending also on €), nonincreasing in to, with the following property. Sup- 
pose we have a solution, constructed_by Theorem 7.4.3 with the nonincreas- 
ing (continuous) positive functions d(t) and r(t), to the Ricci flow with 6- 
cutoff surgeries on time interval [0,T| and with a compact orientable normal- 
ized three-manifold as initial data, where each 6-cutoff at a time t satisfies 
6 = d(t) < d(t) on [0,T] and 6 = 6(t) < 54 on [2, tol; assume that the 
solution is defined on the whole parabolic neighborhood P(xo, to, To, —r2) 4 
{(x,t) | x © Bi (xo, 70), t € [to — rd, tol}, 272 < to, and satisfies 

|Rm| < rae on P(a0, to, 70; —T2); 
and Vol to (Bio (Xo, To)) > Aolr. 
Then 
(i) the solution is K-noncollapsed on all scales less than ro in the ball 
Bry (xo, Aro); 
(ii) every point « € Biy(x0, Aro) with R(x, to) > Kirg? has a canonical 
neighborhood B, with Bi.(z,0) C BC By (x,20) for some0<a0< 
Cl (c)R~2(zx, to), which is either a strong €-neck or an €-cap; 

(iii) if ro < Ftp then R< Kor? in Bio(xo, Aro): 

Here C\(e) is the positive constant in the canonical neighborhood assump- 
tion. 


Proof. Without loss of generality, we may assume 0 < € < &g, where 
is the sufficiently small (universal) positive constant in Lemma 7.4.2. 


(i) This is analog of no local collapsing theorem II (Theorem 3.4.2). In 
comparison with the no local collapsing theorem II, this statement gives k- 
noncollapsing property no matter how big the time is and it also allows the 
solution to be modified by surgery. 

Let 7(> 10) be the universal constant in the definition of the canonical 
neighborhood assumption. Recall that we had removed every component 
which has positive sectional curvature in our surgery procedure. By the 
same argument as in the first part of the proof of Lemma 7.4.2, the canonical 
neighborhood assumption of the solution implies the «-noncollapsing on the 
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scales less than ay? (to) for some positive constant « depending only on C1(e) 
and C2(é) (in the definition of the canonical neighborhood assumption). So 


29 
ro. Let « € By, (xo, Aro) and assume that the solution satisfies 


we may assume ar (to) < ro < ,/%, and study the scales p, yr (to) <p< 


|Rm| <p? 


for those points in P(x, to, p, —p”) = {(y, t) | y € Bia, p),t € [to—p?, to]} for 
which the solution is defined. We want to bound the ratio Vol 4, (Bi, (a, p))/p? 
from below. 

Recall that a space-time curve is called admissible if it stays in the region 
unaffected by surgery, and a space-time curve on the boundary of the set of 
admissible curves is called a barely admissible curve. Consider any barely 
admissible curve y, parametrized by t € [t,,to], to — 72 < ty < to, with 
(to) = x. The same proof for the assertion (7.4.2) (in the proof of Lemma 
7.4.2) shows that for arbitrarily large L > 0 (to be determined later), one 
can find a sufficiently small 6(L, to, 7(to), r(2), €) > 0 such that when each 
6-cutoff in [2, to] satisfies 6 < 6(L, to, 7(to), r(2),€), there holds 


(7.5.1) P So HRy (0), t) + OP) > Ero. 


From now on, we assume that each 6-cutoff of the solution in the time 
interval [%, to] satisfies 6 < 6(L, to, 7(to),7(8),¢). 

Let us scale the solution, still denoted by gi;(-,t), to make r9 = 1 and 
the time as tg = 1. By the maximum principle, it is easy to see that the 
(rescaled) scalar curvature satisfies 


3 
Rea 
comes 


on (0, 1]. Let us consider the time interval [3,1] and define a function of the 
form 


where 7 = 1 —t, ¢ is the function of one variable chosen in the proof of 
Theorem 3.4.2 which is equal to one on (—co, wu) rapidly increasing to 
shi) and satisfies ger — ¢" > (2A + 300)¢’ — C(A)¢@ for 
some constant C(A) < +00, and L is the function defined by 


infinity on ( 


Bay) =int {av f° Va(R+ 15P ds | O(s).)5 € [0.7 


is a space-time curve with 7(0) = x and 7(T) = a}. 
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Note that 


(75:2) L{y,T) > avr f J/sRds 
0 
> —47? 


—2./T 


V 


since R>-3 and0<7T< 5: This says h is positive for t € [5 1]. Also note 
that 


ae Ms 
5. —L+AL<6 
(7.5.3) a; + < 


as long as L is achieved by admissible curves. Then as long as the shortest £L- 
geodesics from (29,0) to (y,7) are admissible, there holds at y and t = 1—T, 


(F-4)nz(#](F-4)a-24] - 0") 4 2v7 


= (6 “} =) ¢ — 2(V¢, VL). 


Firstly, we may assume the constant L in (7.5.1) is not less than 
2exp(C(A) + 100). We claim that Lemma 3.4.1(i) is applicable for d = 
di(-,%o) at y and t = 1—T (with r € [0, 5]) whenever L(y,7) is achieved by 
admissible curves and satisfies the estimate 


L(y, 7) < 3/7 exp(C(A) + 100). 


Indeed, since the solution is defined on the whole neighborhood P(2z9, to, ro, 
—r?) with ro = 1 and tp = 1, the point x9 at the time t = 1 — 7 lies on the 
region unaffected by surgery. Note that R > —3 for t € [5 1]. When L(y,7) 
is achieved by admissible curves and satisfies L(y, 7) < 3/7 exp(C(A)+100), 
the estimate (7.5.1) implies that the point y at the time t = 1—7T does not lie 
in the collars of the gluing caps. Thus any minimal geodesic (with respect 
to the metric gij(-,t) with t = 1— 7) connecting xq and y also lies in the 
region unaffected by surgery; otherwise the geodesic is not minimal. Then 
from the proof of Lemma 3.4.1(i), we see that it is applicable. 

Assuming the minimum of hf at a time, say t = 1 — 7, is achieved at 
a point, say y, and assuming L(y,T) is achieved by admissible curves and 
satisfies L(y,7) < 3\/7 exp(C(A) + 100), we have 


(L + 2/7)V¢ = -OVL, 
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and then by the computations and estimates in the proof of Theorem 3.4.2, 


(a4) 
>(#|(2 A) a 2A ere2) Lr2vA-(6+4)o 


> —-C(A)h— (o+ =) OLE 


at y and t= 1-—rT. Here we used (7.5.2) and Lemma 3.4.1(i). 
As before, denoting by hmin(7) = min, h(z,1— 7), we obtain 





d Rental F 6/7+1 1 
(7.5.4) = (108 (=) < C(A) + st: -= 
< C(A) + e 


as long as the associated shortest £-geodesics are admissible with L < 
3\/7 exp(C(A) + 100). On the other hand, by definition, we have 


: Amin (7) 
The combination of (7.5.4) and (7.5.5) gives the following assertion: 


Let r € [0,5]. If for each s € [0,7], inf{L(y,s) | di(xo,y) < A(2t—1) + 
TT with s =1-—t} is achieved by admissible curves, then we have 


< b(di(xo0,x) — A)-2=2. 


_ 1 
(7.5.6) inf {Er) | di(ao,y) < A(2t—1) + 70 with TF =1— i} 


< 2\/7 exp(C(A) + 100). 


Note again that R > —3 for t € [3,1]. By combining with (7.5.1), 
we know that any barely admissible curve y, parametrized by s € [0,7], 
0<7T< 5 with (0) = 2, satisfies 

. 7 
[vst + l4P)as = Fexp(C(A) + 100), 
0 


by assuming L > 2exp(C(A) + 100). 

Since |Rm| < p~? on P(a, to, p,—p”) with p > 3,/ (to) (and to = 1) and 
6(L, to, 7(to),7(2),¢) > 0 is sufficiently small, the parabolic neighborhood 
P(x,1,p,—p*) around the point (x, 1) is contained in the region unaffected 
by the surgery. Thus as 7 = 1 — t is sufficiently close to zero, aa inf L can 
be bounded from above by a small positive constant and then the infimum 
inf{L(y,7) | di(xo,y) < A(2t — 1) + z with 7 = 1 — t} is achieved by 
admissible curves. 
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Hence we conclude that for each 7 € (0, 3], any minimizing curve y, of 
inf{L(y,7)| di(zo,y) < A(2t — 1) + 4 with r = 1— t} is admissible and 
satisfies 


: " /a(R-+ We[)ds < exp(C(A) + 100). 


Now we come back to the unrescaled solution. It then follows that the 
Li-Yau-Perelman distance | from (a, to) satisfies the following estimate 
(7.5.7) 


’ 1 1 
min {! (ut — 5 | ye By 173 («. a)} < exp(C(A) + 100), 


by noting the (parabolic) scaling invariance of the Li-Yau-Perelman distance. 
By the assumption that |Rm| < te on P(x, to, 0, —T@), exactly as be- 
fore, for any q € By1? (x0,1o), we can choose a path y parametrized by T € 


(0.7] with 4(0) = 2, 9(r2) = 4, and (412) = y € By,_a,a(a0. qyro), where 
io,4r3] achieves the minimum min{I(y, to — 57a) lye By. -472 (Xo, tr0)} 


and VWiare ri] is a suitable curve satisfying Ware ra (7) € Biy—r(%0, 10), for 
2 a 2 , 

each T € [ar2, r2], so that the £-length of y is uniformly bounded from above 

by a positive constant (depending only on A) multiplying rp. This implies 

that the Li-Yau-Perelman distance from (x, to) to the ball By 72 (0,70) is 

uniformly bounded by a positive constant L(A) (depending only on A). Now 


we can choose the constant L in (7.5.1) by 
D = max{2L(A),2exp(C(A) + 100)}. 


Thus every shortest £-geodesic from (z, tg) to the ball Bry —12 (x0, 19) is neces- 
sarily admissible. By combining with the assumption that Vol 4, (Big (Xo, 70)) 
> A-trg, we conclude that Perelman’s reduced volume of the ball 
Bry 1? (0,70) satisfies the estimate 

(7.5.8) 
V2 (Bio —r2 (xo, ro)) = | 
Ber? (xo0,T0) 


= c(A) 


(rg)? exp(—U(q, 73) )dViy12(4) 


for some positive constant c(A) depending only on A. 

We can now argue as in the last part of the proof of Lemma 7.4.2 to get 
a lower bound estimate for the volume of the ball B,,(x, 9). The union of 
all shortest £-geodesics from (x, to) to the ball Bir? (%0,19), defined by 


CBiy— 7? (xo, ro) = {(y,t) | (y, ¢) lies in a shortest £-geodesic from 
(2,0) to a point in By 43(0,70)} 


forms a cone-like subset in space-time with vertex (x,t). Denote by B(t) 
the intersection of the cone-like subset CBiy—r2 (xo,ro) with the time-slice 
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at t. Perelman’s reduced volume of the subset B(t) is given by 
ae 3 
Vio (BQO) = J (Arlto— 8) exp(—Ha.to ~ Nava. 
Bit 


Since the cone-like subset CB,,._,2 (xo,7o) lies entirely in the region unaf- 
fected by surgery, we can apply Perelman’s Jacobian comparison Theorem 
3.2.7 and the estimate (7.5.8) to conclude that 


(7.5.9) Vig-t(B(t)) > Vea (Bry13 (0,70) 
o(A) 


ae 


for all t € [to — r2, tol. 

As before, denoting by € = p~!Voli (Bio (x, p))3, we only need to get 
a positive lower bound for €. Of course we may assume € < 1. Consider 
B(to — €p”), the subset at the time-slice {t = to — €p?} where every point 
can be connected to (x,t) by an admissible shortest £-geodesic. Perelman’s 
reduced volume of B(to — £p2) is given by 


(7.5.10) 
Vep2(B(to — Ep?) 


(4nEp*)~ 2 exp(—I(q, p”))dVig—ep2(@) 


B(to—Ep?) 
3 
= (4r€p”)~ 2 exp(—I(q, €p”))dVi—ep2(@) 
B(to—€p?)NL exp gg En?) 
{lul<he7 2} 
+f (4n€p?)~? exp(—I(q, £p?))dV;,—¢,2 (4): 
(to—Ep eee ee 4 67) 


Note that the whole region P(x, to, p, —p) is unaffected by surgery because 
pe af (to) and 6(L, to, 7(to), r(2), €) > 0 is sufficiently small. Then exactly 
as before, there is a universal positive constant €) such that when 0 < € < &, 
there holds 


and the first term on RHS of (7.5.10) can be estimated by 


Lexp 


(7.5.11) 


3 
re (4n€p*)~ 2 exp(—I(q, Ep”) Vi. —¢,2(9) 
(to—€p?)Lexp | a (Ep?) 
{lul<zé 2} 


< e§ (4m) 363 
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for some universal constant C; while the second term on RHS of (7.5.10) 
can be estimated by 


(7.5.12) - (4nép?)~? exp(—U(q, £0?) Vig €,2(4) 
(to SNES cher 4 6") 


<(imy tf, exp(-lvP)av 
{lul>Zé- 2} 


Since B(to — €p2) C B(to — Ep”), the combination of (7.5.9)-(7.5.12) bounds 
€ from below by a positive constant depending only on A. This proves the 
statement (i). 


(ii) This is analogous to the claim in the proof of Theorem 7.2.1. We 
argue by contradiction. Suppose that for some A < +oo and a sequence 
ky — ov, there exists a sequence tj such that for any sequences 6% > 0 
with 5°? — 0 for fixed a, we have sequences of solutions ae to the Ricci 
flow with surgery and sequences of points oe? , of radii te a , which satisfy the 
assumptions but violate the statement (ii) at some 2°? € Bie (xp P Aree ) 
with R(x, 6) 2 KE (reP)-2, Slightly abusing notation, we will often drop 
the indices a, @ in the following argument. 

Exactly as in the proof of Theorem 7.2.1, we need to adjust the point 
(x, to). More precisely, we claim that there exists a point (%,t) € B;(xo, 2Aro) 

2 = 
x [to — 2, to] with Q = R(z,t) > Kir? such that the point (Z,£) does not 
satisfy the canonical neighborhood statement, but each point (y,¢ ) EP wae 
R(y,t) > 4Q does, where P is ae set of all (a’,t) satisfying t — + 7k1Q"! < 
t! <t, dy(axo, x’) < d;(ao,%) + K? Q-2. Indeed as before, the point (Z, f) is 
chosen by an induction siginient. We first choose Ga) = (x,to) which 
satisfies d:,(%0,%1) < Aro and R(x1,t1) => Karo: but does not satisfy 
the canonical neighborhood statement. Now if (a,,t,) is already chosen 
and is not the desired (Z,t), then some point (x,41,t441) satisfies t, — 
i 1 
4K R(re, th) < thoi < th, dy, (G0, Te¢1) < dy, (20, Uk) + KP Rap, th) 2, 
and R(tp41,thi1) > 4R(xpz, te), but (vp11, te41) does not satisfy the canon- 
ical neighborhood statement. Then we have 





R(tpq1,tepi) > 4*R(a1,t1) > ee 


1. 
di, ,(®0,Tk41) < di, (x0, 21) )+ kK? yon Xi, ti) 2 < Aro + 2ro, 
and 
date 1 
to > tke > to — qh 2 Rese Sig= 510° 


So the sequence must be finite and its last element is the desired (Z,t). 
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Rescale the solutions along (%,¢) with factor R(%,t)(> Kyrg”) and shift 
the times ¢ to zero. We will adapt both the proof of Proposition 7.4.1 and 
that of Theorem 7.2.1 to show that a sequence of the rescaled solutions Ge 
converges to an ancient «-solution, which will give the desired contradiction. 
Since we only need to consider the scale of the curvature less than 7(t)~?, 
the present situation is much easier than that of Proposition 7.4.1. 

Firstly as before, we need to get a local curvature estimate. 

For each adjusted (z,t), let [t’,¢] be the maximal subinterval of [t — 
ai Gil so that for each sufficiently large a and then sufficiently 
large (3, the canonical neighborhood statement holds for any (y,t) in P(Z, t, 


55-1 a $51 
WK?Q 2,t/—t) ={(2,t) |  € Bi(2, GK? Q-2),t € [t’, d]} with R(y,t) > 
4Q, where 7 is the universal positive constant in the definition of canonical 


neighborhood assumption. We want to show 
! rt 1 -1f-1 
(7.5.13) t=t— 30” Q. 

Consider the scalar curvature R at the point £ over the time interval 
[t’,#]. If there is a time ¢ € [t’,Z] satisfying R(Z,t) > 4Q, we let t be the 
first of such time from t. Since the chosen point (Z,f) does not satisfy the 
canonical neighborhood statement, we know R(z,f) < 7(#)~?. Recall from 
our designed surgery procedure that if there is a cutoff surgery at a point 
x at a time t, the scalar curvature at (a,t) is at least (6°7)~?7(t)-?. Then 
for each fixed a, for @ large enough, the solution ge (-,¢) around the point 
x over the time interval [# — al Os 54 is well defined and satisfies the 
following curvature estimate 


R(Z,t) < 8Q, 


for t € [t— sn 'Qu',t] (or t € [t’,¢] if there is no such time ¢). By the 
assumption that to > DER we have 


= t 

FR(z,f) > SRG.) 
> r95(Kirg”) 
= Ki — +o. 


Thus by using the pinching assumption and the gradient estimates in the 
canonical neighborhood assumption, we further have 


|Rm(x, t)| < 30Q, 


for all x € B(Z, tn !Q-2) and t € [¢— 357 'Q71,¢] (or t € [t’,d]) and all 
sufficiently large a and 3. Observe that Lemma 3.4.1 (ii) is applicable for 
d,(xo,Z) with t € [t—35n7'Q7", t] (or t € [t’, d]) since any minimal geodesic, 
with respect to the metric gj;(-,t), connecting xp and @ lies in the region 
unaffected by surgery; otherwise the geodesic is not minimal. After having 
obtained the above curvature estimate, we can argue as deriving (7.2.2) and 
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(7.2.3) in the proof of Theorem 7.2.1 to conclude that any pein (x,t), with 
i= an Qt <t< t (or t E [ [¢’ , t]) and a Gam me < ph? Qu 3, satisfies 


ee 

d, (x, £0) a dy ze; x0) + phi Q?, 
for all sufficiently large a and 3. Then by combining with the choice of 
the points (Z,t), we prove t’ = t — an Qo (i.e., the canonical neigh- 
borhood statement holds for any point (y,t) in the parabolic neighborhood 
Pat, i, 4 K2Q-3 : —ao7 'Q-) with R(y,t) > 4Q) for all sufficiently large a 
and ‘éhien sufficiently large /. 

Now it follows from the gradient estimates in the canonical Seon 
assumption that the scalar curvatures of the rescaled solutions 9° 95 P satisty 


R(x, t) < 40 


for those (x,t) € P(z,0, 7. —sgn) S {(z',t') | 2’ € By(& 2, an \ te 
[—357',0]}, for which the rescaled solution is defined. (Here By denotes the 
geodesic ball in the rescaled solution at time t’). Note again that R(z,t) < 
7(t)~? and recall from our designed surgery procedure that if there is a cutoff 
surgery at a point xz at a time t, the scalar curvature at (x,t) is at least 
(6°9)-27(t)-?. Then for each fixed sufficiently large a, for G large enough, 
the rescaled solution ee is defined on the whole parabolic neighborhood 
P(%,0, aN: —357'). More generally, for arbitrarily fixed 0 < K< +00, 
there is a positive integer ao so that for each a > ag we can find Go > 0 
depending on a) such that if 6 > Bo and (y, 0) is a point on the rescaled 
solution g;. Iii ° with R(y,0) <K and do(y,Z) < K, we have estimate 


(7.5.14) R(x,t) < 40K 


for (a, t) € Ply, 0, an K-3, —35 nt K7) 4 {(z',#)| a’ € Bu(y, 
dn K-2), te [-da kK, O|}. In particular, the rescaled solution is de- 
fined on the whole parabolic neighborhood P(y, 0, dn K-3, —dn 1K). 

Next, we want to show the curvature of the rescaled solutions at the new 
times zero (after shifting) stay uniformly bounded at bounded distances from 
xz for some subsequences of a and 3. Let am, Bm — +00 be chosen so that 
the estimate (7.5.14) holds with K =. For all p = 0, set 


M(p) =sup{R(z,0) | m > 1,do(x,Z) < p in the rescaled solutions grr) 


and 


po = sup{p = 0 | M(p) < +co}. 
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Clearly the estimate (7.5.14) yields pp > 0. As we consider the unshifted 
time ¢, by combining with the assumption that to > 2r2, we have 


(7.5.15) ER(z, 1) > 2 RGA) 


> r9(Kirg”) 
= ky — +00. 


It then follows from the pinching assumption that we only need to show po = 
+oo. As before, we argue by contradiction. Suppose we have a sequence 


of points y, in the rescaled solutions gr ™ with do(Z, Ym) — po < +00 


and R(ym,0) + +00. Denote by >, a minimizing geodesic segment from 
Z tO Ym and denote by Bo(Z, po) the open geodesic balls centered at Z of 
radius po of the rescaled solutions. By applying the assertion in statement 
(i), we have uniform «-noncollapsing at the points (z,¢). By combining with 
the local curvature estimate (7.5.14) and Hamilton’s compactness theorem, 
we can assume that, after passing to a subsequence, the marked sequence 
(Bo(, po), 99", Z) converges in the Cpe. 
plete) manifold (Boo, GF » Zoo) and the geodesic segments 7 converge to 
a geodesic segment (missing an endpoint) yoo C Bo emanating from 2. 
Moreover, by the pinching assumption and the estimate (7.5.15), the limit 
has nonnegative sectional curvature. 

Then exactly as before, we consider the tubular neighborhood along y, 


V= UL Boolqo,47(Boo(go))~?) 
q0 © Yoo 


topology to a marked (noncom- 


and the completion Bo. of (Boo, 9) with yoo € Bo the limit point of 0. 
As before, by the choice of the points (z,¢), we know that the limiting 
metric g;* is cylindrical at any point go € Yoo which is sufficiently close to 
Yoo. Then by the same reason as before the metric space V = V U {yoo} has 
nonnegative curvature in Alexandrov sense, and we have a three-dimensional 
nonflat tangent cone CyV at Yoo. Pick z € Gov with distance one from 
the vertex and it is nonflat around z. By definition B(z,4)(C Cy,.V) is 
the Gromov-Hausdoff convergent limit of the scalings of a sequence of balls 
Boo(Zk, on )(C (V,g7?)) with o, — 0. Since the estimate (7.5.14) survives 


on (V, Os ) for all K < +oo, we know that this convergence is actually in 


the CP. topology and over some time interval. Since the limit B(z,$)(C 
CyooV) is a piece of a nonnegatively curved nonflat metric cone, we get a 
contradiction with Hamilton’s strong maximum Principle (Theorem 2.2.1) 
as before. Hence we have proved that a subsequence of the rescaled solution 
ote ™ has uniformly bounded curvatures at bounded distance from % at the 
new times zero. 

Further, by the uniform «-noncollapsing at the points (Z,t¢) and the 


estimate (7.5.14) again, we can take a Cig, limit (Moo, 977 , Zoo), defined on 
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a space-time subset which contains the time slice {t = 0} and is relatively 
open in Mx x (—oo,0], for the subsequence of the rescaled solutions. The 
limit is a smooth solution to the Ricci flow, and is complete at t = 0, as well 
as has nonnegative sectional curvature by the pinching assumption and the 
estimate (7.5.15). Thus by repeating the same argument as in the Step 4 of 
the proof Proposition 7.4.1, we conclude that the curvature of the limit at 
t = 0 is bounded. 

Finally we try to extend the limit backwards in time to get an ancient 
«solution. Since the curvature of the limit is bounded at t = 0, it fol- 
lows from the estimate (7.5.14) that the limit is a smooth solution to the 
Ricci flow defined at least on a backward time interval [—a, 0] for some pos- 
itive constant a. Let (to,0] be the maximal time interval over which we 
can extract a smooth limiting solution. It suffices to show t.. = —oo. If 
too > —oo, there are only two possibilities: either there exist surgeries in 
finite distance around the time t., or the curvature of the limiting solution 
becomes unbounded as t \, too. 

Let c > 0 be a positive constant much smaller than rn ee Note again 
that the infimum of the scalar curvature is nondecreasing in time. Then we 


can find some point yo. € Mx and some time t = tt. +4 withO<4< § 
such that Roo (Yoo; too + 8) < 2. 

Consider the (unrescaled) scalar curvature R of gre ™(..¢) at the point 
z over the time interval [f+ (to. + $)Q~1, #]. Since the scalar curvature Ro. 
of the limit on Mg, X [too + $0) is uniformly bounded by some positive 


constant C’, we have the curvature estimate 
R(z,t) < 2CQ 


for all t € [E+ (too + $)Q71, #] and all sufficiently large m. For each fixed m 
and Q@m, we may require the chosen 3, to satisfy 


ae -2 
(Ccnan a (* (4>)) > mr(te")? > mQ. 


When m is large enough, we observe again that Lemma 3.4.1 (ii) is applicable 
for d:(ao,Z) with t € [f+ (too + aq}, t]. Then by repeating the argument 
as in the derivation of (7.2.1), (7.2.2) and (7.2.3), we deduce that for all 
sufficiently large m, the canonical neighborhood statement holds for any 
dr = 
(y,t) in the parabolic neighborhood P(&, t, pK? O73, (too + $)Q-1) with 
Rly, t) = 4Q. - 
Let (Ym, t+ (too +9m)Q7!) be a sequence of associated points and times 
mm 
‘5 
converges t0 (Yoo, too +9) in the limit. Clearly g < Om, < 20 for all sufficiently 


large m. Then by the argument as in the derivation of (7.5.13), we know 
am Bm 


that for all sufficiently large m, the solution g; j (-,t) at ym is defined on 


the whole time interval [¢ + (t.5 + Om — malt Q. t+ (too + Om)Q7*] and 


in the (unrescaled) solutions g (-,t) so that after rescaling, the sequence 
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satisfies the curvature estimate 


R(Ym,t) < 8Q 
there; moreover the canonical neighborhood statement holds for any (y,t) 


with R(y,t) > 4Q in the parabolic neighborhood P(ym, t, LK? O72, (too — 
3)Q7"). 

We now consider the rescaled sequence a ™(..t) with the marked 
points replaced by y;, and the times replaced by 8m € [t+ (too — £)Q- Lt+ 
(too+4)Q~*]. As before the Li-Yau-Hamilton inequality implies the leveling 
limit around (ym, 5m) agrees with the original one. Then the arguments in 
previous paragraphs imply the limit is well-defined and smooth on a space- 
time open neighborhood of the maximal time slice {t = ty}. Particularly 
this excludes the possibility of existing surgeries in finite distance around the 
time to. Moreover, the limit at t = t. also has bounded curvature. By us- 
ing the gradient estimates in the canonical ecle spor ngod assumption on the 


parabolic neighborhood P(ym,t, LK?Q73 2D, (too = £)Q-'), we see that the 
second possibility is also impossible. este we have proved a subsequence 
of the rescaled solutions converges to an ancient «-solution. 

Therefore we have proved the canonical neighborhood statement (ii). 


(iii) This is analogous to Theorem 7.2.1. We also argue by contradiction. 
Suppose for some A < +00 and sequences of positive numbers K5' — +00, 
r° — 0 there exists a sequence of times tj such that for any sequences 
6°? > 0 with 5°? — 0 for fixed a, we have ae of solutions Ge to the 


Ricci flow with surgery and sequences of points ae , of positive constants 


° with i p < 7° ,/ty which satisfy the assumptions, but for all a, 3 there 
hold 


(7.5.16) R(x ,t%) > Ro (eo?) for some a? € Bie (xo , Aree } 


We may assume that 6° < 644(¢@) for all a, 8, where 644(t@) is chosen 
so that the statements (i) and (ii) hold on aie (x5 BA AroP), Let ay be the 


rescaled solutions of ae around the origins «oe with factor (rj p)—2 and shift 


the times tf to zero. Then by applying the statement (ii), we know that the 


“8 is at least 


Kk\(= K,(4A)), are canonical neighborhood regions. Note that canonical 
e-neck neighborhoods are strong. Also note that the pinching assumption 
and the assertion 


regions, where the scalar curvature of the rescaled solutions g;; 


to (7, ee yn aS (7°)? — +00, as a > +00, 


imply that any subsequent limit of the rescaled solutions 55 29 must have 


nonnegative sectional curvature. Thus by the above aieiment in the proof 
of the statement (ii) (or the argument in Step 2 of the proof of Theorem 
7.1.1), we conclude that there exist subsequences @ = Am, = Bm such 
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that the curvatures of the rescaled solutions re ae 


mBm 


stay uniformly bounded 


at distances from the origins x9 not exceeding 2A. This contradicts 
(7.5.16) for m sufficiently large. This proves the statements (iii). 

Clearly for fixed A, after defining the 6,4(tg) for each tg, one can adjust 
the d,4(to) so that it is nonincreasing in to. 

Therefore we have completed the proof of the theorem. O 





_ From now on we redefine the function 6(¢) so that it is also less than 
do(¢41)(2t) and then the above theorem always holds for A € [1,2(to + 1)]. 
Particularly, we still have 
~ = 1 
t) < 6(t) = minf—~—_—__., 6 


which tends to zero as t — +00. We may also require that 7(t) tends to zero 


as t + +00. 
The next result is a version of Theorem 7.2.2 for solutions with surgery. 


Theorem 7.5.2 (Perelman [108]). For anye > 0 and w > 0, there exist 
T=T(w,€) > 0, K = K(u,¢) < +00, F=7(w,e) > 0, 6 = O(w,e) > 0 and 
T = T(w) < +00 with the following property. Suppose we have a solution, 
constructed by Theorem 7.4.3 with the nonincreasing (continuous) positive 
functions 6(t) and 7(t), to the Ricci flow with surgery on the time interval 
(0, to] with a compact orientable normalized three-manifold as initial data, 
where each 6-cutoff at a time t € [0,to] has 6 = d(t) < min{d(t), r(2t)}. Let 
ro,to satisfy Oh<1r< rVto and to > T, where h is the maximal cutoff 
radius for surgeries in [2, to] (if there is no surgery in the time interval 
[%, to], we take h = 0), and assume that the solution on the ball Biy(xo0, 70) 
satisfies 

Rm(z,to) > —r9?, on Biy(x0,70); 
and Vol to (Bio (xo, r0)) 2 wre. 
Then the solution is well defined and satisfies 
Raat) = Kro? 


in the whole parabolic neighborhood 


P (0, to, ~,-173) — { (a,t) | ae Bi (xo, 2) it € [to — rrp, tol} : 


Proof. We are given that Rm(z,to) > —rg” for z € Bi,(x0, ro), and 
Volt, (Bio (0, 70)) > wrg. The same argument in the derivation of (7.2.7) 
and (7.2.8) (by using the Alexandrov space theory) implies that there exists 
a ball Bi, (2',r’) C Biy(o,70) with 

1 
(7.5.17) Vol tp (Big (2", 7’) = oatr')” 
and with 
(7.5.18) r’ > c(w)ro 
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for some small positive constant c(w) depending only on w, where az is the 
volume of the unit ball in R*. 
As in (7.1.2), we can rewrite the pinching assumption (7.3.3) as 


Rm > —[f-"(R(L+4))/(RL +4), 


where 
y = f(z) =a(logx—3), for e? <2 < +00, 


is increasing and convex with range —e? < y < +00, and its inverse function 
is also increasing and satisfies 


tim f'(y)/y = 0. 


Note that toro 2 > 7? by the hypotheses. We may require T(w) > 
8c(w)'. Then by applying Theorem 7.5.1 (iii) with A = 8c(w)~! and 
combining with the pinching assumption, we can reduce the proof of the 
theorem to the special case w = $03. In the following we simply assume 
W >= 503. 

Let us first consider the case ro < 7 (to). We claim that R(x, to) < C2ro? 
on Bi(vo, P), for some sufficiently large positive constant Co depending 
only on ¢. If not, then there is a canonical neighborhood around (2, to). 
Note that the type (c) canonical neighborhood has already been ruled out by 
our design of cutoff surgeries. Thus (x, tg) belongs to an e-neck or an €-cap. 
This tells us that there is a nearby point y, with R(y,to) > Cz R(x, to) > 
Cy Cero? and diy (y, 2) < C1R(x, to)~2 < C,Cp'ro, which is the center of 
the e-neck Bi, (y,e1 R(y, to) 2). (Here C),C2 are the positive constants 
in the definition of canonical neighborhood assumption). Clearly, when 
we choose Cy to be much larger than C),C2 and ¢~', the whole e-neck 
Bi (y,e 1 Rly, to)~2) is contained in Bj,(«o, 4) and we have 


Vol tp (Big (y,€7! R(y, to) 2)) 


=a < 8re?. 
(e1Rly, to) 2 ? 


(7.5.19) 


Without loss of generality, we may assume € > 0 is very small. Since we have 
assumed that Rm > —rp” on Biy(x0, 170) and Vol 1p (Big (x0, 10) = Fagrg, we 
then get a contradiction by applying the standard Bishop-Gromov volume 
comparison. Thus we have the desired curvature estimate R(x, to) < Carg? 
on Bi (xo, #). 

Furthermore, by using the gradient estimates in the definition of canon- 
ical neighborhood assumption, we can take K = 10C?,7 = wo 1Cp’ and 
d= iGa.* in this case. And since ro > 6-th, we have R < 10C2r9” < sh? 
and the surgeries do not interfere in P(xo, to, P, —Tr2). 
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We now consider the remaining case r(to) < ro < 7V/to. Let us redefine 
™ 1 
0 nor? 
r= min} 2, i00” Co I, 


K = max {2 (c+=) 2508} 
TO 


Peay eae 


and 


bol rR 


where 7) = 70(w),B = B(w) and C = C(w) are the positive constants 
in Theorem 6.3.3(ii) with w = $a3, and Co is the positive constant cho- 
sen above. We will show there is a sufficiently small 7 > 0 such that the 
conclusion of the theorem for w = 503 holds for the chosen 7, K and 6. 
Argue by contradiction. Suppose not, then there exist a sequence of 
r° — 0, and a sequence of solutions g?; with points (xg,t5) and radii 
rg such that the assumptions of the theorem do hold with r(t§) < rf < 
roe whereas the conclusion does not. Similarly as in the proof of Theo- 
rem 7.2.2, we claim that we may assume that for all sufficiently large a, 
any other point (#°,¢t%) and radius r® > 0 with that property has ei- 


ther t* > tg or t* = tg with r® > r§; moreover t® tends to +00 as 
a — +00. Indeed, for fixed a and the solution g?,, let thi, be the infi- 


mum of all possible times t® with some point 7° and some radius r® having 
that property. Since each such t® satisfies F°/t* > r® > F(t%), it fol- 
lows that when a is large, t*, must be positive and very large. Clearly 
for each fixed sufficiently large a, by passing to a limit, there exist some 
point x%., and some radius ra (> eee ee vs so that all assumptions 
of the theorem still hold for (a.,,t%,,) and r@.,, whereas the conclu- 
sion of the pcorn does not hold with R > K(r@..)~* somewhere in 
P( 2% ins teins qrvins —T (T&in)”) for all sufficiently large a. Here we used the 
fact that Ree Wig) eon Pie ste, ee —r(r@..)*), then there 
is no 6-cutoff surgery there; ouherwise there must be a point there with 
scalar curvature at least $67 at Tain.) (7 Sain y)~2 > 4(r (t2.5,))72 (F(a)? > 
K(r&..)~? since r* > (eee! 
diction. 

After choosing the first time ¢@,.,, 
phen choose r¢,,, to be the smallest radius for all possible (x¢ 
rein 8 With that property. Thus we have verified the claim. 

For simplicity, we will drop the index a in the following arguments. By 


the assumption and the standard volume comparison, we have 


1 
Vol to (Br (« 570) > £ore 


ee end 0 ra — 0, which is a contra- 


by passing to a limit eee we can 
t?._)’s and 


tmin? min 
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for some universal positive €). As in deriving (7.2.7) and (7.2.8), we can find 
a ball Bi (%9,79) C Bio (xo, 2) with 


1 1 
Voli, (Bi, (ep %5)) = 503(")" and 570 PT eat 


for some universal positive constant €. Then by what we had proved in the 
previous case and by the choice of the first time to and the smallest radius 
ro, we know that the solution is defined in P(26, to, a —r(ri)?) with the 
curvature bound 
R< K(r9)? < K(G) rg”. 

Since 7\/to > ro > T(to) and 7 > 0 as a — ov, we see that to — +00 and 
toro” — +00 as a > +00. Define T(w) = 8c(w)~! + €, for some suitable 
large universal positive constant €. Then for a sufficiently large, we can 
apply Theorem 7.5.1(iii) and the pinching assumption to conclude that 


(7.5.20) R<K'ro?, on P (20, to, 4ro, —5(€5)?r3) 


for some positive constant A’ depending only on K and &. 

Furthermore, by combining with the pinching assumption, we deduce 
that when a sufficiently large, 
(7.5.21) Rm > —-[f-1(R(1+2))/(RO4+4)))R 


> —ry? 


on P(29, to, 70, —5(&)°r9). So by applying Theorem 6.3.3(ii) with w = 503, 
we have that when a sufficiently large, 


(7.5.22) Vol :( Bi (x0, 70)) = Eira, 
for all t € [to — $(&)?ré, to], and 


D8 1 
(7.5.23) R< (c ~ =) TS shro” 
0 


on P(x9, to, , —5(&)°ré), where €; is some universal positive constant. 
Next we want to extend the estimate (7.5.23) backwards in time. Denote 
by ti = to — $(&)?r§. The estimate (7.5.22) gives 


Vol 1, (Bi, (20, 70)) = £17 9- 
By the same argument in the derivation of (7.2.7) and (7.2.8) again, we can 
find a ball By, (21,71) C Bi, (x0, ro) with 

1 

Vol 4, (Br, (%1,71)) = 503" 

and with 
pier Eta 

for some universal positive constant €;. Then by what we had proved in 


the previous case and by the lower bound (7.5.21) at t; and the choice of 
the first time to, we know that the solution is defined on P(x1,t1, 4, —Tr?) 
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with the curvature bound R < K ry. By applying Theorem 7.5.1(iii) and 
the pinching assumption again we get that for a sufficiently large, 


(7.5.20) R< K"r,? 


on P(2x9, t1, 470, —F(é)°ré), for some positive constant A” depending only 
on K and €;. Moreover, by combining with the pinching assumption, we 
have 

(7.5.21) Rm > —[f-}(R(1 +12))/(RO+1))|R 

= —To 


T 


on P(x, t1, 4r0, —§ (€,)r@), for a sufficiently large. So by applying Theorem 
6.3.3 (ii) with w = 503 again, we have that for a sufficiently large, 


(7.5.22) Vol :(Bi(20,70)) > ire, 


for all t € [to — £(&)?rA = 5(é)?r9, to], and 
eee: 
(7.5.23)! R< (c + =) mS 
0 


on P(2o0, to, re —$(&)?r6 _ 5(€1)°r9). 

Note that the constants €, €, 1 and ; are universal, independent of 
the time t, and the choice of the ball By, (#1,7r1). Then we can repeat the 
above procedure as many times as we like, until we reach the time to — Tre : 
Hence we obtain the estimate 


= 2B 1 
(7.5.23)" R<(C+ = < sho" 
0 


on P(2o, to, , —rr2), for sufficiently large a. This contradicts the choice 
of the point (xo, to) and the radius ro which make R > Kro ? somewhere in 
P(xo,to; 2, —Tr2). 

Therefore we have completed the proof of the theorem. O 





Consequently, we have the following result which is analog of Corollary 
7.2.4. This result is a weak version of a claim in the section 7.3 of Perelman 
108}. 


Corollary 7.5.3. For anye > 0 and w > 0, there exist TF = r(w,e) > 0, 
6 = 0(w,e) > 0 and T = T(w) with the following property. Suppose we have 
a solution, constructed by Theorem 7.4.3 with the positive functions 6(t) and 
r(t), to the Ricci flow with surgery with a compact orientable normalized 
three-manifold as initial data, where each 6-cutoff at a time t has 6 = 0(t) < 
min{d(t),7(2t)}. If Bi,(x0,70) ts a geodesic ball at time to, with Oth < 
ro < Ftp and to > T, where h is the maximal cutoff radii for surgeries in 
[2,to] (if there is no surgery in the time interval [2, to], we take h = 0), 
and satisfies 


min{Rm(c, to) | 2 € Biy(xo,ro)} = 19°, 
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then 
Vol 15 (Big (#0, 70)) < wre. 


Proof. We argue by contradiction. Let 6 = 0(w,e) and T = 2T(w), 
where @(w,€) and T(w) are the positive constant in Theorem 7.5.2. Suppose 
for any 7 > O there is a solution and a geodesic ball By,.(xo, ro) satisfying 
the assumptions of the corollary with 6~'h < ro < 7Vt and to > T, and 
with 

min{Rm(z, to) | x € Bi,(x0,70)} = —79 7, 

but 

Vol to (Bro (#0, 70)) 2 wr9- 
Without loss of generality, we may assume that 7 is less than the corre- 
sponding constant in Theorem 7.5.2. We can then apply Theorem 7.5.2 to 
get 

Rat) < Key" 

whenever t € [to —Tr@, to] and d;(x, x9) < *2, where 7 and K are the positive 
constants in Theorem 7.5.2. Note that toro” > 7-2 — +00 as F > 0. By 
combining with the pinching assumption we have 


Rm > —[f-'(R(+#))/(RO + 2)))R 
1 


-2 
= ~ 5/0 
in the region P(xo, to, 2, —rré) = {(a,t) | v € Bi(xo, 2), t € [to — 779, tol}, 
provided 7 > 0 is sufficiently small. Thus we get the estimate 


|Rm| < K'r5? 


in. Pee, toy 2 —rtr2), where K’ is a positive constant depending only on w 
and €. 
We can now apply Theorem 7.5.1 (iii) to conclude that 


Pe Gige a ted Kro? 


whenever t¢ € [to — sro, to] and d;(x, 29) < ro, where Kisa positive constant 
depending only on w and e. By using the pinching assumption again we 
further have 


1 
Rina) 2 aha 


in the region P(20, to, To; —$r9) = {(z, t) | LE Bi(x0, 70), t € [to aa Zra, tol}, 
as long as 7 is sufficiently small. In particular, this would imply 


min{Rm(z, to) | © € Biy(xo, ro) } > —r9”, 











which is a contradiction. 





Remark 7.5.4. In section 7.3 of [108], Perelman claimed a stronger 
statement than the above Corollary 7.5.3 that allows ro < 6~'h in the as- 
sumptions. Nevertheless, the above weaker statement is sufficient to deduce 
the geometrization result. 
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7.6. Long Time Behavior 


In Section 5.3, we obtained the long time behavior for smooth (compact) 
solutions to the three-dimensional Ricci flow with bounded normalized cur- 
vature. The purpose of this section is to adapt Hamilton’s arguments there 
to solutions of the Ricci flow with surgery and to drop the bounded normal- 
ized curvature assumption as sketched by Perelman [108]. 

Recall from Corollary 7.4.4 that we have completely understood the 
topological structure of a compact, orientable three-manifold with nonnega- 
tive scalar curvature. From now on we assume that our initial manifold does 
not admit any metric with nonnegative scalar curvature, and that once we 
get a compact component with nonnegative scalar curvature, it is 
immediately removed. Furthermore, if a solution to the Ricci flow with 
surgery becomes extinct in a finite time, we have also obtained the topolog- 
ical structure of the initial manifold. So in the following we only consider 
those solutions to the Ricci flow with surgery which exist for all times t > 0. 

Let gij(t), 0 < t < +00, be a solution to the Ricci flow with d-cutoff 
surgeries, constructed by Theorem 7.4.3 with normalized initial data. Let 
O<ti <tg<---<t, <--- be the surgery times, where each 6-cutoff at a 
time ty has 6 = d(t,) < min{d(t,), r(2t,)}. On each time interval (t,—1, th) 
(denote by to = 0), the scalar curvature satisfies the evolution equation 

0 


° 2 
6.1 —R=A Oo Rie (FF 
(7.6.1) ad R+2| Ric |* + gh 


fe} 
where Ric is the trace-free part of Ric. Then Rmin(t), the minimum of the 
scalar curvature at the time t, satisfies 


d 

dt 
for t € (t,_-1, tx), for each k = 1,2,.... Since our surgery procedure had 
removed all components with nonnegative scalar curvature, the minimum 
Rmin(t) is negative for all t € [0,+-00). Also recall that the cutoff surgeries 
were performed only on 6-necks. Thus the surgeries do not occur at the 
parts where Rmin(t) are achieved. So the differential inequality 


2 
Rin (t) = 3 min (t) 


d 2 
ant) 2a alt 
dt ( ) _— 3 ae ) 
holds for all t > 0, and then by normalization, Rmin(0) > —1, we have 
(7.6.2) Renid(t) 2 So for all t>0 
Ds min = 2 °7 + = Or a. 2 Uz. 


Meanwhile, on each time interval (t,—1, tz), the volume satisfies the evolution 
equation 


d 
cv = | Rav 
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and then by (7.6.2), 
Ci ae 
dt 2 (t+) 
Since the cutoff surgeries do not increase volume, we thus have 


7.63) ie (vin(1+§) °) <0 


for all t > 0. Equivalently, the function V(t)(t + ge is nonincreasing on 


[0, +00). 

We can now use the monotonicity of the function V(t)(¢ + 3)-9 to ex- 
tract the information of the solution at large times. On each time interval 
(tp_1, tk), we have 


Sim (vo (1+) *) 


3 1 
=— | Rnin(t) + ——— ] + = Rmin(t) — R)dV. 
( mint) as) 7 ff Paint) ~ 2) 
Then by noting that the cutoff surgeries do not increase volume, we get 


V(t) V(0) z 
(7.6.4) reat < @: oo -| [Fant or 5) dt 


2 


- [Ff Rantonaver} 


for all t > 0. Now by this inequality and the equation (7.6.1), we obtain the 
following consequence (cf. Lemma 7.1 of Hamilton [67] and section 7.1 of 


Perelman ). 


Lemma 7.6.1. Let gij(t) be a solution to the Ricci flow with surgery, 
constructed by Theorem 7.4.3 with normalized initial data. If for a fixed 
0 <r <1 and a sequence of times t* — ov, the rescalings of the solu- 
tion on the parabolic neighborhoods P(x%,t%,rVt®, —r7t*) = {(x,t) | x € 
Bi(a%, rVt2),t © [t% — r7t%,t°]}, with factor (t*)~! and shifting the times 
t® to 1, converge in the C™ topology to some smooth limiting solution, de- 
fined in an abstract parabolic neighborhood P(z,1,r,—r), then this limiting 
solution has constant sectional curvature —1/4t at any time t € [1 — r?,1]. 


In the previous section we obtained several curvature estimates for the 
solutions to the Ricci flow with surgery. Now we combine the curvature 
estimates with the above lemma to derive the following asymptotic result 
for the curvature. 


Lemma 7.6.2 (Perelman ). For any € > 0, let gj (t), 0< t < +00, 
be a solution to the Ricci flow with surgery, constructed by Theorem 7.4.3 
with normalized initial data. 
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(i) Givenw > 0, r > 0, € > 0, one can find T = T(w,r,&,¢) < +00 
such that if the geodesic ball Bi, (xo, rvV/to) at some time to > T has 
3 


volume at least wrte and the sectional curvature at least —r~*t5, 
then the curvature at xo at time t = to satisfies 


(7.6.5) |2tRi; + gi3| < €- 
(ii) Given in addition 1 < A < oo and allowing T to depend on A, we 
can ensure (7.6.5) for all points in Bi,(xo, Arvto). 
(iii) The same is true for all points in the forward parabolic neighborhood 
P(x, to, Arvto, Arto) & {(x,t) | LE Bi(ao, Arto), t € [to, to ra 
Ar*tol}. 


Nae 


Proof. (i) By the assumptions and the standard volume comparison, 
we have 


Vol to (Bry (xo, p)) = cwp® 


for all 0 < p < ry/to, where c is a universal positive constant. Let 7 = 
r(cw,€) be the positive constant in Theorem 7.5.2 and set ro = min{r,7}. 


On Bi (Xo, rovt0)(C Bio (x0, 7-Vt0)), we have 
(7.6.6) Rm > —(roVto)~? 

and Vol 15 (Big (20, ToVt0)) = cw(roVto)?. 
Obviously, there holds 6~'h < roto < 7Vto when to is large enough, where 
6 = O(cw, €) is the positive constant in Theorem 7.5.2 and h is the maximal 
cutoff radius for surgeries in [{, to] (if there is no surgery in the time interval 


[%, to], we take h = 0). Then it follows from Theorem 7.5.2 that the solution 
is defined and satisfies 


R < K(rovto)? 
on whole parabolic neighborhood P(2o, to, rovito + (ro/t)2). Here 7 = 
T(cw,e) and K = K(cw,¢) are the positive constants in Theorem 7.5.2. By 
combining with the pinching assumption we have 
Rm > —[f-(RU+1))/(RA+t)))R 
> —const. K(rovV/to)? 








in the region P(2o, to, roy —t(rov/to)”). Thus we get the estimate 


(7.6.7) |Rm| < K'(roVto)~? 





on P(20, to, rovio + (ro Vio)2), for some positive constant K’ = K'(w,¢) 
depending only on w and «. 

The curvature estimate (7.6.7) and the volume estimate (7.6.6) ensure 
that as tg + +00 we can take smooth (subsequent) limits for the rescalings 


of the solution with factor (t9)~! on parabolic neighborhoods P(9, to, rovio 
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—1(rov/to)”). Then by applying Lemma 7.6.1, we can find T = T(w,r,€,¢) < 
+oo such that when to > 7’, there holds 


(7.6.8) |2tRiz + gij| < €, 
(roVto)2), in particular, 
|2tRij + gij|(To, to) < €. 


This proves the assertion (i). 





on. P(zo, to, 


(ii) In view of the above argument, to get the estimate (7.6.5) for all 
points in B;,(xo, Arv/to), the key point is to get a upper bound for the scalar 
curvature on the parabolic neighborhood P(o, to, ArVto, —T (ro Vt0)"). AE 
ter having the estimates (7.6.6) and (7.6.7), one would like to use Theorem 
7.5.1 (iii) to obtain the desired scalar curvature estimate. Unfortunately it 
does not work since our r9 may be much larger than the constant 7(A,¢) 
there when A is very large. In the following we will use Theorem 7.5.1(ii) 
to overcome the difficulty. 

Given 1 < A < +00, based on (7.6.6) and (7.6.7), we can use Theo- 
rem 7.5.1 (ii) to find a positive constant Ky = Ki(w,r, A,e) such meat each 
point in Bi,(29,2Ar./to) with its scalar curvature at least Ky(rv/t)~? has a 
canonical neighborhood. We claim that there exists T = T(w,r, A,e) < +00 
so that when to > T’, we have 


(7.6.9) R< Ki(rvVto)~?, on Bi (x0, 2Arvito). 

Argue by contradiction. Suppose not; then there exist a sequence of 
times tj — +oo and sequences of points 75, «* with x° € Bye ( Lo 2Ar,/t?) 
and R(x°,t§) = Ky(r,/t@)~?. Since there exist canonical neighborhoods 
(e-necks or e-caps) around the points (x%, t§), there exist positive constants 
C1, C2 depending only on ¢€ such that 


ard pers 

Vol tg (Big (2%, Ky ? (r/#G))) = er (Ky? (rt§))? 

and 
Cy Ki(r/iB)? < R(x, t§) < C2Ki(r/t8)?, 

i 
on Bye (x, Ky ?(r/tg)), for all a. By combining with the pinching assump- 
tion we have 

Rm > —[f-*(R0+4))/(RO +4) 
> —const. C2 Ky (r/t?)~?, 


a 
on Bie (a, Ky ?(ry/tG)), for all a. It then follows from the assertion (i) we 
just proved that 
lim | |2tRig + gijl(2", to) = 0. 
In particular, we have 
to R(x*, to) < -1 
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for a sufficiently large. This contradicts our assumption that R(x°,t}) = 
Ky (r\/t#)~?. So we have proved assertion (7.6.9). 

Now by combining (7.6.9) with the pinching assumption as before, we 
have 


(7.6.10) Rm > —Ko(rvVto)~? 


on Bi, (xo0,2Ary/to), where Ky = K2(w,r,A,e) is some positive constant 
depending only on w, r, A and e. Thus by (7.6.9) and (7.6.10) we have 


(7.6.11) |Rm| < Ki(rvto)~?, on Big (x0, 2Arvto), 
for some positive constant Ki = K{(w,r,A,¢) depending only on w, r, 


A and e. This gives us the curvature estimate on B,,(x0,2Ar,/to) for all 
to > T(w,r, A, €). 

From the arguments in proving the above assertion (i), we have the esti- 
mates (7.6.6) and (7.6.7) and the solution is well-defined on the whole par- 


abolic neighborhood P(2o, to, rovito _+(ro,/E9)”) for all to > T(w,r,A,e). 
Clearly we may assume that (J ‘\-3p < min{, /7ro}. Thus by combining 
with the curvature estimate (7.6.11), we can apply Theorem 7.5.1(i) to get 
the following volume control 


(7.6.12) Vol tg (Bio (a7, (Kt) ?rvio)) = (Kt) ?rvb0)° 


for any « € Bi,(xo, Arv/to), where & = K(w,r, A,€) is some positive constant 
depending only on w, r, A and €. So by using the assertion (i), we see that 
for tg) > T with T = T(w,r,€,A,¢) large enough, the curvature estimate 
(7.6.5) holds for all points in By, (29, Ar v/to). 


(iii) We next want to extend the curvature estimate (7.6.5) to all points 
in the forward parabolic neighborhood P(29, to, Arto, Ar7to). Consider the 
time interval [to, tg + Ar?to] in the parabolic neighborhood. In assertion (ii), 
we have obtained the desired estimate (7.6.5) at t = tg. Suppose estimate 
(7.6.5) holds on a maximal time interval [to, t’) with t! < tp + Arto. This 
says that we have 


(7.6.13) |2tRijy + gij| < € 


on P(x0, to, Arto, t’ — to) = {(x, t) | « € Bi (x0, Arto), t € [to, t’)} so that 
either there exists a surgery in the ball By(xo, Ar\/to) at t = t’, or there 
holds |2tR;; + gi;| = € somewhere in By (x9, Arv/to) at t = t’. Since the 
Ricci curvature is near st in the geodesic ball, the surgeries cannot occur 
there. Thus we only need to consider the latter possibility. 

Recall that the evolution of the length of a curve y and the volume of a 
domain 2 are given by 





d 


gli) =~ f Riel. a)ds 


and 4 r64,(0) -- | RdvV;. 
dt Q 
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By substituting the curvature estimate (7.6.13) into the above two evolution 
equations and using the volume lower bound (7.6.6), it is not hard to see 


(7.6.14) Vol (By (x0, Vt) > Ki (t!)2 


for some positive constant kK’ = «/(w,r,€,A,e) depending only on w, r, €, 
A and «. Then by the above assertion (ii), the combination of the curva- 
ture estimate (7.6.13) and the volume lower bound (7.6.14) implies that the 
curvature estimate (7.6.5) still holds for all points in By(x%o, Arv/to) pro- 
vided T = T(w,r,€,A,¢) is chosen large enough. This is a contradiction. 
Therefore we have proved assertion (iii). 














We now state and prove the following important Thick-thin decom- 
position theorem. A more general version (without the restriction on ¢) 
was implicitly claimed by Perelman in and 


Theorem 7.6.3 (The Thick-thin decomposition theorem). For any w > 
0 and 0 < € < $u, there exists a positive constant p = p(w,e) < 1 
with the following property. Suppose gij(t) (t € [0,+00)) ts a solution, 
constructed by Theorem 7.4.3 with the nonincreasing (continuous) positive 
functions d(t) and r(t), to the Ricci flow with surgery and with a compact 
orientable normalized three-manifold as initial data, where each d-cutoff at 
a time t has 6 = d(t) < min{d(t),r(2t)}. Then for any arbitrarily fixed 
€>0, fort large enough, the manifold M; at time t admits a decomposition 
Mt = Minin(w,t) U Minia(w,t) with the following properties: 
(a) For every x € Minin(w,t), there exists some r = r(x,t) > 0, with 
O<rvt< pvt, such that 


Rm > —(rvt)~? on B,(a,rvVt), and 
Vol ¢(By(a, rvt)) < w(rv't)?. 


(b) For every x € Minick (w,t), we have 
\2tRiy + gig] <€ on B,(x,pvt), and 


Vol (Br(, pv#)) > Taw(pvi) 


Moreover, if we take any sequence of points x* € Minick (w,t®),t* — +00, 
then the scalings of gi;(t®) around x° with factor (t*)~! converge smoothly, 
along a subsequence of a > +00, to a complete hyperbolic manifold of finite 
volume with constant sectional curvature —i. 

Proof. Let 7 = 7(w,e),? = 0(w,e) and h be the positive constants 
obtained in Corollary 7.5.3. We may assume p < 7 < e~%. For any point 
a € M:, there are two cases: either 


(i) min{Rm | B,(ax, pVt)} > —(pv't)~?, 


or 


(ii) min{Rm | By(«, pv)} < —(ov4). 
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Let us first consider Case (i). If Vol :(Bi(x, pvt)) < qaw(pv7t)?, then we 
can choose r slightly less than p so that 

Rm > —(pvt)* > —(rv't)? 
on Biz, rvt)(C B,(z, pv), and 
1 
Vol 4(Bi(x,rv't)) < Tp wleviy" < w(rvi)’; 
thus 2 € M¢nin(w,t). If Vol:(Bi(2, pVt)) > w(pv't)?®, we can apply 
Lemma 7.6.2(ii) to conclude that for t large enough, 
|2¢Ri; + 9ij|<€ on B,(ax, pvt); 


thus x € Minicg(w,t). 
Next we consider Case (ii). By continuity, there exists 0 < r= r(a,t) < 
p such that 


(7.6.15) min{Rm | B,(x,rVt)} = —(rv't)~?. 
If 0th < rvt (< Ft), we can apply Corollary 7.5.3 to conclude 
Vol ¢(Bi(a, rv't)) < w(rv't)?; 


thus x € Minin (w,t). 
We now consider the difficult subcase rV/t < 07th. By the pinching 
assumption, we have 


R > (rvt)*(log[(rvt)*(1 + t)] - 3) 
> (log r~? — 3) (rt)? 
> 2rvt)? 
Oh 


somewhere in B;(x,rv/t). Since h is the maximal cutoff radius for surgeries 
in [4£,t], by the design of the 6-cutoff surgery, we have 


: h < sup {5%(3)7(8) | se E |} 


=) 
<5 (5) FF (5) | 


Note also 6(4) — 0 as t — +o0. Thus from the canonical neighborhood 
assumption, we see that for t large enough, there exists a point in the ball 
B,(a,rVt) which has a canonical neighborhood. 

We claim that for t sufficiently large, the point x satisfies 


Rla,t) > Srv, 


and then the above argument shows that the point x also has a canonical 
e-neck or é-cap neighborhood. Otherwise, by continuity, we can choose a 
point «* € B,(x2,rVt) with R(x*,t) = s(rvt)-?. Clearly the new point «* 
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has a canonical neighborhood B* by the above argument. In particular, 
there holds 


Cse)R< serviy? < Co(e)R 


on the canonical neighborhood B*. By the definition of canonical neighbor- 
hood assumption, we have 


BAS GC BC Bug. 2o | 


for some o* € (0,C1 (c)R~3(2*,t)). Clearly, without loss of generality, we 

may assume (in the definition of canonical neighborhood assumption) that 
As 

o* > 2R-2(a*,t). Then 


1 
R(1+t) > 3Ca (er 


IV 


i eae = 
5Ca (ee? 


on B;(2*,2rv/t). Thus when we choose p = p(w,€) small enough, it follows 
from the pinching assumption that 


Rm > —[f-'(R0.+2))/(RO+4))|R 
2 —S(rviy, 


on B,(x*,2rv/t). This is a contradiction with (7.6.15). 
We have seen that tR(x,t) > $r~?(> 5p”). Since r~? > 67h~*¢ in this 


subcase, we conclude that for arbitrarily given A < +00, 
(7.6.16) tR(x,t) > A2p? 


as long as ¢ is large enough. 

Let B, with B,(z,0) C B C B,(x,2c), be the canonical ¢-neck or «- 
cap neighborhood of (,t). By the definition of the canonical neighborhood 
assumption, we have 


0<0 <C,(e)R~2(2,t), 
Cy'(e)R < R(a,t) < Co(e)R, on B, 
and 


(7.6.17) Vol ;(B) < ce? < =wo?. 


Choose 0 < A < Ci(e€) so that 0 = AR-2(c, t). For sufficiently large t, since 


R(1 +t) = Cy*(e)(tR(a, t)) 
1 


2 302 (€)0*, 
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on B, we can require p = p(w,¢€) to be smaller still, and use the pinching 
assumption to conclude 


(7.6.18) Rm > -[f7(R(1+8)/(RO +0) 
> =(AR-3(n,4))" 
= ae 


on B. For sufficiently large t, we adjust 
(7.6.19) r=o/t)* 
= (AR-3(c,t))(v4) 


<P, 


by (7.6.16). Then the combination of (7.6.17), (7.6.18) and (7.6.19) implies 
that « € Mtnin(w, t). 

The last statement in (b) follows directly from Lemma 7.6.2. (Here we 
also used Bishop-Gromov volume comparison, Theorem 7.5.2 and Hamil- 
ton’s compactness theorem to take a subsequent limit.) 

Therefore we have completed the proof of the theorem. O 





To state the long-time behavior of a solution to the Ricci flow with 
surgery, we first recall some basic terminology in three-dimensional topol- 
ogy. A three-manifold M is called irreducible if every smooth two-sphere 
embedded in M bounds a three-ball in M. If we have a solution (Mz, gi; (t)) 
obtained by Theorem 7.4.3 with a compact, orientable and irreducible three- 
manifold (M,9;) as initial data, then at each time t > 0, by the cutoff 
surgery procedure, the solution manifold M; consists of a finite number of 
components where one of the components, called the essential component 
and denoted by MY, is diffeomorphic to the initial manifold M while the 
rest are diffeomorphic to the three-sphere S°. 

The main result of this section is the following generalization of Theorem 
5.3.4. A more general version of the result (without the restriction on ¢) 
was implicitly claimed by Perelman in [108]. 


Theorem 7.6.4 (Long-time behavior of the Ricci flow with surgery). 
Let w> 0 and0 <e <$w be any small positive constants and let (Mz, gi;(t)), 
0 < t < +00, be a solution to the Ricci flow with surgery, constructed by 
Theorem 7.4.3 with the nonincreasing (continuous) positive functions 6(t) 
and r(t) and with a compact, orientable, irreducible and normalized three- 
manifold M as initial data, where each 6-cutoff at a time t has 6 = 6(t) < 
min{d(t),7(2t)}. Then one of the following holds: either 

(i) for all sufficiently large t, we have My = Minin(w,t); or 

(ii) there exists a sequence of times t* —+ +00 such that the scalings of 
gij(t®) on the essential component MY, with factor (t*)—!, con- 
verge in the C™ topology to a hyperbolic metric on the initial com- 
pact manifold M with constant sectional curvature —4; or 
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(iii) we can find a finite collection of complete noncompact hyperbolic 
three-manifolds H4,...,Hm, with finite volume, and compact sub- 
sets Ky,..., Km of Hy1,...,Hm respectively obtained by truncating 
each cusp of the hyperbolic manifolds along constant mean curva- 
ture torus of small area, and for all t beyond some time T < +00 
we can find diffeomorphisms yj, 1 <1 <m, of Kk; into M; so that as 
long as t is sufficiently large, the metric t~' yj (t)gi;(t) is as close to 
the hyperbolic metric as we like on the compact sets Ky,..., Km; 
moreover, the complement M:\(yi(K1) U--+ U Ym(Km)) is con- 
tained in the thin part Minin(w,t), and the boundary tori of each 
kK, are incompressible in the sense that each py, injects 7(O0K,) into 
(Mz). 


Proof. The proof of the theorem follows, with some modifications, the 
same argument of Hamilton [67] as in the proof of Theorem 5.3.4. 

Clearly we may assume that the thick part Minicx(w,t) is not empty for a 
sequence t* — +00, since otherwise we have case (i). If we take a sequence of 
points 7° € Minia(w,t®), then by Theorem 7.6.3(b) the scalings of gj; (t®) 
around «* with factor (t*)~!' converge smoothly, along a subsequence of 
a — +00, to a complete hyperbolic manifold of finite volume with constant 
sectional curvature —i. The limits may be different for different choices of 
(a®,t"). If a limit is compact, we have case (ii). Thus we assume that all 
limits are noncompact. 

Consider all the possible hyperbolic limits of the solution, and among 
them choose one such complete noncompact hyperbolic three-manifold 1 
with the least possible number of cusps. Denote by h;; the hyperbolic metric 
of H. For all small a > 0 we can truncate each cusp of 1 along a constant 
mean curvature torus of area a which is uniquely determined; we denote 
the remainder by Hy. Fix a > 0 so small that Lemma 5.3.7 is applicable 
for the compact set K = Ha. Pick an integer Jo sufficiently large and an 
€9 sufficiently small to guarantee from Lemma 5.3.8 that the identity map 
Id is the only harmonic map F from H, to itself with taking OH, to itself, 
with the normal derivative of F' at the boundary of the domain normal to 
the boundary of the target, and with dei (Ha) PF? Id) < €9. Then choose a 
positive integer go and a small number 69 > 0 from Lemma 5.3.7 such that if 
F is a diffeomorphism of Hq into another complete noncompact hyperbolic 
three-manifold (H, hij) with no fewer cusps (than 1), of finite volume and 
satisfying 


||P" hiz — hig llow ta) S 40; 
then there exists an isometry I of H to H such that 


doto (4,) (FD) < €. 
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By Lemma 5.3.8 we further require go and dg to guarantee the existence of 
a harmonic diffeomorphism from (Ha, gij) to (Ha, hij) for any metric gi; on 
Ha with Il 94; a his \lo20 (44a) < do. 

Let x® © Minick(w,t®), t° — +00, be a sequence of points such that the 
scalings of g;;(t°) around «° with factor (t*)~! converge to h;;. Then there 
exist a marked point x € H, and a sequence of diffeomorphisms F,, from 
Ha into Myo such that Fa(a~) = 2% and 


|e)" Fagg (t*) — hagllom tay > 0 


as a — oo for all positive integers m. By applying Lemma 5.3.8 and the 
implicit function theorem, we can change Fy by an amount which goes to 
zero aS @ — co so as to make Fy a harmonic diffeomorphism taking OH, 
to a constant mean curvature hypersurface Fy(OHa) of (Mie, (t°)~ "gi; (t*)) 
with the area a and satisfying the free boundary condition that the normal 
derivative of Fy, at the boundary of the domain is normal to the boundary of 
the target; and by combining with Lemma 7.6.2 (iii), we can smoothly con- 
tinue each harmonic diffeomorphism Fy forward in time a little to a family of 
harmonic diffeomorphisms F,,(t) from H, into M; with the metric t~'g;;(t), 
with F(t") = Fy and with the time ¢ slightly larger than t°, where F,(t) 
takes OH, into a constant mean curvature hypersurface of (Mz, t~'gi;(t)) 
with the area a and also satisfies the free boundary condition. Moreover, 
since the surgeries do not take place at the points where the scalar curva- 
ture is negative, by the same argument as in Theorem 5.3.4 for an arbitrarily 
given positive integer q > qo, positive number 6 < do, and sufficiently large a, 
we can ensure the extension F,(t) satisfies ||t~! F(t) gij(t) — hijllcaat,) < 4 
on a maximal time interval t® < t < w® (or t® < t < w® when w® = +00), 
and with ||(w%)~1F*(w%)gi;(w%) — higlloa(Ha) = 5, when w* < +00. Here 
we have implicitly used the fact that Fi,(w%)(OH,) is still strictly concave 
to ensure the map F,,(w%) is diffeomorphic. 

We further claim that there must be some a such that w® = +00; in 
other words, at least one hyperbolic piece persists. Indeed, suppose that 
for each large enough @ we can only continue the family F(t) on a finite 
interval t® < t < w® < +00 with 


wT Fa (we) gig (w*) — higllorerta) = 6 


Consider the new sequence of manifolds (M,,<, g;;(w%)). Clearly by Lemma 
7.6.1, the scalings of g;;(w%) around the new origins Fy(w®)(x°°) with fac- 
tor (w%)~! converge smoothly (by passing to a subsequence) to a complete 
eee ise hyperbolic three-manifold H with the metric hij and the origin 
°° and with finite volume. By the choice of the old limit H, the new limit 
Fy has at least as many cusps as H. By the definition of convergence, we can 
find a sequence of compact subsets U, exhausting H and containing 7° 
and a sequence of diffeomorphisms F, of neighborhood of Ue into M,,a ith 
F,(@°) = Fy(w®)(2®) such that for each compact subset U of H and each 
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integer ™, 
|)“ FE (9:56)) — Ragll omy 9 
as a — +o0. Thus for sufficiently large a, we have the map 
Ga = Fy!oFj(w%): Ha oH 
such that 
\|Gahiz — higlleaqntay < O 


for any fixed 6 > 6. Thena subsequence of Gq converges at least in the 
Ct!(H,) topology to a map G4. of Hg into H which is a harmonic map 
from H, into H and takes 0H, to a constant mean curvature hypersurface 
Goo(OHa) of (H, hij) with the area a, as well as satisfies the free boundary 
condition. Clearly, Go is at least a local diffeomorphism. Since Gy is the 
limit of diffeomorphisms, the only possibility of overlap is at the boundary. 
Note that G..(OHz) is still strictly concave. So Gq is still a diffeomorphism. 
Moreover by using the standard regularity result of elliptic partial differential 
equations (see for example [50]), we also have 


(7.6.20) Gsohaz — hagllea (rte) = 6 


Now by Lemma 5.3.7 we deduce that there exists an isometry I of H to H 
with 
A cto (14) (Goo: re < €. 


Thus J~! o G. is a harmonic diffeomorphism of H, to itself which satisfies 
the free boundary condition and 


doctor.) (I [@) Goo, Id) < €Q.- 


However the uniqueness in Lemma 5.3.8 concludes that J~'oG,, = Id which 
contradicts (7.6.20). So we have shown that at least one hyperbolic piece 
persists and the metric t~'F%*(t)g;;(t), for w® < t < oo, is as close to the 
hyperbolic metric hj; as we like. 

We can continue to form other persistent hyperbolic pieces in the same 
way as long as there is a sequence of points y? € Minica(w,t’),t? — +00, 
lying outside the chosen pieces. Note that V(t)(t + 3)-3 is nonincreasing 
on [0,-+co). Therefore by combining with Margulis lemma (see for example 
or [78]), we have proved that there exists a finite collection of complete 
noncompact hyperbolic three-manifolds 71,...,Hm with finite volume, a 
small number a > O and a time JT’ < +00 such that for all t beyond T 
we can find diffeomorphisms y;(t) of (Hy)a into Mi, 1 < 1 < m, so that 
as long as t is sufficiently large, the metric t~'p*(t)gi;(t) is as close to the 
hyperbolic metrics as we like and the complement M;\(y1(t)((H1)a) U--+U 
Pm(t)((Hm)a)) is contained in the thin part Mtnin(w, t). 

It remains to show the boundary tori of any persistent hyperbolic piece 
are incompressible. Let B be a small positive number and assume the above 
positive number a is much smaller than B. Let Ma(t) = yi(t)((Hi)a) A < 
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| < _m) be such a persistent hyperbolic piece of the manifold M; truncated 
by boundary tori of area at with constant mean curvature, and denote by 


M<(t) = M;\ Ma (t) the part of M; exterior to M,(t). Thus there exists a 
family of subsets Mp(t) C M,(t) which is a persistent hyperbolic piece of 
the manifold M; truncated by boundary tori of area Bt with constant mean 


curvature. We also denote by M(t) = Mz\ Mp (t). By Van Kampen’s 
Theorem, if 71(O0Mp(t)) injects into 7;(M@(t)) then it injects into 7 (MM) 
also. Thus we only need to show 71(0Mg(t)) injects into 7 (Mp(t)). 

As before we will use a contradiction argument to show 7(0Mz(t)) 
injects into 7(Mp(t)). Let T be a torus in 0Mp(t) and suppose 71 (T) does 
not inject into 7;(Ms(t)). By Dehn’s Lemma we know that the kernel is 
a cyclic subgroup of 71(7’) generated by a primitive element. Consider the 
normalized metric 9j;(t) = t~'gi;(t) on M;. Then by the work of Meeks- 
Yau or Meeks-Simon- Yau [90], we know that among all disks in M§(t) 
whose boundary curve lies in T and generates the kernel of 71(T), there 
is a smooth embedded disk normal to the boundary which has the least 
possible area (with respect to the normalized metric g;;(t)). Denote by D 
the minimal disk and A = A(t) its area. We will show that A(t) decreases 
at a certain rate which will arrive at a contradiction. 

We first consider the case that there exist no surgeries at the time t. 
Exactly as in Part HI of the proof of Theorem 5.3.4, the change of the area 
A(t) comes from the change in the metric and the change in the boundary. 
For the change in the metric, we choose an orthonormal frame X,Y, Z at a 
point «x in the disk D so that X and Y are tangent to the disk D while Z is 
normal. Since the normalized metric g;; evolves by 


OO. eae Se 
aig =F “Gig + 2Riy), 


the (normalized) area element do of the disk D around z satisfies 


<a = —t71(1 + Ric (X, X) + Ric (Y,Y))de. 


For the change in the boundary, we notice that the tensor gj; + 2Rij is very 
small for the persistent hyperbolic piece. Then by using the Gauss-Bonnet 
theorem as before, we obtain the rate of change of the area 


dA 1 sR if «2 On Ls 
6.21 Ss -to bees |] kag —— ae 
(7.6.21) a L(t+#) a+ f er +o(2) 


where k is the geodesic curvature of the boundary and L is the length of the 
boundary curve 0D (with respect to the normalized metric gj;(t)). Since 


> Bh G4 3) for all ¢ > 0 by (7.6.2), the first term on the RHS of 
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(7.6.21) is bounded above by 


1 R i aa ~ 
= —~+— | do < —— | — —o(1) ) A; 
L(t) « > (5 o(1)) 
while the second term on the RHS of (7.6.21) can be estimated exactly as 
before by 


if ~  1fl ~ 
— kds <—|—+0(1)} L. 
t Jap t\4 

Thus we obtain 


(7.6.22) a < ; (4 + o(t)) i (Z ms o(t)) A= 2n| 


Next we show that these arguments also work for the case that there exist 
surgeries at the time t. To this end, we only need to check that the embed- 
ded minimal disk D lies in the region which is unaffected by surgery. Our 
surgeries for the irreducible three-manifold took place on 6-necks in ¢-horns, 
where the scalar curvatures are at least 5~?(r(t))~!, and the components 
with nonnegative scalar curvature have been removed. So the hyperbolic 
piece is not affected by the surgeries. In particular, the boundary OD is 
unaffected by the surgeries. Thus if surgeries occur on the minimal disk, 
the minimal disk has to pass through a long thin neck before it reaches the 
surgery regions. Look at the intersections of the embedding minimal disk 
with a generic center two-sphere S? of the long thin neck; these are circles. 
Since the two-sphere S? is simply connected, we can replace the components 
of the minimal disk D outside the center two-sphere S? by some correspond- 
ing components on the center two-sphere S? to form a new disk which also 
has OD as its boundary. Since the metric on the long thin neck is nearly a 
product metric, we could choose the generic center two-sphere S? properly 
so that the area of the new disk is strictly less than the area of the original 
disk D. This contradiction proves the minimal disk lies entirely in the region 
unaffected by surgery. 

Since a is much smaller than B, the region within a long distance from 
OMap(t) into Mp(t) will look nearly like a hyperbolic cusplike collar and is 
unaffected by the surgeries. So we can repeat the arguments in the last part 
of the proof of Theorem 5.3.4 to bound the length L by the area A and to 
conclude 


dt ~~ t 
for all sufficiently large times t, which is impossible because the RHS is not 
integrable. This proves that the boundary tori of any persistent hyperbolic 
piece are incompressible. 

Therefore we have proved the theorem. O 


dA 7 
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7.7. Geometrization of Three-manifolds 


In the late 70’s and early 80’s, Thurston proved a 
number of remarkable results on the existence of geometric structures on 
a class of three-manifolds: Haken manifolds (i.e. each of them contains 
an incompressible surface of genus > 1). These results motivated him to 
formulate a profound conjecture which roughly says every compact three- 
manifold admits a canonical decomposition into domains, each of which 
has a canonical geometric structure. To give a detailed description of the 
conjecture, we recall some terminology as follows. 

An n-dimensional complete Riemannian manifold (M, gq) is called a ho- 
mogeneous manifold if its group of isometries acts transitively on the 
manifold. This means that the homogeneous manifold looks the same met- 
rically at everypoint. For example, the round n-sphere S”, the Euclidean 
space R” and the standard hyperbolic space H” are homogeneous manifolds. 
A Riemannian manifold is said to be modeled on a given homogeneous 
manifold (IM, g) if every point of the manifold has a neighborhood isometric 
to an open set of (M,g). And an n-dimensional Riemannian manifold is 
called a locally homogeneous manifold if it is complete and is modeled 
on a homogeneous manifold. By a theorem of Singer [123], the universal 
cover of a locally homogeneous manifold (with the pull-back metric) is a 
homogeneous manifold. 

In dimension three, every locally homogeneous manifold with finite vol- 
ume is modeled on one of the following eight homogeneous manifolds (see 
for example Theorem 3.8.4 of [129}): 


(1) S3, the round three-sphere; 

(2) R°, the Euclidean space ; 

(3) H®, the standard hyperbolic space; 

(4) S? x R; 

(5) H? xR; 

(6) Nil, the three-dimensional nilpotent Heisenberg group (consisting 
of upper triangular 3 x 3 matrices with diagonal entries 1); 

(7) PSL(2, R), the universal cover of the unit sphere bundle of H?; 

(8) Sol, the three-dimensional solvable Lie group. 


A three-manifold M is called prime if it is not diffeomorphic to S* and 
if every (topological) S? C M, which separates M into two pieces, has the 
property that one of the two pieces is diffeomorphic to a three-ball. Recall 
that a three-manifold is irreducible if every embedded two-sphere bounds a 
three-ball in the manifold. Clearly an irreducible three-manifold is either 
prime or is diffeomorphic to S*. Conversely, an orientable prime three- 
manifold is either irreducible or is diffeomorphic to S? x S! (see for example 
71]). One of the first results in three-manifold topology is the following 
prime decomposition theorem obtained by Kneser in 1929 (see also 
Theorem 3.15 of [71]). 
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Prime Decomposition Theorem. Every compact orientable three- 
manifold admits a decomposition as a finite connected sum of orientable 
prime three-manifolds. 


In [93], Milnor showed that the factors involved in the above Prime De- 
composition are unique. Based on the prime decomposition, the question 
about topology of compact orientable three-manifolds is reduced to the ques- 
tion about prime three-manifolds. Thurston’s Geometrization Conjecture is 
about prime three-manifolds. 


Thurston’s Geometrization Conjecture. Let M be a compact, 
orientable and prime three-manifold. Then there is an embedding of a fi- 
nite number of disjoint unions, possibly empty, of incompressible two-tori 
LI; 72 < M such that every component of the complement admits a locally 
homogeneous Riemannian metric of finite volume. 


We remark that the existence of a torus decomposition, also called JSJ- 
decomposition, was already obtained by Jaco-Shalen and Johannsen 
[77]. The JSJ-decomposition states that any compact, orientable, and prime 
three-manifold has a finite collection, possibly empty, of disjoint incompress- 
ible embedding two-tori {T?} which separate the manifold into a finite col- 
lection of compact three-manifolds (with toral boundary), each of which is 
either a graph manifold or is atoroidal in the sense that any subgroup of 
its fundamental group isomorphic to Z x Z is conjugate into the fundamen- 
tal group of some component of its boundary. A compact three-manifold 
X, possibly with boundary, is called a graph manifold if there is a finite 
collection of disjoint embedded tori T; C X such that each component of 
X \ UT; is an S! bundle over a surface. Thus the point of the conjecture is 
that the components should all be geometric. 

The geometrization conjecture for a general compact orientable 3-man- 
ifold is the statement that each of its prime factors satisfies the above con- 
jecture. We say a compact orientable three-manifold is geometrizable if it 
satisfies the geometric conjecture. 

We also remark, as is well-known, that the Poincaré conjecture can be 
deduced from Thurston’s geometrization conjecture. Indeed, suppose that 
we have a compact simply connected three-manifold that satisfies the con- 
clusion of the geometrization conjecture. If it were not diffeomorphic to the 
three-sphere S?, there would be a prime factor in the prime decomposition of 
the manifold. Since the prime factor still has vanishing fundamental group, 
the (torus) decomposition of the prime factor in the geometrization con- 
jecture must be trivial. Thus the prime factor is a compact homogeneous 
manifold model. {From the list of above eight models, we see that the only 
compact three-dimensional model is S*. This is a contradiction. Conse- 
quently, the compact simply connected three-manifold is diffeomorphic to 
S. 

Now, based on the long-time behavior result (Theorem 7.6.4) we apply 
the Ricci flow to discuss Thurston’s geometrization conjecture. Let M be 
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a compact, orientable and prime three-manifold. Since a prime orientable 
three-manifold is either irreducible or is diffeomorphic to S? x S', we may 
thus assume the manifold M is irreducible also. Arbitrarily given a (nor- 
malized) Riemannian metric for the manifold M, we use it as initial data to 
evolve the metric by the Ricci flow with surgery. From Theorem 7.4.3, we 
know that the Ricci flow with surgery has a long-time solution on a maxi- 
mal time interval [0,7) which satisfies the a priori assumptions and has a 
finite number of surgeries on each finite time interval. Furthermore, from 
the long-time behavior theorem (Theorem 7.6.4), we have well-understood 
geometric structures on the thick part. Whereas, to understand the thin 
part, Perelman announced the following result in [108]. 


Perelman’s Claim (cf. Theorem 7.4 of [108]). Suppose (M“, gf) 
is a sequence of compact orientable three-manifolds, closed or with convex 
boundary, and w* — 0. Assume that 


(1) for each point « € M® there exists a radius p = p%(x),0 < p < 
1, not exceeding the diameter of the manifold, such that the ball 
B(x,p) in the metric g? has volume at most wp and sectional 
curvatures at least —p~*; 

(2) each component of the boundary of M° has diameter at most w%, 
and has a (topologically trivial) collar of length one, where the 


sectional curvatures are between —1/4 — € and —1/4+€. 


Then M® for sufficiently large a are diffeomorphic to graph manifolds. 


The topology of graph manifolds is well understood; in particular, every 
graph manifold is geometrizable (see [130]). 

The proof of Perelman’s Claim promised in is still not available in 
literature. Nevertheless, recently in [122], Shioya and Yamaguchi provided 
a proof of Perelman’s Claim for the special case when all the manifolds 
(M*, 95) are closed. That is, they proved the following weaker assertion. 


Weaker Assertion (Theorem 8.1 of Shioya-Yamaguchi [122]). Sup- 
pose (M®, 95;) is a sequence of compact orientable three-manifolds without 
boundary, and w*® — 0. Assume that for each point x € M® there exists 
a radius p = p*(x), not exceeding the diameter of the manifold, such that 
the ball B(x,) in the metric gj; has volume at most wp? and sectional 
curvatures at least —p~?. Then M® for sufficiently large a are diffeomorphic 
to graph manifolds. 


Based on the the long-time behavior theorem (Theorem 7.6.4) and us- 
ing the above Weaker Assertion, we can now give a proof for Thurston’s 
geometrization conjecture . We remark that if we assume the above Perel- 
man’s Claim, then we does not need to use Thurston’s theorem for Haken 
manifolds in the proof of Theorem 7.7.1. 


Theorem 7.7.1. Thurston’s geometrization conjecture is true. 
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Proof. Let M be a compact, orientable, and prime three-manifold 
(without boundary). Without loss of generality, we may assume that the 
manifold M is irreducible also. 

Recall that the theorem of Thurston (see for example Theorem A and 
Theorem B in the third section of [97], see also and [106])) says that any 
compact, orientable, and irreducible Haken three-manifold (with or without 
boundary) is geometrizable. Thus in the following, we may assume that the 
compact three-manifold M (without boundary) is atoroidal, and then the 
fundamental group 71(/) contains no noncyclic, abelian subgroup. 

Arbitrarily given a (normalized) Riemannian metric on the manifold M, 
we use it as initial data for the Ricci flow. Arbitrarily take a sequence of 
small positive constants w* — 0 as a — +00. For each fixed a, we set 
€ = w*/2 > 0. Then by Theorem 7.4.3, the Ricci flow with surgery has 
a long-time solution (M?", g(t)) on a maximal time interval [0,T°), which 
satisfies the a priori assumptions (with the accuracy parameter ¢ = w®/2) 
and has a finite number of surgeries on each finite time interval. Since the 
initial manifold is irreducible, by the surgery procedure, we know that for 
each a and each ¢t > 0 the solution manifold M/* consists of a finite number 
of components where the essential component (M?)) is diffeomorphic to 
the initial manifold M and the others are diffeomorphic to the three-sphere 
S%. 

If for some a = ap the maximal time T° is finite, then the solution 
(M?°, 95° (t)) becomes extinct at T°° and the (irreducible) initial manifold 
M is diffeomorphic to S?/T (the metric quotients of round three-sphere); in 
particular, the manifold M is geometrizable. Thus we may assume that the 
maximal time T° = +oo for all a. 

We now apply the long-time behavior theorem (Theorem 7.6.4). If there 
is some a such that case (ii) of Theorem 7.6.4 occurs, then for some suffi- 
ciently large time t, the essential component (MM? yQ) of the solution manifold 
Mf is diffeomorphic to a compact hyperbolic space, so the initial manifold 
M is geometrizable. Whereas if there is some sufficiently large a such that 
case (iii) of Theorem 7.6.4 occurs, then it follows that for all sufficiently 
large t, there is an embedding of a (nonempty) finite number of disjoint 
unions of incompressible two-tori [], 7? in the essential component (Me) 
of Mf. This is a contradiction since we have assumed the initial manifold 
M is atoroidal. 

It remains to deal with the situation that there is a sequence of positive 
Qz~ — +00 such that the solutions (MP, 95; (t)) always satisfy case (i) of 
Theorem 7.6.4. That is, for each az, M;* = Minin(w%,t) when the time 
t is sufficiently large. By the Thick-thin decomposition theorem (Theorem 
7.6.3), there is a positive constant, 0 < p(w®*) < 1, such that as long as 
t is sufficiently large, for every x € M;* = Minin(w®*,t), we have some 
r=r(a,t), with 0 <rvt < p(w%)Vvé#, such that 


(itl) Rm > —(rvt)? on B,(2,rv2), 
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and 
(74:2) Vol ,(Bi (x, rvt)) < w% (rv). 

Clearly we only need to consider the essential component (Mf*)“). We 
divide the discussion into the following two cases: 


(1) there is a positive constant 1 < C < +00 such that for each a; there 
is a sufficiently large time t, > 0 such that 


(7.7.3) r(a, ty) Vie < C- diam (cage) 


for all x € (Mp*)Q) C Minin(w, te); 
(2) there are a subsequence ax (still denoted by az), and sequences of 


positive constants Cy, — +00 and times 7}, < +00 such that for each t > T;, 
we have 


(7.7.4) r(x(t),t)VE > Cy diam ((agpry® ) 


for some x(t) € (Mf*), k = 1,2,.... Here we denote by diam ((Mf)) 
the diameter of the essential component (Me) with the metric gi (t) at 
the time t. 

Let us first consider case (1). For each point x € (Mp*)) C Minin(w™, 
tz), we denote by px(x) = Co'r(a,tp)/ty. Then by (7.7.1), (7.7.2) and 
(7.7.3), we have 


pr(e) <diam ((Mgt)), 


Vol t, (Be, (@; pr (x))) < Volt, (Br, (, 7(@, te) Vix) < CP w (pe (x))’, 

and 
Rm > —(r(@, te) Vin) * > —(pn(@))? 

on B;,(x,pr(x)). Then it follows from the above Weaker Assertion that 
(ige ey, for sufficiently large k, are diffeomorphic to graph manifolds. This 
implies that the (irreducible) initial manifold M is diffeomorphic to a graph 
manifold. So the manifold M is geometrizable in case (1). 

We next consider case (2). Clearly, for each ay and the chosen T;,, we 
may assume that the estimates (7.7.1) and (7.7.2) hold for all t > Tj, and 
a € (M¢*), The combination of (7.7.1) and (7.7.4) gives 


(7.7.5) Rm > —Cz?(diam ((Mp*)®))-?— on (MP*)™, 


for allt > T,. If there are a subsequence a, (still denoted by az) and a 
sequence of times t;, € (Tj, +00) such that 


eee) Vol eg (MGI) < wh(diam (MG) 


for some sequence wi, — 0, then it follows from the Weaker Assertion that 
(M;. *)Q) | for sufficiently large k, are diffeomorphic to graph manifolds which 
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implies the initial manifold M is geometrizable. Thus we may assume that 
there is a positive constant w’ such that 


(7.7.7) Vol y((M&*)) > w! (diam ((Me*)))3 


for each k and all t > Ty. 

In view of the estimates (7.7.5) and (7.7.7), we now want to use Theo- 
rem 7.5.2 to get a uniform upper bound for the curvatures of the essential 
components (CE Og e* (t)) with sufficiently large time t. Note that the 
estimate in Theorem 7.5.2 depends on the parameter ¢ and our eé’s depend 
on w* with 0 < ¢ = w%*/2; so it does not work in the present situation. 
Fortunately we notice that the curvature estimate for smooth solutions in 
Corollary 7.2.3 is independent of ¢. In the following we try to use Corollary 
7.2.3 to obtain the desired curvature estimate. 

We first claim that for each k, there is a sufficiently large Tj € (Z},, +00) 
such that the solution, when restricted to the essential component ((M?*), 
9:7 (t)), has no surgery for all t > Tj. Indeed, for each fixed k, if there 
is a ay )-cutoff surgery at a sufficiently large time ¢, then the manifold 
((Mpryt ), G5 (t)) would contain a 6(t)-neck B:(y, 5(t)R(y,t)~2) for some 


ye (are *\() with the volume ratio 


Vol 1(Bu(y, d(¢) "Ry, t)-?)) 
(5(t)*R(y,t)?)8 
On the other hand, by (7.7.5) and (7.7.7), the standard Bishop-Gromov 


volume comparison implies that 


Vol e(Be(y. 5) RON) ory 
(6(t) 'R(y,t)-2)8 


for some positive constant c(w’) depending only on w’. Since 6(t) is very 
small when ¢ is large, this arrives at a contradiction with (7.7.8). So for 
each k, the essential component ((M;* a ee (t)) has no surgery for all 
sufficiently large tf. 


For each k, we consider any fixed time t, > 3T,.. Let us scale the solution 


(7.7.8) < 876(t). 


9:7 (t) on the essential component (M¢*) by 
Gy (-,8) = (te) "9G (, tes). 


Note that (1, ey) is diffeomorphic to M for all t. By the above claim, we 
see that the rescaled solution (M, G5 (-,)) is a smooth solution to the Ricci 


flow on the time interval s € [5, 1]. Set 


-1 
= (Vix) diam ((aeg*)®) ; 
Then by (7.7.4), (7.7.5) and (7.7.7), we have 


mm <C,' 30, as k — +00, 
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Rm > —Cy?(F%,)-?, on Bi(a(te), Fe), 
and 
Vol 1(By (x(tz), Tr)) > w (FR)? 

where Rm is the rescaled curvature, a(t) is the point given by (7.7.4) and 
Bi(a(tz),7%) is the geodesic ball of rescaled solution at the time s = 1. 
Moreover, the closure of By (a(t,), 7%) is the whole manifold (M, 9:3 1))- 

Note that in Theorem 7.2.1, Theorem 7.2.2 and Corollary 7.2.3, the 
condition about normalized initial metrics is just to ensure that the so- 
lutions satisfy the Hamilton-Ivey pinching estimate. Since our solutions 
(Mee*, 94° (t)) have already satisfied the pinching assumption, we can then 
apply Corollary 7.2.3 to conclude 


|Rm(x,s)| < K(w') (Fe), 
whenever s € [1 — r(w’)(7%)?,1], 2 € (M, g;* (+, 8)) and k is sufficiently 


large. Here K(w’) and r(w’) are positive constants depending only on w’. 
Equivalently, we have the curvature estimates 


(7.7.9) |Rm(-,t)| < K(w')(diam ((Mp*)))~?, on M, 


whenever t € [t, — T(w’)(diam ((mer)M))?, ty] and k is sufficiently large. 
For each k, let us scale (Mer), gi (t)) with the factor (diam((M2*)™))~? 


and shift the time ¢; to the new time zero. By the curvature estimate (7.7.9) 
and Hamilton’s compactness theorem (Theorem 4.1.5), we can take a subse- 
quential limit (in the C® topology) and get a smooth solution to the Ricci 
flow on M x (—r(w’),0]. Moreover, by (7.7.5), the limit has nonnegative 
sectional curvature on M x (—r(w’),0]. Recall that we have removed all 
compact components with nonnegative scalar curvature. By combining this 
with the strong maximum principle, we conclude that the limit is a flat met- 
ric. Hence in case (2), M is diffeomorphic to a flat manifold and then it is 
also geometrizable. 

Therefore we have completed the proof of the theorem. O 
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